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Abstract 

This paper is devoted to the study of tree-scheduling problems within the execution model described by Anderson, 
Beame and Ruzzo. We first prove the NP-completeness of the problem of minimizing the overhead for scheduling trees on 
m processors, and then we propose an algorithm that provides optimal schedules when complete trees are considered. 

Keywords: Overhead; Scheduling; Communications; Trees 

1. Introduct ion  

In this paper we present some new results con- 
ceming the problem of scheduling tree precedence 
task graphs. It is well-known that there exists no 
universal model for executing algorithms on parallel 
machines. The authors have reported the principal 
execution models in [6]. In the present paper, we 
concentrate the study on a model based on the notion 
of overhead .  We prove that the general problem of 
scheduling trees within this model on m processors 
is strongly NP-complete. Hence, we present a poly- 
nomial-time algorithm that provides optimal :sched- 
ules for the particular case of complete k-ary trees. 

1.1. A b o u t  the  P R A M  m o d e l  

PRAM is one of the most popular abstraction of 
parallel machines. It models a shared-memory paral- 
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lel machine where the access time from any proces- 
sor to any memory location is constant. The abstrac- 
tion provided by this model hides most of the prob- 
lems arising with scheduling and communication 
delays. Although an important number of PRAM 
algorithms have been designed recently, this model 
is not representative of most of the latest parallel 
machines which are distributed-memory machines. 
Several ways are investigated for improving this 
model or its use, On the one hand, some researchers 
simulate the PRAM algorithms on real machines 
[12]. On the other hand, other researchers propose 
some extensions to the basic PRAM model 
[8,2,9,10,7,14]. Two main approaches try to take into 
account architectural constraints. The first is con- 
cerned with the communications and memory ac- 
cesses, and the second studies the nonuniformity of 
the execution environment. 

Cole and Zajicek have introduced the Asyn- 
chronous PRAM model in order to point out the cost 
of synchronization [8]. They investigate algorithms 
such as Bitonic sort, Prefix Sum and Parallel Sum- 
mation. For this latter one, the algorithm uses mem- 
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ory locations treated as a complete binary tree. They 
also prop0se an algorithm with low overhead to 
process the summation. This analysis is carded on 
within another model in which processes can be 
executed at different speeds [9]. For problems due to 
memory latency, Aggarwal et al. describe in [2] the 
LPRAM model (for Local-memory PRAM). Their 
model considers a PRAM with local memory and 
combines the architecture-based PRAM model with 
a language-based task graph model. Among the mea- 
sures considered as relevant, the authors point out 
the computation time ignoring the communication, 
and the overall communication delay. For general 
acyclic graphs both measures may not be achieved 
by the same schedule thus a tradeoff between them is 
required. The same kind of tradeoff has to be found 
within the model proposed by Anderson et al. [3]. 
The measure of  schedule chosen is the overhead 
defined as the sum of the idle periods added to the 
communication times. 

or dynamic creation of tasks in parallel program- 
ming. We consider only in-trees, but all the de- 
scribed and proved results hold for out-trees too. 

In such a tree, the root is the only node with no 
successor. The level of a node is equal to one for the 
root. For a given node the level is equal to the length 
(the number of tasks) of the path that leads to the 
root. For instance, the nodes that are at level two are 
the immediate predecessors of the root. 

We use the notation described in [13]. The ma- 
chine environment, the job characteristics and the 
optimality criterion that together define a scheduling 
problem type are specified in terms of a three-field 
classification: a [/3 17. However, in the described 
classification, information such as overlap of com- 
munications by computations do not appear. In the 
second field appears the information about duplica- 
tion, one characteristic of the execution model. So, 
we have decided to add in this field all the informa- 
tion concerned with the model. 

1.2. Overhead as criterion, trees as graphs 

In this work we focus our attention on this latter 
model. We consider the problem of scheduling 
precedence tasks graphs. In such a graph, the nodes 
represent the computations and the arcs represent the 
precedence relation between tasks. The value associ- 
ated with each node-task correspond to the time 
needed to performe the computation. And the value 
associated with an arc joining two vertices corre- 
spond to the time needed to perform the communica- 
tion that occurs between the corresponding tasks. 

Minimizing the overhead is a very important issue 
in multiprocessor scheduling problems [5]. The mini- 
mization of idle times requires dags (Directed Acyclic 
Graphs) with ' lot '  of parallelism, i.e. fine grain 
dags, while the minimization of the communication 
delays require s sequentialization in order to reduce 
data transfers, i.e. coarse grain dags. The optimiza- 
tion problem can be expressed as the tradeoff be- 
tween the idle time and the communication delays. 

We are essentially interested in scheduling trees. 
Trees represent numerous mathematical applications 
such as, arithmetic expression evaluations, sorts, Par- 
allel Summation, Parallel Prefix, but also computer 
applications such as, for example, Prolog programs 

1.3. Outline of  the paper 

In the next section, the execution model, the tasks 
and the criterion are described. In the third section 
we consider the problem of scheduling trees on m 
processors and prove its NP-completeness. In the 
following section, we propose a polynomial time 
algorithm that produces optimal schedules for com- 
plete trees on m processors. 

2. The execution model 

2.1. Presentation 

A program is represented by a graph whose ver- 
tices are the elementary instructions (the tasks) and 
the arcs are the precedence relations. Any task re- 
quires one unit o f  time to be completed. The pre- 
emption is not allowed. The execution of a task can 
be decomposed into three basic phases: 

• Loading the data from the shared-memory. 
• Computing the task. 
• Storing the results in the shared-memory. 
However, considering the locality o f  data, it is 

possible to execute several tasks within only one 
loading-storing memory access. 
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Local overlap of communications by computa- 
tions is not allowed: a processor cannot simultane- 
ously compute a task and communicate with the 
memory. But, global overlap, due to the asyn- 
chronous working mode, is allowed: one processor 
can compute some task while some other processor 
communicates with the memory. Any access to the 
global memory requires a constant time (one unit of 
time for the problem we consider), whatever the 
volume of the data transfer is. 

The goal of the scheduling algorithm for this 
model is to minimize the parallel execution time, 
also called makespan. This time is defined as the a 
sum of the sequential time (equal to the number of 
tasks) T~e q, the total idle periods Tidle and the com- 
munication times Tco m, divided b y  the number of 
processors (denoted by m), 

Tpa r = (Tse q -b Tidle "4- T c o m ) / m .  

As both T~eq and m are schedule-independent, the 
minimization of the parallel time is equivalent to the 
minimization of the overhead (Tidt¢ + Tcom). 

In  order to reduce T~o m, a strategy consists in 
gathering elementary tasks in elements called jobs. 
Although this operation reduces the number of tasks, 
it increases in general the number of idle periods by 
reducing the potential parallelism. In order to reduce 
Tidt¢, load-balancing is necessary implying in general 
a large number of tasks. So, it appears that finding a 

good schedule is equivalent to determine a good 
tradeoff between gathering and load-balancing. 

The operation of gathering induces a new graph 
whose vertices are jobs: the schedule graph. The 
value associated with each vertex-job is the number 
of elementary tasks it contains plus one for the 
corresponding communication. If  job J1 contains 
task T and job ,/2 task T' and if T precedes T' in 
the initial dag, then an arc exists from J1 to J2- The 
schedule graph must be acyclic and thus the gather- 
ing of the tasks into jobs must be done carefully. The 
effect of gathering elementary tasks is to decrease 
the communication cost because of the constant time 
needed for any memory access. 

Let us emphasize that a job cannot send or receive 
data during its execution. This implies some restric- 
tions on the possible gatherings (all the arcs between 
two jobs must have the same orientation). 

Let us now detail an example to illustrate the 
notions relative to this execution model. 

2.2. Example 

We present below an example of scheduling a 
data flow graph [3] composed of 7 elementary tasks 
(Fig. 1). The performance Of a "good' scheduling 
algorithm on this model lies on the measure of the 
overhead. A job corresponds to a task in the first 

7"1 7"2 T3 J] J2 

,\ /, ,I' 
, \/ , ,I' 

\ 

I++ ]++ r++, L++I i.++ ' ~+~I ~i ++~+++'++:+: +"+.:' '::+" 'v3 T+, ::+ 

8 3 4 7 

Tidle = 2 Tcom = 7 TiUte = 4 Tcom ---- 3 

o v e r h e a d  = 9 o v e r h e a d  = 4 + 3 = 7 

Fig. 1. Example of three schedules for a given graph. 

J1 J2 

'\ /I ' I  J 
, \/ , ,I' 
, 411 , ,Jl' 

• ]3' -- \ 

3 4 5 6 

Tidle = 1 Tco.~ = 4 

o v e r h e a d  = 1 + 4 = 5 
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schedule. The overhead is equal to 9 (2 idle periods 
plus 7 jobs), 

In  the second example, we define 3 jobs as de- 
picted in Fig. 1. Job J~ is composed of the three 
tasks T 1, T 2 and T 4. It precedes the job J3 which 
introduces an extra precedence constraint between T 4 
and T 7. In the schedule graph, Jl and J2 are inde- 
pendent and precede both J3" The idle time increases 
but the number of jobs decreases. We obtain an 
overhead equal to 7 (4 idle times plus 3 communica- 
tions). The last schedule is obtained by breaking job 
J3 responsible for some idle times. It is optimal since 
it minimizes the overhead (equal to 5). 

3. Schedul ing  trees  on m processors  is NP-com-  
plete 

This section is devoted to the complexity study of 
scheduling trees on m processors within the over- 
head execution model. According to the previous 
notations, the problem can be denoted as 

Pm ]no overlap, trees,pj = 1, cij = 1 [Cma .- 

Theorem.  The problem of minimizing the overhead 
for scheduling trees of  depth three on m processors 
is strongly NP-complete. 

Proof. Our proof is based on a reduction from the 
well known NP-complete problem 3-partition [11]: 
Instance: Set A of 3m elements, a bound B ~ 7/+ 
and a size s ( a ) ~ Z  + for each a ~ A  such that 
¼B < s(a) < 1B and such that 

E s(a)=mS. 
a~A 

Question: Can A be partitioned into m disjoint sets 
A1, A 2 . . . . .  A m such that for 1 < i < m, ~,aE a,S(a) 
= B? (note that each A i must contain exactly three 
elements from A.) 

Given an instance of 3-partition, we construct for 
every element of A an in-tree with s(a) leaves and 
depth one, and then we connect the roots of all such 
in-trees to a common root (our construction is based 
on a proof of Afrati et al. for the two parameters 
scheduling problem [ 1 ]). 

Suppose that A can be partitioned into m disjoint 
sets A l, A 2 . . . . .  A m of weight equal to B each, 

Then a schedule in (B + 6) time units can be directly 
constructed: Processor Pi executes one job contain- 
ing the three in-trees whose leaves belong to A i, for 
1 < i < m, while processor P~ executes also a job 
containing the root of the tree. It is not difficult to 
verify that this schedule is of minimum length, thus 
leading to the minimization of the overhead. 

Conversely, suppose that there is a schedule with 
length no more than (B + 6). Clearly, the root of the 
tree must constitute an individual job. Thus during 
the last two time units (execution of the root and the 
corresponding communication) of any optimal 
schedule, only one processor can be active. The best 
way to execute the remaining m(B + 3) tasks is to 
partition them into m independent jobs of size (B + 
3) each. The only way to do this is to gather three 
independent in-trees into each job. This partition 
corresponds to a 3-partition of the set A, as required. 
[] 

The above construction can be slightly modified 
by removing the root of the tree, i.e. by considering 
only the set of in-trees. Then using the same reason- 
ing as above one can easily prove (simplifying con- 
siderably the proof of [16]) that the problem of 
minimizing the overhead for bipartite graphs of depth 
one on m processors, is strongly NP-complete. 

4. Schedul ing  c o m p l e t e  trees  on m processors  

In the previous section we proved the NP-com- 
pleteness of the problem 

em I no overlap, intree, pj = 1, clj = 1 I Cma x . 

In this section we address the problem of scheduling 
complete trees on m processors. The first asymptoti- 
cally optimal algorithm for scheduling a complete 
binary tree on m processors was proposed by Bampis 
and KSnig resulting to an overhead in O(m log m) 
[4]. Here, we present an algorithm leading to a 
schedule that is not only asymptotically optimal, but 
also reaches the exact optimal value of the minimum 
makespan for complete k-ary trees. We first describe 
the principle of the algorithm and then prove the 
optimality of the built schedule. 



E. Bampis et al./ European Journal of Operational Research 84 (1996) 261-270 265 

4.1. Preliminary result 

Assume that the number of processors is equal to 
m. The algorithm considers that a complete k-ary 
tree of height h can be divided in two independent 
regions. The first one begins with the root of the tree 
and finishes at level lin e -- 1, where / in  f is such that 
k~n~-2 < m < k l~"~- 1 The second region consists of 
the remaining tasks of the tree, and thus i t  contains 
k t~-  ~ complete k-ary trees of height h -  (lin e -- 1). 
A very natural algorithm for minimizing the over- 
head can be designed based on this observation. 

In the first region, we try to minimize the idle 
time by exploiting entirely the potential parallelism 
of the tree. So, in this region, each job contains only 
one task. In the second region, we try to minimize 
both the number of jobs and the number of idle 
times. 

Before detailing our algorithm let us prove the 
following lemma: 

L e m m a  1. The optimal makespan for scheduling a 
complete k-ary tree on a number of  processors 
greater than or equal to the number of  leaves of  the 
tree is obtained by considering each task as an 
individual job. 

Proof. Without loss of generality, we can consider a 
number of processors equal to the number of leaves: 
m = k  h- l .  

Let us first recall that the problem of minimizing 
the overhead within the current model is equivalent 

to the problem of minimizing the makespan. Let us 
calculate the overhead in the case where each task is 
considered as a job. The obtained schedule has the 
form of stairs (see Fig. 2). 

We focus our attention on the job that contains 
the root. We notice that since this last job contains 
the root, during its execution all the other processors 
are idle. Suppose this job contains i tasks (including 
the root), it is then obvious that 

I 1 Tpar ~> ( i  + 1 )  + ( k h - 1 ) / ( k - 1 ) - i  
~--~ ]- + 1 ,  

where the first term is equal to the number of tasks 
included in the last executed job plus one t ime unit 
for the communication, and the second term gives a 
lower bound of the execution time o f  all the remain- 
ing tasks (in the best case the remaining tasks are 
evenly distributed among the processors). Notice that 
the parallel execution time is minimized for the 
smaller possible size of the last job, i.e. for i = 1. 

Thus, in a gathering reaching the minimum paral- 
lel execution time, the size of the last job must be 
not greater than two (one unit time task and the 
corresponding communication). If  we consider the 
problem of scheduling each of the k complete k-ary 
subtrees of level 2 on m / k  processors, the previous 
result is still valid. The same property could be 
verified by recurrence at each level, from level one 
(containing only the root) to level h (the leaves 
level), thus, an optimal schedule is obtained when 
each job contains only one task. [] 

o n e  p r o c e s s o r  

~<.~.',.:i.'.'.$~:y~:~ k -- 1 p r o c e s s o r s  

[ ~ ~ ]  -- k p r o c e s s o r s  

~ ' ~ $ ~  :.,..:.:~, .. $~-~i~:.'.::.:~,~,:~:~,~,'.e.:;$~:.~:. :*~'~:~:.~.Z,-~,:.-:~$i ~" ~?: 
1 :$~" ~ '~ '  ' : ~  :":'"~<~" "~':~: ' "~:'~ :'~:~': :~i: .,. ":~i.',{'.'~.':,:*!.'.:;~£~¢.~,.,~~kh-2%a'.,,'.~: : ' . -~i :~"  -- k h - a  p r o c e s s o r s  

: -~!!: $t~:~$i! • ~ :  : "- :~ ~-~::~:.,:: ~ :~ .  ~.: .  !~'...-~ ~. ~:.:.".~:.~!.:: ..':~:~: ~ : ..'~:~:~-,~-.,:#:*~z~:~.::C..~:~g:.., ~@:." 

2 2*2 2 " ( h - 2 )  2 " (h -1 )  2h  

F ig .  2. S h a p e  o f  the  schedu le .  
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Jll J21 J3i J41 

J22 

Jn  

Jll I J12 fJR / 

8 I0 12 

Fig. 3. When k ~ is proportional to m. 

4.2. Description of the algorithm 

We now present with more detail the algorithm 
applied to the second region. Let linf be the first 
level of the tree with more than m tasks, and N 2 the 
number of tasks of the second region, N 2 = 
k l i ~ - l ( k  h- l i . ,+l  - 1 ) / ( k -  1). 

Case 1 
If  the number of complete subtrees at level lin f is 

a multiple of m, then the algorithm allocates 
k/iaf-ldiv m complete subtrees gathered into one job 

to each processor (Fig. 3). In such a situation, the 
schedule for the second region is clearly optimal. 

Case 2 
If  the number of tasks belonging to this second 

region is a multiple of m, the algorithm tries to 
evenly distribute the load, in order to produce a 
schedule without idle time. This is done in the 
following way: 

(1) Allocate to k/inf-lmOd m processors 
kli~-ldiv(m)+ 1 complete subtrees with a height 

equal to h -/inf" 
(2) Allocate to the other processors k l~f- ~div m 

complete subtrees of same height and add some 
leaves in order to have jobs of equal length. 

Finally, evenly distribute the remaining leaves to 
the processors. 

The algorithm creates exactly two jobs per pro- 
cessor (Fig. 4). 

Assume that the m first jobs contain a tasks and 
the m second jobs contain b tasks. If  this schedule is 
not optimal then it is possible to find another sched- 
ule with a finishing time equal to a + b + 1. But, as 
the total number of tasks is equal to m(a + b), in 
such a schedule each processor would be allocated 
only one job and this is possible if and only if k li.f- 1 
is a multiple of m (first case). Then, the schedules 

Js, Js~ J~1 
Jll J21 J31 J41 

JR 

P~ 

P~ 

P3 

P4 

P5 

P6 

J~1 J~2 

J21 J22 

J31 J32 

J41 J42 

J~a J52 ̧  

J61 J62 

I Ji3 /Ji4 JR 

~ ~ ~ ' ~  ~'~,~.'~ 

3 6 8 I0 12 

Fig. 4. When N 2 is proportional to m. 
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Fig. 5. A special case. 
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provided by the algorithm for the second region are 
optimal if N 2 mod m = 0. 

Case 3 
I f  N 2 mod m 4 :0  the problem is more complex. 

However, the idea is the same, the algorithm tries to 
find a partition o f  the tasks such that all the proces- 
sors could finish at the same time. As N 2 mod 
m v~ 0, some processors are allocated a + b tasks 
while the others are allocated a + b + 1 tasks. 

Idle times can be avoided if and only if a + b + 1 
corresponds to a multiple of  ( k  h - l i " f + l  - -  1 ) / ( k -  1) 

(the number of  tasks in a complete tree of  height 
h - linf q- 1). In such a case, the processors owning 
a + b + 1 tasks are allocated ( a  + b + 1)- 
div(k h- 4.f+ 1 _ 1 ) / ( k  - 1) complete subtrees and the 
algorithm of  Case 2 is applied in order to assign the 
remaining tasks to the remaining processors (Fig. 5). 
As previously, these schedules are optimal since the 
number o f  jobs cannot be reduced without creating 
new idle times due to the precedence constraints. 

For all these cases, an optimal global schedule is 
formed by concatenating the schedule of  the first and 
the schedule of  the second region without any modi- 
fication. 

Yl 1 
J21 J3, 

J22 Ja2 

4 5 11 12 

Fig. 6. Optimal nonsyachronized schedule for the second region. 



268 E. Bampis et al. / European Journal of Operational Research 84 (1996) 261-270 

Lemma 2. I f  the schedule obtained for  the second 
region is without any idle time and if  its number of  
jobs is minimum, then the global schedule formed by 
both schedules ( for  the first and for  the second 
region) is optimal. 

such that these overloaded processors can be syn- 
chronized with the others during the execution of the 
higher jobs of the schedule of the first region. We 
consider the algorithm of the second case. The condi- 
tion is 

Proof. The number of jobs in both the first and the 
second region is minimum, and the same holds for 
the number of idle times. So, the only solution to 
decrease the overhead would be to gather some jobs 
at the border. Since all the jobs of the second region 
finish at the same time, gathering jobs belonging to 
different regions would lead to new precedence con- 
straints among them and would lead to the creation 
of a number of idle periods larger than the number of 
saved jobs, indeed, for each saved job at least two 
idle periods are created. [] 

kt~f - 1 div(m) + 1 = k, 

where kh~-~div(m) + 1 is the number of tasks be- 
longing to level lin f and allocated to the most loaded 
processors. Indeed, within this condition, and for all 
these processors, the last job issued from the sched- 
ule of the second region can be gathered with the 
first executed job of thee schedule of the first region 
as illustrated in Fig. 7. 

When all the previous conditions are not satisfied, 
i.e. 

N 2 mod m ¢ O ,  

Case 4 
The idle times cannot always be removed in the third 
case as shown in Fig. 6. In such a case, some 
processors finish their second job one unit of time 
after the others. Although these schedules are opti- 
mal for the second region, Lemma 2 cannot be 
applied. 

However, sometimes, it is possible to join the 
schedules from the first and from the second region 

k h- ll,r+ 1 _ 1 
( a + b +  1) mod k - 1  4=0, 

k h.f-I div m + 1 4~ k, 

any gathering of jobs at the border cannot decrease 
the makespan of the whole schedule. Moreover, as 
both the schedules of the first and of the second 
region are optimal, the whole schedule obtained by 

J11 

JR 

J21 J22 IJ23 ~ 
] Ja2 JR &l 

4 5 11 13 15 

Fig. 7. Optimal schedule of the special case. 
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Jil Jzl J~i 
• , , J4i J5i J6i J~l 

Jn  

Jii J~  Jlz :~";~1 ~'.::~ 

,]'41 J42 I J43 ~ 

,.~e~.~' "~'.:v:"i~"~l 

Jri JTz I JTa 

~:~'~ ~i' ": ~'~i~: 

• ~ :  ~2P.: : :~  .% .:~:' 

Jn 

4 5 7 8 10 

Fig. 8. No reduction of the overhead is possible in this case. 

12 

concatenation is optimal. One such example is shown 
in Fig. 8. 

5. Conclusion 

We have considered in this paper the problem of 
scheduling tree-shaped precedence task graphs as- 
suming the execution model introduced by Anderson 
et al. [3], a model based on the notion of overhead. 

We proved the NP-completeness of the problem 
of minimizing the overhead for trees on m proces- 
sors. Then we derive, for the particular case of 
complete trees, a polynomial time algorithm which 
provides optimal schedules. 

Some problems remain open about the complexity 
of the scheduling of trees on only two processors. 
Moreover, it would be interesting to evaluate the 
performances of clustering strategies designed for 
other execution models allowing the overlap assump- 
tion, because, clustering seems to be the best solu- 
tion to obtain good schedules within this model. 
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