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munications take place among researchers, and it will bring fruitful cooperation and collaborations
to the world community. The fourth ICCSA will focus on recent advances in complex systems
and applications in all fields of science and engineering. There will be several invited expository
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important applications in various disciplines.
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The Origin of Complexity: Local Activity and the Third Law of Thermodynamics 
 

Leon CHUA 
 

University of California 
Berkeley, USA 

 
 
The first two laws of thermodynamics cannot be used to explain numerous complex 
phenomena that had puzzled many luminaries, including Boltzmann, Schrodinger, 
Prigogine, Eigen, Gellman, Turing, Smale, etc. This 2-hour lecture introduces the new 
“principle of local activity” which resolves the above conundrum by providing a 
mathematical foundation for the current hot albeit disarrayed research area dubbed 
“complexity”. The principle of local activity asserts that “complexity is impossible 
without local activity”. This mathematically rigorous, yet simple and constructive theory 
can be applied by anyone with a basic background in ordinary differential equation and 
linear algebra. The concept of local activity and its pearl, called the “edge of chaos”, 
provides the essential tool for explaining and predicting all sorts of hitherto unresolved 
complex phenomena from both natural and social sciences. The secret behind the 
principle of local activity is that it implies a non-monotonically increasing “entropy 
function”, thereby providing the missing complement of the second law of 
thermodynamics. 
The “Local Activity Principle” and its gem, the “Edge of Chaos”, are the rigorous 
mathematical foundation for building a scientific theory of “Complexity".  For 
“reaction  diffusion  systems”, a simple explicit procedure requiring only elementary 
linear algebra and theory of complex numbers is presented with detailed illustrations, 
including the FitzHugh-Nagumo equations, the Brusselator equations, the Gierer-
Meinhardt equations, the Oregonator equations and the Hodgkin-Huxley equations, in the 
following publication: Klaus Mainzer and Leon Chua, Local Activity Principle, Imperial 
College Press, 2013. 
The single most significant aspect of the “local activity principle”, henceforth dubbed the 
“third law of thermodynamics”, that distinguishes it from numerous other jargons, e.g., 
emergence, self-organization dissipative structure, slaving principle, synergetics, etc. is 
that it is a “constructive” mathematical theory that allows researchers to calculate and 
identify a tiny subset of the parameter space where complex phenomena can occur. 
Finally, we remark that although there exists already a third law of thermodynamics, 
based on Nernst's 1912 postulate, and which had been debated by Einstein and Planck, 
this law is seldom taught in Physics courses not only because it has few practical 
applications unlike the second law, but also because it has at least 3 “different” versions 
where none are equivalent, and where no version is sufficiently general, and no version 
can avoid unresolved issues.  
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Climate Networks and Extreme Events 
 

Juergen Kurths 
 

Potsdam Institute for Climate Impact Research & Humboldt University,  
Berlin & King´s College, University of Aberdeen, UK 

 

We analyse some climate dynamics from a complex network approach. This leads to an inverse 
problem: Is there a backbone-like structure underlying the climate system? For this we propose a 
method to reconstruct and analyze a complex network from data generated by a spatio-temporal 
dynamical system. This approach enables us to uncover relations to global circulation patterns in 
oceans and atmosphere. The global scale view on climate networks offers promising new 
perspectives for detecting dynamical structures based on nonlinear physical processes in the 
climate system. Moreover, we evaluate different regional climate models from this aspect. 

This concept is also applied to  Monsoon data in order to characterize the regional occurrence of 
extreme rain events and its impact on predictability. Changing climatic conditions have led to a 
significant increase in magnitude and frequency of spatially extensive extreme rainfall events in 
the eastern Central Andes of South America. These events impose substantial natural hazards for 
population, economy, and ecology by floods and landslides. For example, heavy floods in 
Bolivia in early 2007 affected more than 133.000 households and produced estimated costs of 
443 Mio. USD.  

Here, we develop a general framework to predict extreme events by combining a non-linear 
synchronization technique with complex networks. We apply our method to real-time satellite-
derived rainfall data and are able to predict a large amount of extreme rainfall events. Alongside 
with the societal benefits of predicting natural hazards associated with extreme rainfall, our study 
reveals a linkage between polar and subtropical regimes as responsible mechanism: Extreme 
rainfall in the eastern Central Andes is caused by the interplay of northward migrating frontal 
systems and a low-level wind channel from the western Amazon to the subtropics, providing 
additional moisture. Frontal systems from the Antarctic thus play a key role for sub-seasonal 
variability of the South American Monsoon System. 

 
References 

Arenas, A., A. Diaz-Guilera, J. Kurths, Y. Moreno, and C. Zhou, Phys. Reports 469, 93 (2008). 
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Donner, R., Y. Zou, J. Donges, N. Marwan, and J. Kurths, Phys. Rev. E 81, 015101(R ) (2010). 
Mokhov, I. I., D. A. Smirnov, P. I. Nakonechny, S. S. Kozlenko, E. P. Seleznev, and J. Kurths, 
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TIME-SERIES BASED PREDICTION OF COMPLEX DYNAMICS AND 
COMPLEX NETWORKS 

Celso Grebogi 

Institute for Complex Systems and Mathematical Biology 
King’s College, University of Aberdeen 

Aberdeen AB24 3UE, UK 
 

http://www.abdn.ac.uk/icsmb/people/details/grebogi 
 

In the fields of complex dynamics and complex networks, the reverse engineering, 
systems identification, or inverse problem is generally regarded as hard and extremely 
challenging mathematically as complex dynamical systems and networks consists of a 
large number of interacting units. However, our ideas based on compressive sensing, 
in combination with innovative approaches, generates a new paradigm that offers the 
possibility to address the fundamental inverse problem in complex dynamics and 
networks. In particular, in this talk, I will argue that evolutionary games model a 
common type of interactions in a variety of complex, networked, natural systems and 
social systems. Given such a system, uncovering the interacting structure of the 
underlying network is key to understanding its collective dynamics. Based on 
compressive sensing, we develop an efficient approach to reconstructing complex 
networks under game-based interactions from small amounts of data. The method is 
validated by using a variety of model networks and by conducting an actual 
experiment to reconstruct a social network. While most existing methods in this area 
assume oscillator networks that generate continuous-time data, our work successfully 
demonstrates that the extremely challenging problem of reverse engineering of 
complex networks can also be addressed even when the underlying dynamical 
processes are governed by realistic, evolutionary-game type of interactions in discrete 
time. 
----------- 

Network reconstruction based on evolutionary-game data via compressive 
sensing, W.-X. Wang, Y.-C. Lai, C. Grebogi, and J. Ye, Phys. Rev. X 1, 021021 
(2011) 

Predicting catastrophe in nonlinear dynamical systems by compressive sensing, 
W.-X. Wang, R. Yang, Y.-C. Lai, V. Kovanis, and C. Grebogi, Phys. Rev. Lett. 106, 
154101 (2011) 

Forecasting the future: Is it possible for adiabatically time-varying nonlinear 
dynamical systems? R. Yang, Y.-C. Lai, and C. Grebogi, Chaos 22, 033119 (2012) 

Optimizing controllability of complex networks by minimum structural 
perturbations, W.-X. Wang, X. Ni, Y.-C. Lai, and C. Grebogi, Phys. Rev. E 85, 
026115 (2012) 
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Unstable Dimension Variability: When	  an	  attractor	  has	  both	  a	  saddle	  and	  a	  repellor	  

Jim Yorke1  
In collaboration with S. Das1 and Yoshitaka Saiki2

 , 
 
1 University of Maryland 
2 Graduate	  School	  of	  Commerce	  and	  Management,	  Hitotsubashi	  	  University,	  Tokyo	  

 
 
The hyperbolicity or nonhyperbolicity of a chaotic set has profound implications for the 
dynamics. Here we investigate one mechanism that can lead to nonhyperbolicity in common 
invertible (respectively, noninvertible) maps of dimension 3 (respectively, 2) and higher. In 
particular, we investigate a situation (first considered by Abraham and Smale in 1970 for 
different purposes) in which the dimension of the unstable (and stable) tangent spaces are not 
constant over a chaotic set; we call this “unstable dimension variability”. In such circumstances, 
as a parameter is varied, there can be collisions between pairs of such periodic orbits resulting in 
annihilation analogous to saddle node bifurcations – but with rather different statistical behavior. 
 A simple two-dimensional map that displays behavior typical of this phenomenon is presented 
and analyzed – with surprising results.  
 
Related papers with preliminary results: 
 
E.	   Kostelich,	   I.	   Kan,	   C.	   Grebogi,	   E.	   Ott	   And	   J.	   A.	   Yorke,	   Unstable	   dimension	   variability:	   a	   source	   of	  
nonhyperbolicity	  in	  chaotic	  systems,	  Physica	  D	  109	  (1997),	  81-‐90.	  	  

C.	  Grebogi,	   E.	  Ott	   and	   J.	  A.	   Yorke,	   Super	  persistent	   chaotic	   transients,	   Ergodic	  Theory	  and	  Dyn.	   Sys.	   5	  
(1985),	  341-‐372.	  
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Control of complex systems

R.S.MacKay1

1. Mathematics Institute and Centre for Complexity Science, University of Warwick, Coventry
CV4 7AL, UK

We propose that for many complex systems, e.g. economy, it is more important to control the
statistical behaviour than the precise trajectory. Thus we present the beginnings of a theory for
control of probability distributions for complex systems. We work in the class of probabilistic
cellular automata (PCA), though results generalise easily to continuous-time interacting particle
systems and some to coupled map lattices. For “weakly dependent” PCA, the effect on the sta-
tistical behaviour of time-dependent control is unique and we give a formula for it. For strongly
dependent PCA, we demonstrate numerically that the effects of small parameter changes and small
nudges can be large, leading to tipping from one phase to another. This work was supported by
the Alfred P. Sloan Foundation New York.
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Abstract. Modelling contagious diseases needs to incorporate 
information about social networks through which the disease 
spreads out as well as data about demographic and genetic 
changes in the susceptible population. In this paper, we pro-
pose a theoretical framework (conceptualization and formali-
zation) which seeks to model obesity as a process of transfor-
mation of one’s own body determined by individual (physical 
and psychological), inter-individual (relational, i.e., relative to 
the relationship between the individual and others) and 
socio-cultural (environmental, i.e., relative to the relationship 
between the individual and his milieu) factors. Individual and 
inter-individual factors are tied to each other in a socio-cultural 
context whose impact is notably related to the visibility of any 
body being exposed on the public stage in a non-contingent 
way. The question we are dealing with in this article is whether 
such kind of social diseases, i.e., depending upon 
socio-environmental exposure, can be considered as "conta-
gious". In other words, can obesity be propagated from indi-
viduals to individuals or from environmental sources over a 
whole population? 
Keywords. social networks; contagious social diseases; 
obesity; homophilic rule 

1 Introduction 
Social and socio-infectious diseases (like 
Sexually Transmitted Diseases, SMD’s) are 
numerous and obesity can be considered as one 
of the most characteristic of what could be 
identified as a social “contagious” disease. 
Both stigmatization and mimicking [1] consti-
tute the way of dissemination of obesity into a 
family or a social network. Obesity is defined 
as an abnormal or excessive accumulation of 
fat in adipose tissue (Body Mass Index or 
BMI≥30, where BMI=Weight (kg)/Size2 (m2)) 
 

 
1 J. Demongeot and O. Hansen are with University J. Fourier of 

Grenoble, Lab. AGIM, CNRS FRE 3405, Faculty of Medicine, 38700 
La Tronche, France. E-mails: Jacques.Demongeot@agim.eu, Oliv-
ier.Hansen@agim.eu  

2 C. Taramasco is with Escuela de Ingeniería Civil en Informática, 
Universidad de Valparaiso, Chile. E-mail: 
carla.taramasco@polytechnique.edu 

3 Manuscript received April 19, 2014; revised May 14, 2014. 

leading to more or less important health prob-
lems at the individual level.  
   Currently, obesity would reach an pandemic 
development everywhere in the world: accord-
ing to the latest world estimates of WHO 
(World Health Organization), obesity rate 
would have tripled between 1980 and 2005 
[2,3]. This rate of development suggests that 
this pathology involves a socio-cultural prob-
lem grafted into a predisposition at the indi-
vidual level. All specialists agree now that, for 
decades, we are witnessing an increase in 
worldwide obesity prevalence. This is true in 
developed as well as in developing countries. 
No society seems to be immunized against this 
pandemic. Data from MONICA (WHO) pro-
ject [2] show that obesity prevalence in the 
majority of the European countries increased in 
10 years (1992-2002), going from 10 to 20% in 
men and from 10 to 25% amongst women. In 
France, between 1980 and 2006, obesity 
prevalence went from 6.4% to 16% in men and 
from 6.3% to 17.6% amongst women [3,4]. 
Based on these facts, several studies have been 
performed to identify risk factors associated 
with this affection as well as to contain the 
pandemic, which became a real public health 
problem [5]. It is well known that obesity has a 
genetic component as a familiar predisposition 
towards this affection testifies. However, this 
genetic component does not explain the in-
creasing (spectacular) progression in disease 
prevalence. Additional behavioral, psy-
cho-social, and economic factors must be con-
sidered [6-8]. In this context, Christakis et al. 
showed the possibility of person to person 
obesity contagion in a social network [9]. 

 
Proceedings of ICCSA 2014 
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DYNAMICS OF CONTAGIOUS SOCIAL DISEASES: 
EXAMPLE OF OBESITY 

J. Demongeot, O. Hansen and C. Taramasco123 
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J. Demongeot, O. Hansen and C. Taramasco 

Moreover, Cohen et al. suggested that obesity 
diffusion could occur via a common exoge-
nous source applied to a set of individuals [10].  
   Realistic models of contagious diseases in-
corporate information about the social net-
works through which the disease spreads out as 
well as data about demographic and genetic 
changes in the susceptible population. They 
also include all the possible knowledge about 
the contacts between susceptible and sick indi-
viduals. In Section 2, we present the math-
ematical framework necessary to take into ac-
count at a microscopic level the dynamics of 
contacts between susceptible and sick indi-
viduals. Then we introduce the description of 
the obesity dynamics in Section 3, a social pa-
thology partly caused by collective behaviours 
mimicking some dominant habits of nutrition 
transmitted through social networks, modelled 
here by using the notion of  homophilic graphs.  
   To investigate obesity in a multi-factorial 
manner, we take into account inseparable fac-
tors to analyze the impact through time that 
obese individual transformation may have on 
the social structure. With this aim, we develop 
a network model in which individual interac-
tions are in part due to homophilic selec-
tion/deselection, i.e., a process of preferential 
attachment and detachment of inter-individual 
links according to characteristics of the indi-
viduals involved. Homophily is here defined as 
the tendency of an individual to create links 
with other individuals sharing similar attributes 
with him and to cut links with other dissimilar 
individuals. Homophily suggests that individu-
als tend to interact with those who resemble 
them. Second, and reciprocally, we study if 
obesity can be considered as a “contagious” 
social disease. So we study the role which 
could be played by the structure of the social 
fabric in the increase and current development 
of obesity. We evaluate the impact of relations 
between individuals (micro-level) as well as 
the impact of relations between districts 
(meso-level) and between countries 
(macro-level). This approach highlights the 
necessity to integrate the dynamics of each 

scale to better understand the evolution of the 
pathology. It is proposed two stochastic mod-
els: i) an epidemiological compartmental 
model and ii) an individual centered network 
model, considering three influences: exoge-
nous heterogeneous (individual-cultural), ex-
ogenous homogeneous (individual-social) and 
endogenous (individual-individual). All to-
gether, this research study on obesity will al-
low to investigate the social and cultural di-
mension involved in being and transforming 
one’s body. In Section 4, we present elements 
of demographic dynamics to add to the social 
contagion dynamics. Eventually, we present in 
Section 5 a proposal of an obesity preventive 
policy and in Section 6 we propose some per-
spectives about a new more realistic modelling 
of the contact dynamics. 
 
2     Social networks and obesity 
 
2.1 General graph framework 
Given that each individual is immersed in a 
social system, linked together with other indi-
viduals through diverse and complex interac-
tions, each individual i can then be character-
ized, in a first approach, by their number of 
neighbors ki, whereas the overall system is 
characterized by the connection structure be-
tween individuals. To study the role played by 
social interactions in obesity spreading, five 
simple network topologies are considered to 
describe inter-individual connections: random 
(Erdös-Renyi type), scale-free, small-world 
and two empirical network topologies. Em-
pirical networks are built from degree distribu-
tions found by Christakis et al. [8] in real net-
works. On Figure 1, we can find examples of 
architecture simulated following the above to-
pologies. We will use these architectures for 
starting from initial configurations of the a 
priori network, before applying the homophilic 
rule and converging to an “attractor” of its dy-
namics, i.e., a stable configuration of links and 
node states of the interaction graph related to 
the social network involved in the obesity con-
tagion spread.  
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Obesity dynamics 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 

 
 

 
 
 
 
 

 
 

 
 

 
 
 

 
 
 
 
 
 
 

 

Figure 1: Simulation of various initial architectures: random, scale-free, small world, empirical (1 and 2) 

2.2 Social contagion 
We have modeled the social contagion 
mechanisms through which the disease can 
propagate from individuals to individuals or 
from environmental sources over popula-
tions, individuals changing of state like in 
biological regulatory networks for which 
many theoretical and numerical tools have 
been recently developed [13-16].  
   On Figure 2, each individual is represented 
in its social neighborhood: he can influence 
(orange and red arrows) the narrow context 
to which he belongs. Hence, each individual 
in a given social sub-network will receive 
direct influences from his neighbors (in-
ter-individual factors) as well as influences 
from his environment (social factors) de-
pending on his own context. Under theses 
influences, some individual (in blue on Fig-

ure 2) can become obese and other not (in 
green on Figure 2). 
 
3     Obesity dynamics of links and states 
 
3.1 Homophilic graphs 
The function homophily (resp. heterophily) 
will be defined as the tendency of an indi-
vidual to create (resp. cancel) links with 
other individuals sharing similar (resp. dis-
similar) attributes, by playing with proba-
bility agents involved in an infectious con-
tact having a given state (e.g., for obesity, 
susceptible S, overweight W and obese O) 
before contact. Tendency an agent or node i 
has to create or cut a link with another agent 
j in a contagion graph G with N agents, de-
pends on similarity distances d(i,j) in graph. 

(a) RANDOM 

(d) EMPIRICAL 1 

(e) EMPIRICAL 2 

10 ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014



Figure 2: Inter-individual relationships between obese and non obese individuals in a social context 

 
Let us suppose that there are two possible 
states x and y for the nodes of G and denote 
at time t by Lx,y(t) (resp. Lx,x(t)) the number 
of heterophilic (resp. homophilic) links of 
type x, Lx(t) the number of links coming 
from type x nodes and L(t) the total number 
of  links, and by τ the relaxation time. We 
suppose in each time lapse of duration τ, a 
certain proportion of nodes (agents) creates 
(resp. cancel) links toward nodes being in 
same (resp. different) state, with a certain 
tolerance threshold. Then the simulation 
follows the successive steps: 
 
1. At t = t0, generate the random value τ 
from an exponential distribution of param-
eter 1/ß 
2. At t = t0 + τ, 

- choose a fraction φ of nodes in G. Let M = 
φN. 
- for each node i of these M nodes 
(i=1,…,M), define its state x(i) (known in-
itial conditions), its out-degree ki ∈ IN (equal 
to the number of links exiting from i), gen-
erate its tolerance to the difference, a real 
number hi, 0 ≤ hi ≤ 1, from a probability dis-
tribution g(h) and do the following oper-
ations: 

– for ki = 0, connection from i to j: 
- choose a node j by chance among 
N–1 other nodes  
- create a link from i to j with proba-
bility hi

d(i,j), where d(i,j) is the direct 
distance between i and j, with 3 lev-
els: 0, 1 and 2, defined as follows: 

     d(i,j)=0, if x(i) = x(j) 

Individual 

 

Interindividual 
Factors 

 

Individual 

 

Interindividual 
Factors 

 

Individual 

 

Interindividual 
Factors 

 

Individual 

 

Interindividual 
Factors 

 

Social 
Factors 

Social 
Factors 
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Obesity dynamics 

                          =1, if x(i)=S, x(j)=W 
and vice versa 
                          =1, if x(i)=W, x(j)=O 
and vice versa 
                          =2, if x(i)=S, x(j)=O 
and vice versa 

– for ki ≥ 1, connection or disconnec-
tion from i to j: 
- if Vi denotes the set of neighbours 
of i, let choose a node j among the 
⏐Vi⏐=ki neighbours of i with the 
probability 1/ki. We will denote by 
Vj

i the set of the neighbours of j, mi-
nus i 
- let δ(i,j) be the total similarity dis-
tance between nodes i and j. The link 
between i and j will be cut with the 
probability 1-hiδ

(i,j), where the total 
distance δ is defined by: 

δ(i,j) = d(i,j), if c(i,j) = 0 
          = αd(i,j) + (1-α)c(i,j), 

if c(i,j) ≠ 0, 
       where the indirect distance c(i,j) 
= Σk∈Vj i  d(i,k)/(kj-1)  
                                                            
= 0, if kj=1 
- if the link between i and j has been 
cut, we choose by chance a new node 
k in G \Vi \ Vj 

i and we create a link 
from i to k with the probability: 

Prob(i→k) = 
f(d(i,k))nx(k)hi

d(i,k)/[Σl∈G\Vi\Vji  nx(l)hi
d(i,l)], 

where nx(k) is the number of nodes in 
G \Vi \ Vj 

i having the same state as k, 
i.e., nx(k)= nS (resp. nW, nO) if k is 
susceptible (resp. overweight, obese). 
We will consider in the simulations 3 
versions for the function f: 

           - Version 1: f(d(i,w))=1, if d(i,w)=0; 
=0 elsewhere 
           - Version 2: f(d(i,w))=1, if d(i,w)=0 or 
1; =0 elsewhere 
           - Version 3: f(d(i,w))=1, if d(i,w)=0, 1 
or 2,  
these versions being used in the individual 
centred network for representing three types 

of progressively increasing influence: exog-
enous heterogeneous (individual-cultural, 
Version 1), exogenous homogeneous (indi-
vidual-social, Version 2), endogenous (indi-
vidual-individual, Version 3) 
3. Change the states x(j), for all j at the end 
of links created, by increasing their obesity 
weight of one level (S to W, W to O, O to O)  
4. Generate a new τ  and go to 2 
5. Stop when the graph G is no more chan-
ging. 
 
3.2 Homophilic dynamics simulations 
On Figure 2, we have fixed the corporal 
states (obese, overweight and normal) fol-
lowing the distribution of the BMI in the 
French population [11] in 2009: obese 
(14,5%), overweight (31.9%,) and normal 
(53,6%) individuals. The tolerance has been 
taken at the level 0.25 and the connection 
probability has been chosen following the 
Version 1. Directed networks with 1000 
nodes each have been simulated, with a 
probability to have forward directional (resp. 
bidirectional) links equal to a=0.6 (resp. 
b=0.2). The node positioning has been done 
following the attraction-repulsion Fruchter-
man-Reingold algorithm [12].  
 
3.3 Equilibrium configurations 
Under the homophilic rule, the networks are 
converging until an equilibrium configura-
tion of both links of the undirected graph 
architecture and node states, independently 
of the initial architecture and initial state dis-
tribution. By using a simulation engine of 
the social network, we can study the speed 
of convergence to this equilibrium for all the 
initial topologies proposed in Section 2. The 
Figure 4 shows that the relaxation time to the 
steady state (related to the speed of conver-
gence to equilibrium) depends on the net-
work topology. The shape of the initial and 
final “in-degree” distributions are about the 
same after applying the homophilic dynam-
ics (Figures 4 and 5), but we can show that 
paradoxically in the small-word initial 
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topology, the mean clustering coefficient 
diminishes, but the marginal clustering co-
efficient Cs calculated for each state s in-
creases (this phenomenon being due to the 
modification of the state distribution): Cs = 
<Xs>/N, where <Xs> is the expectation of the 
random variable equal to the number of 
nodes in state s linked to a node in the same 
state s. The global clustering coefficient C is 

defined by: C = <X>/N, where <X> is the 
expectation of the random variable equal to 
the number of couples of linked nodes hav-
ing the same state. The final value of the 
homophily depends weakly on the topology 
(Figure 6). The final configuration of the 
network has always the homophily maxi-
mum, the segregation into 3 groups depend-
ing on the topology (Figures 6 and 7). 

 
 
 

 
 
 

 
 
 

Figure 3: Dynamics with a progressive clustering (from left to right) inside a small-world directed network with initial 
proportion of obese individuals in red (14,5%), overweight in pink (31.9%,) and normal in white (53,6%), with 0.25 toler-

ance and connection probability of the Version 1 
 
 
 
 
 

 
 

 
 
 
 
 

 
 

 
 
 
 

 
 

Figure 4: Evolution of the marginal clustering coefficient Cs for each state s and for the architectures and initial distribu-
tion of states (normal in blue, overweight in green and obese in red) of Section 2, with tolerance h equal to 0.25 and con-

nection probability of the Version 3 

(a) RANDOM 

(d) EMPIRICAL 1 

(e) EMPIRICAL 2  
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In order to improve this study, a theoretical 
estimation of the speed of convergence to 
the equilibrium configuration could be made, 
as well as the consideration of the robustness 
of the process: do exist more than one equi-
librium state, and if yes, are other “attrac-
tors” only fixed states or possibly periodic 
configurations? Which network parameters 

are critical, i.e., at which parameter pertur-
bation (provoking a change in number or 
nature of attractors) is sensitive the dynam-
ics? Which perturbation of the initial con-
figuration of the social network changes at-
traction (stability) basins? All these prob-
lems will be addressed in a future work. 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

Figure 5: Left: with connection probability of the Version 3, evolution of the global connectivity C coefficient at equilib-
rium as function of the mean tolerance <h>. Right: evolution of the relaxation time to equilibrium as function of the mean 

tolerance <h> 
 
3.4 Examples of dynamics of obesity 
Homophily defined as above suggests that 
individuals tend to interact with those who 
resemble them in terms of alimentary be-
haviour and the structure of the social fabric 
is involved in the increase and current de-
velopment of obesity [17-29]. By using the 
simulation rules of Section 3.1., we compare 
the simulated graphs with real data in case of 
obesity. Four situations have been tested: the 
pure random graph (links chosen by chance), 
the free scale graph (the distribution of 
out-degrees follows a power law), the small 

world graph (links around hub nodes are re-
inforced) and homophilic graphs, with dif-
ferent versions of probability of linking. The 
approach described above has highlighted 
the necessity to integrate a random dynamics 
at each scale to better understand the evolu-
tion of the obesity pathology, e.g., in Figure 
7, the connectivity of the real social network 
representing the obesity spread is better 
taken into account in the homophilic net-
work Version 1 (the qualitative differences 
between versions being small) than in the 
other versions: random, scale-free or small 
world ones. 

Random 
Empirical 1 
Empirical 2 
Scale-free 
Small world 

 

Random 
Empirical 1 
Empirical 2 
Scale-free 
Small world 

 

<h> <h> 
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Figure 6: Homophilic dynamics for the architectures and initial distributions of states of Figure 5, with tolerance t equal to 

0.25 and connection probability of Version 3 
4     Demographic dynamics 
 
For evaluating the number of suceptibles and 
to define them by age and sex (which are 
important factors in the occurrence of 
obesity), we need to develop a dynamic 
projection model by using key 
socio-demographic indicators of the studied 
population. The lack of documented data 
often not allows to use performant tools of 
Individual Based Model (IBM) demographic 
simulation as FELICIE, DESTINIE, 
OMPHALE, MOGDEN, LIFEPATH,… 
[17-19]. So we proposed the model 

DOPAMID which requires less raw data for 
its dynamic projection method. 
 
4.1 DOPAMID model overview 
The objective of the model is to make evolve 
a population in function of statistics based 
on its composition in age classes. This 
evolution allows to express patterns in the 
composition of the population. Statistics 
used are the distribution of the population 
according to the age and sex of the 
individuals, mortality, fertility, composition 
of families as well as the dependency of 
individuals. Starting from a population 

SMALL-WORLD 
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respecting these statistics, the model 
advances in time over a period of up to 90 

years. Population members will therefore 
age, reproduce, die… 

 
 
 
 
 
 

 
 

 
 

 
 

 
 
 
 
 

 
 
 
 

 
Figure 7: Simulation of social graphs representing obesity network: initial conditions (a), asymptotic state in case of an 

homophilic graph Version 1 (b), random graph (c), scale free graph (d) and small world graph (e) 
 
 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
Figure 8: Left: top: simulation made by our DOPAMID model of the evolution of Iranian demography between 2009 and 

2050, middle:  same simulation by using the simulation algorithm of the US Census Bureau, bottom: real data in 2000. 
Right: ageing algorithm applied each year for each human being (http://www.census.gov/population/international/) 

a b
 

c d e 

M        
F ≥60 

<60 
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4.2 The model algorithm 
The decision taking is based on the 
generation of random numbers. For example, 
for sex at birth, statistics are: 51,35 % of 
males and 48,65 % of females. A random 
number between 0 and 1 is generated, and if 
it is less than 0,5135, the child will be a boy 
and a girl, if it exceeds. The initial number 
of human beings is supposed to be equal to 
10,000. Each year and for each person, the 
scenario described in Figure 10 is applied. 
 
   We have for example simulated the evolu-
tion of the Iranian population between 2009 
and 2050 (cf. Figure 8), for validating our 
model from real data and simulated projec-
tions coming from the US Bureau of Census 
[20]. A study of an important pathology as-
sociated to obesity, the type 2 diabetes [21], 
shows that the proportion of diabetic is equal 
to 3.5% in normal weight Iranian population, 
and 6.4% and 14.3% respectively in over-
weight and obese population, representing an 
Odd ratio of  respectively 1.7 (the 
95%-confidence interval being equal to [1.1, 
2.5]) and 4 (the 95%-confidence interval be-
ing equal to [2.7, 5.8]). The demographic 
modelling allows calculating for each age 
class the proportion of obese and the risk of 
type 2 diabetes: here for example, the Odd 
ratio per 10 years is equal to 1.2 (the 
95%-confidence interval being equal to 
[1.1-1.4]). A precise distribution with respect 
to gender and age class can be found in [22].  
 
   The connection between the demographic 
dynamics and the social networks has to be 
carefully made in the future: it needs a deep 
knowledge (presently absent) on the struc-
ture by age class into the social networks, as 
well as on the rules of transmission and 
intergenerational inheritance of the alimen-
tation and adapted physical activity habits. 
Nevertheless, the evolution of the size of the 
whole population has to be already intro-
duced in order to fix the number of nodes 

and interaction links for calibrating our 
social networks models. 
 
5     Towards the proposal of an obesity 
preventive policy 
 
     The BMI has been defined about two 
centuries ago by a Belgian physician (A. 
Quételet) and it represents the basic tool for 
doing the obesity diagnosis and therapeutic 
surveillance New policies are now needed to 
contain this world pandemic and we suggest 
the following ways in order to watch and 
cure the obesity:  
1) defining new optimal threshold for defin-
ing obesity states and associated risks from 
the classical BMI [23] 
2) using a new index called the Body Adi-
posity Index (DAI) allowing differentiating 
muscular, skeletal and adipose masses [24] 
3) elucidating all genetic factors involved in 
the obesity genesis (endogenous individual 
factors) [25] 
4) searching for all metabolic factors implied 
in the development of the disease (nutrition, 
as well as predisposition to use glycolytic 
pathway more than oxidative phosphoryla-
tion in order to produce energy, like in the 
Warburg effect [26,27] 
5) identifying all social factors favouring the 
present epidemic in particular exogenous 
environmental factors, in social networks 
involving young individuals (educative, 
sportive, familial, social,…) in order to pre-
vent actively the disease before the adult age 
(for example, cf. www.repop.fr) at school or 
during the hospital sojourns [28] 
6) studying all psycho-social factors leading 
to obesity stigmatization in relation to men-
tal body image and self-esteem [29]. 
 
6 The dynamics of contacts 
 
6.1 Influence of the contact duration 
Let introduce now a contact duration τ and a 
contagion coefficient ß possibly depending 
on τ [30]. It is possible to retrieve the quad-

ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014 17



Obesity dynamics 

ratic term of interaction already present in all 
the classical models of contagion [30-40] by 
using a stochastic approach coming from the 
random chemistry of contacts [41-57] for 
interpreting the rules of Section 3.1. devel-
oped in [58]. We have, if the demographic 
dynamics is neglected as well as the over-
weight transition:  
 
P(S(t+dt)=k, O(t+dt)=N-k) - P(S(t)=k, O(t)=N-k) = - 
ßk(N-k)dt ∫0TP(S(t-τ)=k, O(t-τ)=N-k)dτ 
 + ß(k+1)(N-k-1)dt ∫0TP(S(t-τ)=k+1, O(t-τ)=N-k-1)dτ, 
 
where S(t) (resp. O(t)) is the size of the sus-
ceptible (resp. obese) population at time t.  
   The microscopic equation above leads to 
the mean differential equation ruling the ex-
pectations of the random variables S and I: 
  
dE(S(t))/dt=-ß∫0TE(S(t-τ))E(I(t-τ))dτ  
and to the macroscopic equation:  
dS/d =-ß∫0TS(t-τ)I(t-τ)dτ,  
 
in which we found the quadratic term of the 
classical models of contagion. This quadratic 
term is also present in the interaction poten-
tial of Hopfield like networks in which the 
study of the robustness with respect to the 
contagion parameter change has been per-
formed [59-69] as well as in recent studies 
taking into account the spatial character of 
the disease spread [70-79]. 
 
6.2 Confinement and Saturation 
The localisation of contamination has been 
treated by different authors [80, 81]. When 
contagion occurs in confined locations (like 
professional, educational or residence build-
ings), we can use saturation dynamics terms 
coming from the enzymatic kinetics (cf. for 
example [82, 83]) for expressing all the 
possibilities to have together k from the S 
susceptible population and i from the O 
obese population in n contagion sites located 
in B buildings. We call this quantity the par-
tition function P(S,0) and 
B(∂2LogP/∂LogS∂LogO)/n is the total mean 
number of occupied sites, considered as 

proportional to the infection rate, and we 
have: 
 
dS(t)/dt = -ßB(∂2LogP/∂LogS∂LogO)/n + fS - µS + ρO 
dO(t)/dt =ßB(∂2LogP/∂LogS∂LogO)/n+f’O-µ’O-ρO, 
 
where the demographic parameters f (fe-
cundity) and µ (mortality) are taken into ac-
count for the susceptible as well as for the 
obese population (f’ and µ’) and where ρ 
denotes the recovering rate at which an 
obese recovers an healthy weight. 
An example of such a dynamics is the satu-
ration Michaëlian one, if there is only one 
contagion site: 
 
P(S,O) = (1+ vC,SS)(1+ vC,OO),  
 
where vC,S (resp. vC,I) is the probability for a 
susceptible (resp. obese) to access a conta-
gion site. If vC,S = 1 and vC,O << 1, then the 
infection rate equals about ßSO/(1+S) and 
the equations of the dynamics are: 
 
dS(t) = - ßS(t)O(t)/(1+S(t)) + (f - µ + ρ)S(t) 
dO(t) =   ßS(t)O(t)/(1+S(t)) + (f’ - µ’ - ρ)O(t) 
 
6.3 Non-linear interactions and complex 
dynamics 
Threshold interactions used in classical 
Hopfield like models [59-69] are already 
non-linear ones, but take into account only 
pair contacts, neglecting possible additional 
effects due to the presence and mutual inter-
action of more than two individuals in the 
contagion process. It is now possible to 
introduce for modelling this possible poten-
tialization a formalism for being able to de-
fine non-linear n-uples interactions [84] and 
simulate the model in a spatial Markovian 
context like in the present study or in certain 
case of remote spatial influence (due to the 
new social networking on the web) in a re-
newal context [85], as well as different time 
scales modelling complex dynamics, for 
separating the local dynamics from the glo-
bal trend of the obesity epidemic [86]. 
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7     Conclusion 
 
Results shown in this paper about social 
networks involved in obesity have been ob-
tained by modeling and simulating networks 
with various initial architecture (random, 
scale-free, small-world, empirical) evolving 
under the so-called social homophilic con-
straint. The computed evolution of these 
networks seems to be similar to the real one 
observed in developed countries for a so-
cially “contagious” disease, the obesity. 
Complementary studies are now required 
allowing from large samples estimating the 
unobservable parameters linked both to ini-
tial network architecture (taking into account 
the specificity of the sub-populations of sus-
ceptibles, e.g., differences between the 
schoolchildren, professional and elderly 
people networks) and to their weights evolu-
tion, as well as incorporating the demo-
graphic dynamics [87], a more accurate 
model of social contacts through which the 
disease can spread out and some elements 
about the psychogenesis of the homophilic 
dynamics [88-90] and their surveillance at 
home [91,92] or on Twitter [93,94]. 
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Fractal geometry and urban patterns – from exploring morphology to applications in 
planning 
 

Pierre Frankhauser (University of Besançon) 

Fractal geometry turned out to be a powerful approach in many domains for describing 
complex structures which have multiscale properties. In particular, fractal analysis allows 
making evident scaling properties and hence underlying structural order principles which 
cannot be discovered by other measuring approaches like densities which refer to one 
unique scale. We present here how this approach helps to analyze the distribution of build-up 
surface in urban patterns and how it can be used to link these morphologiocal properties to 
specific contexts of urbanization. Indeed, contemporary urban patterns have usually an 
irregular shape reminding rather deposits on surfaces or corrosive phenomena. This can be 
explained by the fact that urban growth is nowadays often a weakly controlled process where 
a couple of agents interact on different scales. Hence urbanization can be seen as self-
organization process. Nevertheless it can be surprising that these interactions generate 
structures which follow obviously underlying order principle. In contrast there exist, too, urban 
planning concepts, which follow scaling principles by definition, what allows reflecting on 
elements to what extend such patterns correspond to optimization principles. We start by 
introducing fractal models which illustrate how fractals can be linked to urban patterns. Then 
we introduce the measuring methods used and we discuss the results obtained. In a last part 
we show a possible link to the order parameter concept used in synergetics and we finish by 
giving an outlook how the fractal approach can be useful for developing planning concepts in 
the sense of optimization. 
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Hamiltonian	  Chaos:	  	  Two-‐temperature	  Equilibrium	  in	  Hot	  Plasmas	  predicted	  	  
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Abstract	  

Deterministic	  Hamiltonian	   chaos,	   as	   discovered	  by	  Poincaré,	   remains	   good	   for	   surprises.	   It	   not	   only	  explains	  
equilibrium	   thermodynamics	   as	   shown	   by	   Sinai	   in	   1970,	   with	   a	   recent	   extension	   to	   far-‐from-‐equilibrium	  
thermodynamics.	  It	   in	  addition	  also	  implies	  cryodynamics,	  sister	  discipline	  to	  thermodynamics,	  which	  governs	  
globular	  star	  clusters	  and	  the	  cosmos	  at	  large.	  It	  is	  proposed	  that	  Hamiltonian	  chaos	  thirdly	  entails	  a	  new	  mixed	  
theory,	   “thermocryodynamics.”	   The	   latter	   describes	   hot	   plasmas	   in	   the	   electrostatic	   approximation.	   The	  
thermal	  equilibrium	  of	  a	  confined	  plasma	  predictably	  combines	  two	  sub-‐equilibria	  of	  differing	  temperatures	  –	  
and	  this	  even	  in	  two	  ways.	  The	  new	  chaos-‐based	  paradigm	  is	  bound	  to	  have	  technological	  consequences.	  	  	  

Key	  words:	  Poincaré,	  classical	  chaos,	  plasma,	  croydynamics,	  thermocryodynamics,	  multiple	  equilibria	  (April	  18,	  
2014)	  

	  

Introduction	  

Poincaré	  [1]	  invented	  Hamiltonian	  chaos	  theory.	  The	  latter	  can	  deterministically	  explain	  thermodynamics,	  both	  
in	  its	  equilibrium	  features	  as	  shown	  by	  Sinai	  [2,3]	  and	  in	  its	  far-‐from-‐equilibrium	  features	  [4].	  Hereby	  repulsive,	  
either	   hard-‐disk	   or	   short-‐range,	   potentials	   are	   in	   charge.	   A	   switch	   to	   attractive	   infinite-‐range	   Newtonian	  
potentials	   yields	   the	   new	   science	   of	   “cryodynamics”,	   sister	   discipline	   to	   thermodynamics	   [5].	   This	   new	  
discipline	  at	  the	  same	  time	  is	  the	  oldest	  since	  it	  could	  have	  been	  founded	  by	  Newton	  himself.	  In	  cryodynamics,	  
the	  deterministic	  equilibrium	  state	  is	  not	  stable	  as	  in	  thermodynamics,	  but	  unstable.	  	  	  	  

In	   the	   following,	   a	   new	   third	   chaos-‐based	   fundamental	   classical	  Newtonian	   theory	   is	   offered:	   “deterministic	  
thermocryodynamics.”	  It	  deals	  with	  mixed	  –	  both	  repulsion	  and	  attraction	  based	  –	  Hamiltonian	  systems	  –	  that	  
is,	  with	  hot	  plasmas	  in	  the	  electrostatic	  approximation.	  	  

	  

Hot	  Plasmas	  form	  a	  Third	  Fundamental	  Paradigm	  

Hot	  plasmas	  are	  more	  complicated	  than	  pure-‐repulsion	  or	  pure-‐attraction	  based	  chaotic	  gases.	  The	  latter	  gases	  
are	  at	  the	  root	  of	  multi-‐particle	  celestial	  mechanics	  [5].	  In	  contrast	  to	  these	  two	  pure	  cases,	  a	  hot	  plasma	  is	  a	  
hybrid.	  While	   involving	   reciprocal	   attraction	   between	   its	   two	   components,	   it	   in	   addition	   is	   characterized	   by	  
repulsion	  between	  the	  members	  of	  either	  particle	  class;	  electrons	  and	  protons	  are	  both	  repulsive	  among	  their	  
own	  kind.	  This	  two-‐tiered	  effect	  makes	  the	  theory	  much	  more	  complicated.	  If	  one	  assumes	  the	  simplified	  case	  
that	  the	  two	  forces	  were	  pure	  Newtonian	  and	  anti-‐Newtonian,	  respectively,	  to	  avoid	  the	  complications	  caused	  
by	  electromagnetism,	  then	  a	  third	  chaos-‐based	  theory	  applies	  which	  can	  be	  called	  “thermocryodynamics.”	  

The	   finite-‐number-‐of-‐degrees-‐of-‐freedom	   characteristic	   of	   both	   the	   Newtonian	   and	   the	   anti-‐Newtonian	  
(smooth	  Boltzmannian)	  paradigm	   is,	   strictly	   speaking,	  no	   longer	  valid	   in	  plasma	  theory	  because	   the	   infinitely	  
many	   degrees	   of	   freedom	   of	   Maxwell’s	   field	   equations	   enter	   as	   well,	   more	   or	   less	   mitigated	   by	   quantum	  
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mechanics.	  This	  formal	  complication	  can	  be	  heuristically	  neglected	  in	  a	  first	  discussion	  under	  the	  assumption	  of	  
“not	  too	  high”	  densities	  and	  temperatures.	  	  	  

	  

Towards	  a	  Description	  of	  the	  Equilibrium	  Structure	  of	  Hot	  Plasmas	  

A	  first	  prediction	   is	   that	   the	  equipartition-‐type	  equilibrium	  of	  hot	  plasmas	   is,	   like	   that	  of	  pure	  cryodynamical	  
systems	   (a	   gas	   of	   gravitating	   particles),	   unstable	   regarding	   the	   two	   different	   particle	   classes	   that	   mutually	  
attract	   each	   other.	   This	   means	   that	   the	   ions	   and	   the	   electrons	   must	   get	   disproportioned	   in	   their	   kinetic	  
energies.	  Whereas	  in	  a	  gravitating	  gas	  the	  disproportioning	  of	  the	  kinetic	  energies	  of	  two	  mass	  classes	  goes	  on	  
without	  limit	  [4],	  it	  in	  the	  present	  case	  is	  “braked.”	  For	  the	  electrostatic	  repulsion	  within	  each	  charge	  class	  has	  
an	  energy-‐homogenizing	  effect	  just	  as	  in	  ordinary	  repulsive	  statistical-‐mechanics.	  	  The	  fact	  that	  the	  repulsion	  is	  
long-‐range	  Newtonian	  rather	  than	  of	  the	  hard-‐potential	  type	  makes	  no	  difference	  regarding	  equipartition	  [4].	  	  	  

Therefore	   a	   new	   overall	   stable	   equilibrium	   is	   bound	   to	   form.	  What	   is	   unusual	   is	   only	   that	   the	   two	   particle	  
classes	   that	   rach	   form	   a	   constant	   equilibrium	   temperature	   among	   their	   own	   kind,	   must	   at	   the	   same	   time	  
disequilibrate	   energy-‐wise	   (owing	   to	   the	   pseudo-‐gravitational	   attraction	   acting	   between	   them).	   Hence	   as	   a	  
“compromise”	   the	  equilibrium	  temperatures	  of	   the	   two	  components	  of	   the	  plasma	  become	  unequal	  –	  while	  
taken	  together	  maintaining	   the	  constant	  overall	  equilibrium	  temperature	  of	   the	  plasma	  as	  a	  whole.	  Thus	  we	  
have	  a	  new	  phenomenon:	  a	  constant-‐temperature	  equilibrium	  structure	  in	  hot	  plasmas	  that	  at	  the	  same	  time	  
possesses	  unequal	  “subtemperatures”	  in	  its	  two	  components.	  	  

If	   this	   appears	   strange,	   it	   becomes	  even	  more	   so	  given	   the	   fact	   that	   there	  must	  exist	   two	   such	  alternatives:	  
either	   the	   electrons,	   or	   the	   ions	   can	   be	   the	   hotter	   species	   within	   the	   overall	   equilibrium	   temperature	   in	  
principle.	  	  

The	   two-‐subtemperatures	   prediction	   applies	   as	  mentioned	   at	   not	   too	   high	   densities	   so	   that	   the	   perturbing	  
complications	   of	   electrodynamics	   can	   be	   neglected.	   It	   represents	   if	   true	   a	   previously	   unknown	   qualitatively	  
new	   phenomenon	   of	   nature:	   “bistability	   within	   equilibrium	   thermocryodynamics.”	   This	   conclusion	   is	   very	  
surprising	  because	   in	  statistical	  thermodynamics	  taken	  alone,	  bistability	  of	  equilibria	   is	  an	   impossibility	  under	  
closed-‐system	  conditions	  as	  is	  well	  known.	  	  	  	  	  

The	   degree	   of	   unfamiliarity	   of	   this	   combined	   Newtonian-‐anti-‐Newtonian	   proposal	   goes	   even	   further:	   The	  
“dissociated	  equilibrium”	  is	  also	  non-‐unique.	  If	  it	  is	  true	  that	  such	  a	  foreign	  two-‐tiered	  equilibrium	  exists	  in	  our	  
idealized	   “Maxwell-‐free”	   plasma,	   a	   second	   equilibrium	   in	   which	   the	   ratio	   of	   subtemperatures	   is	   inverted	  
qualitatively	   is	  bound	  to	  exist	  as	  well.	  The	   latter	  arises	  when	  the	  disproportioning	  two	  subtemperatures	  had,	  
starting	  out	   from	  different	   initial	  conditions,	  disproportioned	  the	  other	  way.	  Then	   it	   is	  not	  the	  electrons	  that	  
have	  the	  higher	  average	  kinetic	  energy	  at	  equilibrium	  at	  the	  expense	  of	  the	  ions	  but	  rather	  the	  ions	  are	  hotter	  
than	  the	  electrons.	  	  	  	  

Nevertheless	   it	   is	   unlikely	   that	   under	   realistic	   conditions,	   both	   “dissociations”	   have	   the	   same	   probability	   to	  
occur.	  Only	  one	  of	   the	   two	  “double-‐temperature	  equilibria”	   can	  be	  expected	   to	  become	  manifest	  at	  a	  given	  
overall	   equilibrium	   temperature.	   Nevertheless	   this	   “meta-‐bistability”	   –	   bistability	   between	   two	   individually	  
bistable	  regimes	  –	  comes	  as	  another	  startling	  possibility.	  	  	  	  	  

The	  present	   theory	  of	   a	   “mixed	  Newtonian-‐anti-‐Newtonian”	   gas	   (or,	   if	   you	  prefer,	   of	   a	   gas	  of	   “two	   types	  of	  
frictionless	   magnetic	   monopoles	   of	   differing	   mass")	   is	   so	   unfamiliar	   that	   the	   skeptical	   response	   that	   the	  
disproportioning-‐type	  prediction	  cannot	  be	  correct,	   is	  hard	  to	  refute.	   Is	   there	  an	  empirical	   fact	  which	  can	  be	  
adduced	  in	  favor	  of	  the	  present	  theory?	  	  
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An	  Empirical	  Question	  

The	  proposed	   “disproportioning	  of	   kinetic	   energies”	  with	   two	   sub-‐temperatures,	   one	   for	   each	  particle	   class,	  
can	  be	  sharpened	  into	  an	  empirically	  meaningful	  question.	  It	  reads:	  “The	  lighter	  particle	  class	  (electrons)	  owing	  
to	  their	  faster	  equilibration	  predictably	  possesses	  a	  –	  say	  –	  three	  times	  higher	  sub-‐temperature	  at	  equilibrium	  
than	  the	  heavier	  particles.”	  	  	  

This	  suggestion	  rings	  a	  bell.	  There	  exist	  many	  papers	  in	  the	  literature	  in	  which	  “two-‐temperature	  plasmas”	  are	  
empirically	  and	  theoretically	  described	  (cf.	   [7]).	  Hereby,	   invariably	  the	  electrons	  have	  the	  higher	  temperature	  
by	   a	   factor	   of	   up	   to	   three.	   These	   empirical	   results	   were	   always	   obtained	   under	   open-‐system	   conditions,	  
however,	   because	   thermodynamics	   by	   definition	   forbids	   dissociated	   equilibrium	   temperatures.	  
Thermodynamics	  was	  was	  the	  only	  eligible	  statistical-‐mechanical	  theory.	  	  

Now	  –	  with	  cryothermodynamics	  existing	  –	  the	  guess	  can	  be	  ventured	  that	  one	  or	  another	  of	  these	  empirical	  
results	   may	   actually	   remain	   valid	   closer	   to	   equilibrium	   than	   the	   experimentalist	   authors	   thought,	   so	   that	  
perhaps	  such	  measured	  temperatures	  may	  in	  a	  rare	  case	  have	  persisted	  closer	  to	  equilibrium	  –	  and	  even	  may	  
have	  represented	  a	  local	  equilibrium	  temperature	  distribution	  once.	  	  	  	  	  

The	   both	   qualitative	   and	   exact	   proposal	   made	   above	   –	   that	   a	   new	   phase	   diagram	   with	   more	   than	   one	  
equilibrium	  sub-‐temperature	  can	  exist	  –	  could	  stimulate	  experimentalists	  to	  venture	  an	  attempt	  at	  falsification:	  
Can	   there	   really	   exist	   a	   phase	   diagram	   at	   equilibrium	   that	   features	   bistability?	   And:	   Could	   the	   bistable	  
equilibrium	   be	   itself	   bistable	   again	   in	   a	   “meta-‐bistable”	   manner?	   Further	   theoretical	   and	   numerical	   work	  
appears	  to	  be	  necessary.	  	  	  

	  

Discussion	  

Hamiltonian	  chaos	  theory	  still	  represents	  a	  powerful	  challenge	  to	  date.	  Whole	  disciplines	  –	  some	  of	  them	  new	  
–	   can	   be	   based	   on	   it.	   The	   traditional	   –	   purely	   statistical	   –	   approach	   to	   thermodynamics	  would	   then	   lose	   its	  
privileged	   status	   after	  more	   than	  a	   century	  because	   it	  was	  unable	   to	   arrive	   at	   the	  new	  phenomena	   spotted	  
here	  which	  if	  true	  entail	  whole	  new	  subfields	  of	  statistical	  mechanics.	  Sinai’s	  deterministic-‐chaos	  approach	  to	  
statistical	  mechanics	  [2,3]	  would	  then	  prove	  to	  be	  the	  superior	  alternative.	  	  It	  was	  found	  to	  be	  applicable	  (with	  
“soft	  disks”)	   to	  both	  close-‐to	  and	   far-‐from	  equilibrium	  conditions	  potentials	   in	   the	  ballparl	  of	   the	   “breathing	  
plane-‐tree	  alley	  problem”	  [4].	  And	  it	  then	  proved	  to	  remain	  just	  as	  powerful	  after	  inversion	  of	  all	  potentials	  into	  
a	  Newtonian	  gas	  [4].	  This	  deterministic	  methodology	  gives	  cryodynamics	  [5]	  the	  same	  solid	  basis	  as	  Sinai-‐type	  
thermodynamics.	  Many	  mathematical	  details	  still	  wait	  to	  be	  harvested.	  	  

The	  deterministic-‐chaos	   theory	  of	   two	   statistical-‐mechanical	   sister	   theories	  has	  been	  added	  a	   further	   strand	  
under	   the	  name	   “thermocryodynamics.”	   This	   third	  discipline,	   if	   blessed	  with	   acceptance,	  will	   be	  much	  more	  
difficult	  than	  were	  its	  two	  predecessors.	  Most	  worrisome	  is	  the	  eventually	  necessary	  addition	  of	  the	  infinitely	  
many	  degrees	  of	  freedom	  of	  electrodynamics.	  Later,	  or	  in	  parallel,	  also	  new	  qualitative	  phenomena	  in	  the	  low-‐
temperature	   domain	   governed	   by	   quantum	  mechanics	   will	   call	   for	   consideration,	   and	   later	   also	   analogs	   or	  
polar	  opposites	  may	  arise	  in	  the	  subnuclear	  domain.	  	  	  	  	  

Thus	  chaos	  theory	  almost	  looks	  like	  being	  still	   in	  its	  infancy	  when	  it	  comes	  to	  a	  fuller	  understanding	  of	  many-‐
particle	   Hamiltonian	   systems.	   Both	   Cryodynamics	   and	   Thermocryodynamics	   could	   in	   principle	   have	   been	  
invented	  one-‐and-‐a-‐half	  century	  ago.	  The	  field	  is	  still	  a	  “hot”	  terrain	  on	  which	  one	  has	  to	  take	  off	  one’s	  shoes.	  
The	  best	  techniques	  wait	  to	  be	  developed.	  For	  example,	  many	  of	  the	  equilibrium	  phenomena	  envisioned	  above	  
are	  numerically	   inaccessible	  with	   currently	   available	  methods,	   cf.	   [8].	   Poincaré	   introduced	   transfinitely	   exact	  
chaos	  theory	  into	  the	  Newton’s	  paradigm	  in	  his	  unique	  “quantitative	  qualitative”	  fashion.	  	  	  	  	  
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To	  conclude,	  Hamiltonian	  chaos	  applies	  to	  gases	  (“gas”	  means	  “chaos”).	  Gases	  can	  be	  made	  up	  from	  mutually	  
attractive	  particles	  –	  as	  in	  cosmology,	  in	  galaxy	  theory	  and	  in	  globular-‐cluster	  theory	  –	  and	  gases	  can	  be	  made	  
up	   from	   two	  polar	   classes	  of	  particles	   –	   as	   in	   a	   soup	  of	   two	  kinds	  of	  magnetic	  monopoles	  or	  else	   in	  plasma	  
theory.	   Both	   these	   multi-‐particle	   domains,	   the	   gravitational	   and	   the	   electrostatic	   one,	   are	   still	   almost	  
uninvestigated	   from	   a	   chaos-‐theoretic	   perspective.	   Hot	   plasmas	   offer	   an	   exciting	   “virgin	   territory”	   in	   this	  
context.	  The	  multistable	  phase	  diagram	  predicted	  to	  exist	   is	  a	  total	  mystery	  to	  the	  extent	  of	   looking	   like	  –	  or	  
perhaps	  being	  –	  a	  mirage.	  Glasses	  can	  be	  complicated	  –	  but	  gases?	  The	  oldest	  domain	  of	  deterministic	  science	  
founded	  by	  Newton	  in	  the	  footsteps	  of	  Descartes	  is	  as	  young	  as	  ever	  in	  the	  spirit	  of	  the	  great	  Poincaré.	  	  	  	  	  
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Secrets of swarm architecture: deciphering construction rules in ant 
colonies 
  
Guy Theraulaz 
  
Centre de Recherches sur la Cognition Animale, CNRS, UMR 5169, 
Université Paul Sabatier, 118 route de Narbonne, 31062 Toulouse, France 
  
Email: guy.theraulaz@univ-tlse3.fr 
Webpage: http://cognition.ups-tlse.fr/_guyt/index.html 
  
Abstract: The amazing ability of social insects to solve everyday-life problems, 
also known as «swarm intelligence» has received a considerable attention the 
past twenty years. One of the most famous feats of insect societies is their 
ability to build impressive nest architectures. Not only their characteristic scale 
is typically much larger than the size of individual insects but some of these 
nests can also be highly complex. The amazing evolution of construction 
techniques used by ants, wasps, bees and termites has provided a whole set 
of innovations in terms of architectural designs that proved to be efficient to 
solve problems as various as controlling nest temperature, ensuring gas 
exchanges with the outside environment or adapting nest architecture to 
growing colony size. The big question is: how these efficient designs emerge 
from the combination of millions of local building actions performed by 
individual workers? And how do insects interact with each other to coordinate 
their building actions? To investigate these issues, we focused on the early 
stages of nest construction in the garden ant Lasius niger. This experimental 
paradigm was used to disentangle the coordinating mechanisms at work and 
characterize individual behaviors (transport and assemblage of construction 
material) and the stigmergic interactions involved in the coordination of 
building actions. We then developed a 3D model implementing the 
mechanisms detected on the individual level and showed that they correctly 
explain the construction dynamics and the spatial patterns observed at the 
collective level for various conditions. Our model showed that the evaporation 
rate of a building pheromone was a highly influential parameter on the shape 
transition of the resulting structures. The model also revealed that complex 
helicoidal structures connecting nearby chambers emerge from a constant 
remodeling process of the nest architecture. 
  
Short bio: Guy Theraulaz is a senior research fellow at the National Center for 
Scientific Research CNRS) and an expert in the study of collective animal 
behaviors. He is also a leading researcher in the field of swarm intelligence, 
primarily studying social insects but also distributed algorithms, e.g. for 
collective robotics, directly inspired by nature. His research focuses on the 
understanding of a broad spectrum of collective behaviors in animal societies 
by quantifying and then modeling the individual level behaviors and 
interactions, thereby elucidating the mechanisms generating the emergent, 
group-level properties. He was one of the main characters of the development 
of quantitative social ethology and collective intelligence in France. He 
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published many papers on nest construction in ant and wasp colonies, 
collective decision in ants and cockroaches, and collective motion in fish 
schools and pedestrian crowds. He has also coauthored five books, among 
which Swarm Intelligence: From Natural to Artificial Systems (Oxford 
University Press, 1999) and Self-organization in biological systems (Princeton 
University Press, 2001) that are now considered as reference textbooks. 
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Constructing a Simple Chaotic System with an Arbitrary Number 

of Equilibrium Points or an Arbitrary Number of Scrolls 
 

Guanrong (Ron) Chen 
City University of Hong Kong 

 
In a typical 3D autonomous chaotic system, such as the Lorenz and the Rossler 
systems, the number of equilibrium points is three or less and the number of 
visible scrolls in their attractors is two or one. Today, we are able to construct a 
relatively simple 3D autonomous chaotic system that can have any desired 
number of equilibrium points or any desired number of visible scrolls in their 
chaotic attractors. This talk will briefly introduce the basic ideas and outline the 
design methodologies.  
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Reduction of complexity of dynamical systems : 
Applications to fishery modelling 

 
 

Pierre Auger 
 

UMI IRD 209 UMMISCO 
Centre IRD de l’île de France, Bondy, France 

Centre UMMISCO de Dakar, Sénégal 
e-mail : pierre.auger@ird.fr 

 
 
 

Abstract: Population and community models are complex in the sense that they usually 
take into account many variables and parameters. We present methods allowing the reduction 
of the dimension of the system which may become, in this way, mathematically more 
tractable. The reduction of the proposed system is undertaken with the help of aggregation 
methods which aim at studying the relationships between a large class of complex systems, in 
which many variables are involved, and their corresponding reduced or aggregated systems, 
governed by a few variables. The kind of aggregation methods that we consider is based on 
time scale separation methods. In order to illustrate the methods in population and community 
dynamics, we present an application of these aggregation methods in the context of fishery 
modelling. We consider a spatial stock-fishing effort model with several fishing sites. We 
study the effects of fast price variation as a result of demand and supply on the global 
dynamics of the fishery. We study cases of a linear as well as a non-linear demand function of 
price. We focus on a commercial species, the “thiof” in Senegal, showing decreasing catch 
with a booming market price. 
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BOUNDARY CONSTRAINED CONTROLLABILIY PROBLEM

Ali Boutoulout, Hamid bourray and Layla Ezzahri ∗†

Abstract. The aim of this paper is to characterize the minimum

energy control that steers a hyperbolic system to a final state be-

tween two prescribed functions only on a boundary subregion Γ

of the system evolution domain Ω. We give some definitions and

properties of this new concept, and then we concentrate on the de-

termination of the control which would realize a given final state

with output constraints on Γ with minimum energy. This problem is

solved using two approachs the first is the Subdifferntial approach

and the second one is base on the Lagrangian multipliers which

leads to an algorithm for the computation of the optimal control.

The obtained results are illustrated by numerical simulations which

lead to some conjectures.

Keywords. Minimum energy, hyperbolic systems, optimal control,

subdifferential approach, Lagrangian multipliers.

1 Introduction

In the field of analysis and control of these systems, sev-
eral notions have been developed particularly controllabil-
ity, stability and by duality observability and detectabil-
ity, etc. These various concepts have been widely studied
and leads to a vast and disparate literature [1], [2].
The concept of controllability is one of the most impor-
tant concepts in the analysis of distributed systems. This
notion can be done in an abstract way by considering
various types of functional spaces and operators to intro-
duce some definitions and establish various characteriza-
tion and properties.
The term of regional controllability has been used to refer
to control problems in which the target of our interest is
not fully specified as a state, but refers only to a smaller
region (which can be internal or boundary) of the system
domain. This concept has been widely developed and in-
teresting results have been obtained, in particular, the
possibility to reach a state only on an internal subregion
[3] or on a part of the boundary [4].
The mathematical model of a real system is obtained from
measurements or from the approximation techniques and
is often affected by disturbances [5], and the solution of
such a system is approximately known. For these rea-

∗Ali Boutoulout, Hamid bourray and Layla Ezzahri are with
department of Mathematics and Informatics of Faculty of Sci-
ences at the University Moulay Ismail of Meknes in Morocco.
E-mails: boutouloutali@yahoo.fr, hbourray@yahoo.fr, lailaez-
zahri@gmail.com
†Manuscript received April 19, 2009; revised January 11, 2010.

sons we are here interested in introducing the concept of
controllability with constraints, which the aim is to steer
a system from an initial state to a final one between two
prescribed functions given only on a part of a subregion ω
of the geometric area Ω where the system is considered.
This work is a contribution to the enlargement of the
regional analysis of distributed systems, representing a
new concept of controllability with constraints [6], lim-
ited mainly to systems described by hyperbolic partial
differential equations.

2 Problem statement and prelim-
inaries

2.1 Formulation

Let Ω be an open bounded and regular subset of Rn
with a boundary ∂Ω. For T > 0, let Q = Ω×]0, T [ and
Σ = ∂Ω×]0, T [, we consider the following hyperbolic
system





∂2y

∂t2
(x, t)−Ay(x, t) = Bu(t) Q

y(x, 0) = y0(x),
∂y

∂t
(x, 0) = y1(x) Ω

∂y

∂νA
(ξ, t) = 0 Σ

(1)
Where A is a second-order elliptic linear symmetric op-
erator, which generates a strongly continuous semi-group

(S(t))t≥0,
∂y

∂νA
(ξ, t) denotes the co-normal with respect

to A, B ∈ L(Rp, H1(Ω)), u ∈ U = L2(0, T,Rp) (p depends
on the number of the considered actuators) and (y0, y1)
in the state space X = H2(Ω)×H1(Ω). We design by

Zu(T ) = (yu(T ),
∂yu
∂t

(T ))∈ X the solution of (1).

For Γ ⊆ ∂Ω let consider

χΓ : H
3
2 (∂Ω)×H 1

2 (∂Ω)→ H
3
2 (Γ)×H 1

2 (Γ)
(z, z′) 7→ χΓ(z, z′) = (χ̄Γz, χ̃Γz

′)

with χ̃Γ : H
1
2 (∂Ω)→ H

1
2 (Γ)

z 7→ χ̃Γz = z|Γ

ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014 35



Ali Boutoulout and all

χ̄Γ : H
3
2 (∂Ω)→ H

3
2 (Γ)

z′ 7→ χ̄
Γ
z′ = z′|Γ

While χ∗
Γ

(resp. χ̃∗
Γ

and χ̄∗
Γ
) is the adjoint operator of χΓ

(resp. χ̃
Γ

and χ̄
Γ
) which is the restriction operator.

Let’s consider the trace operator

γ : H2(Ω)×H1(Ω)→ H
3
2 (∂Ω)×H 1

2 (∂Ω)
(z1, z2) 7→ γ(z1, z2) = (γ

0
z1, γ0

z2)

with γ
0

: Hm(Ω) → Hm− 1
2 (∂Ω) (m = 1, 2) denotes the

trace operator of order zero which is linear, continuous,
and surjective, while γ∗ (resp. γ∗

0
) is the adjoint operator

of γ (resp. γ
0
). Let α1(.) and β1(.)(resp. α2(.) and β2(.)

) two given functions from H
3
2 (∂Ω) (resp. H

1
2 (∂Ω)) such

that α1(.) ≤ β1(.) (resp. α2(.) ≤ β2(.)) a.e on Γ.
Throughout the paper we set

[αi(.), βi(.)] = {yi ∈ H
1
2 (Γ) | αi(.) ≤ yi(.) ≤ βi(.) a.e on Γ},

Let H be the operator from U → H2(Ω) ×H1(Ω), for u
∈ U , defined by:

Hu =

∫ T

0

S(T − s)Bu(s)ds

We recall that an actuator is conventionally defined by
a couple (D,f ), Where D ⊂ Ω is the geometric support
of the actuator and f is the spatial distribution of the
action on the support D.
In the case of a pointwise actuator (internal or boundary)
D = {b} and f = δ(b− .), where δ is the Dirac mass
concentrated in b, and the actuator is then denoted by
(b, δb). For definitions and the properties of strategic
actuators we refer to [4,6].

2.2 Definitions and properties

Definition 2.1.
We say that the system (1) is Γ − [α1(.), β1(.)] ×
[α2(.), β2(.)]- Controllable if

(Imχ
Γ
γH) ∩ ([α1(.), β1(.)]× [α2(.), β2(.)]) 6= ∅

Remark 2.1.
The above definition is equivalent to say that:
The system (1) is Γ − [α1(.), β1(.)] × [α2(.), β2(.)]-
Controllable at the time T if
there exists u ∈ U such that:

α1(.) ≤ χ̄Γγ0yu(T ) ≤ β1(.)

and

α2(.) ≤ χ̃
Γ
γ

0

∂yu
∂t

(T ) ≤ β2(.)a.eonΓ

Remark 2.2.

1. The above definition means that we are interested
only in the transfer of system (1) to a state between
αi(.) and βi(.) on Γ

2. A system which is controllable on Γ is [α1(.), β1(.)]×
[α2(.), β2(.)]−controllable on Γ

3. A system (1) which is [α1(.), β1(.)] × [α2(.), β2(.)]-
Controllable on Γ1 is [α1(.), β1(.)] × [α2(.), β2(.)]-
Controllable for any Γ2 ⊆ Γ1.

4. The control u depends on the time variable, but it
also implicitly depends on Γ

The Γ− [α1(.), β1(.)]× [α2(.), β2(.)]-controllability may
be characterized by the following result:

Proposition 2.1.
The system (1) is Γ − [α1(.), β1(.)] × [α2(.), β2(.)]- Con-
trollable if and only if

(KerχΓ + ImγH) ∩ ([α1(.), β1(.)]× [α2(.), β2(.)]) 6= ∅

Remark 2.3. The above definitions do not allow point-
wise or boundary controls, since for such systems B is not
bounded.

3 Minimum energy control

The purpose of this section is to explore two approachs
the first is the Subdifferntial approach [9] and the second
one is base on the Lagrangian multipliers devoted to the
computation of the optimal control problem for the hyper-
bolic equation excited by an internal zone actuator which
steers the system (1) from (y0, y1) ∈ H2(Ω)×H1(Ω) to a
final state (pd, vd) such that α1(.) ≤ χ̄

Γ
γ

0
pd ≤ β1(.) and

α2(.) ≤ χ̃
Γ
γ

0
vd ≤ β2(.) on a subregion Γ.

More precisely we are interested to the following mini-
mization problem

{
inf J (u) =

∫ T
0
||u(t)||2IRpdt

u ∈ UΓ
ad

(2)

where

UΓ
ad={u ∈ U | α1(.) ≤ χ̄Γγ0yu(T ) ≤ β1(.) and

α2(.) ≤ χ̃Γγ0

∂yu
∂t

(T ) ≤ β2(.)},

is the set of admissible controls.
The following result ensure the existence and the unique-
ness of the solution of the problem (2).

Proposition 3.1.
If the system (1) is [α1(.), β1(.)]× [α2(.), β2(.)]- Control-
lable on Γ then the problem (2) has a unique solution u∗.
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Constrained controllability

3.1 Subdifferential approach

Let denote by Γ0(U) the set of functions
f : U → ĨR =] − ∞,+∞] proper semi-continuous
and convex on U .
For f ∈ Γ0(U)

dom(f) = {u ∈ U |f(u) <∞}
and f∗ the polar function of f given by

f∗(v∗) = sup
u∈dom(f)

{〈v∗, u〉 − f(u)} ∀v∗ ∈ U

For v0 ∈ dom(f) the set

∂f(v0) = {u∗ ∈ U |f(u) ≥ f(v0) + 〈u∗, u− v0〉 ∀u ∈ U}

denotes the subdifferential of f at v0

For G a nonempty subset of U

ψG(u) =
0 if u ∈ G,
+∞ otherwise;

denotes the indicator functional of G
Let fσ(u) = 1

2 ‖ u ‖2 a self-polar function defined on
U . For all λ > 0 and f ∈ Γ0(U), it is known that the
mapping gλ : x→ (fσ + λf)∗(x) is Frechet differentiable

with gradient ∇gλ =
x− Jf (x)

λ
, where Jf is the unique

solution of the problem

inf
y∈U

{ 1

2λ
‖ y − x ‖2 +f(y)

}

with these notations (2) is equivalent to the problem

{
inf( 1

2 ‖ u ‖2 +ψUΓ
ad

(u))

u ∈ UΓ
ad

(3)

And the solution of problem (3) may be characterized
by the following result.

Proposition 3.2.
If the system (1) is [α1(.), β1(.)]× [α2(.), β2(.)]- Control-
lable on Γ then u∗ is the solution of (3) if and only if

u∗ ∈ UΓ
ad and ψ∗UΓ

ad
(−u∗) = − ‖ u∗ ‖2 (4)

Let us set a(.) = (α1(.), α2(.)) − χ
Γ
γS(T )(y0, y1) and

b(.) = (β1(.), β2(.))− χ
Γ
γS(T )(y0, y1), then

UΓ
ad = {u ∈ U |χ

Γ
γHu ∈ [a(.), b(.)]}

and we have the result:

Proposition 3.3.
If the system (1) is [α1(.), β1(.)]×[α2(.), β2(.)] controllable
on Γ then u∗ is the solution of (3) if and only if:

min{〈(χΓγH)†a(.), u∗〉, 〈(χΓγH)†b(.), u∗〉} =‖ u∗ ‖2
(5)

where (χΓγH)† = (χΓγH)∗((χΓγH)(χΓγH))−1 is the
generalized inverse of (χ

Γ
γH)

Remark 3.1.

• If α1(.) = β1(.) = {pd} and α2(.) = β2(.) = {vd} we
find the notion of regional controllability [8], then
a(.) = b(.) = (pd(.), vd(.))− χΓ

γS(T )(y0, y1) and
UΓ
ad = (χ

Γ
γH)†((pd, vd) − χΓ

γS(T )(y0, y1)) and the
solution of (2) is given by

u∗(t) = (χ
Γ
γH)†((pd, vd)− χΓ

γS(T )(y0, y1))

• The numerical simulations of the subdifferentiel ap-
proach cannot be carried without difficulties, to over-
come them, we will give in what follows an approach
based on the Lagrangian multiplier

3.2 Lagrangian Approach

We consider the problem (2), when the system is excited
by one zone actuator (D, f). The following result gives a
useful characterisation of the problem (2):

Proposition 3.4.

If the actuator (D, f) is [α1(.), β1(.)] × [α2(.), β2(.)]-
strategic on Γ then the solution of (2) is given by :

u∗ = −(χΓγH)∗(λ∗1, λ
∗
2) (6)

Where (λ∗1,λ
∗
2) is the solution of:

{
(pd

∗
, vd

∗
) = P[α1(.),β1(.)]×[α2(.),β2(.)][ρ(λ∗1, λ

∗
2) + (pd

∗
, vd

∗
)]

(pd
∗
, vd

∗
)+ RΓ(λ∗1, λ

∗
2) = χΓγS(T )(y0, y1)

(7)

While P[α1(.),β1(.)]×[α2(.),β2(.)] : H3/2(Γ) × H1/2(Γ) −→
[α1(.), β1(.)] × [α2(.), β2(.)] denotes the projection opera-
tor, ρ > 0 and RΓ = (χ

Γ
γH)(χ

Γ
γH)∗.

Corollary 3.1.
If the system (1) is controllable on Γ, and ρ conven-
ably chosen, then the system (7) has only one solution
(λ∗1, λ

∗
2, p

d∗ , vd∗).

Remark 3.2.
If α1(.) = β1(.) and α2(.) = β2(.) we find the notion of
exact regional controllability and the solution of (2) is
given by

u∗(.) = (χ
Γ
γH)∗R†Γ(α1(.), α2(.))

Remark 3.3.
Similar results can be obtained in pointwise actuator case.

4 Application

In this subsection we describe a numerical scheme which
allows the determination of the desired state between
αi(.) and βi(.) on the subregion Γ.
To achieve this we shall use the following algorithm which
is based on Uzawa one
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1. Choose:

. The subregion Γ, the actuator (D, f) and a preci-
sion threshold ε small enough.

. Functions (pd0, v
d
0) ∈ [α1(.), β1(.)] × [α2(.), β2(.)],

(λ1
1, λ

1
2) ∈ H3/2(Γ)× H1/2(Γ)

2. (pdn−1, v
d
n−1, λ

n
1 , λ

n
2 ) known, we determine un,pdn,vdn

with the formula

. un = −(χ
Γ
γH)∗(λn1 , λ

n
2 ),

. (pdn, v
d
n) = P[α1(.),β1(.)]×[α2(.),β2(.)](ρ(λn1 , λ

n
2 ) +

(pdn−1, v
d
n−1)),

3. (λn+1
1 , λn+1

2 ) = (λn1 , λ
n
2 ) + χ

Γ
γ(yun(T ),

∂yu
∂t

(T ))− (pdn, v
d
n)

4. If ‖ (pdn+1, v
d
n+1) − (pdn, v

d
n) ‖≤ ε we stop, else we

return to 2.

Conclusion

We have developed an extension of the notion of con-
trollability for hyperbolic systems with constraints in the
boundary case, we characterized the optimal control us-
ing two approaches and interesting results are obtained
and will be illustrated with numerical example and sim-
ulations. Future works aim to extend this notion of re-
gional controllability with constrained to the case of the
gradient.
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BOUNDARY FLUX CONTROLLABILITY PROBLEM: APPROACH
AND SIMULATION

Imad El Harraki, Ali Boutoulout and Hamid Bouray ∗†

Abstract. The purpose of this paper is to show how one can steers

a hyperbolic system to a final desired gradient on a part of the

boundary of the evolution system domain with interior actuators

and boundary control using HUM approach. The developed ap-

proach leads to find the link between the boundary and the interior

control, it also helps to open out a numerical approach for con-

structing the desired controls.

Keywords. hyperbolic systems, gradient controllability, strategic

actuator, HUM approach.

1 Introduction

Distributed parameter systems are dynamical systems
whose states depend not only on time but also on spatial
coordinates. Many real systems are purely of distributed
nature, and many of the systems conceived by humans
are naturally very complex. Indeed, every complex prob-
lem always necessitates a complex solution. In spite of
the fact that the most elaborated mathematical meth-
ods have been developed, a lot is to be done to bridge
the gap between applied mathematics and the industrial
world. The system theory contributed to fulfill this ob-
jective, and thus, obtain exploitable results in different
domains. Particularly, controllability is one of the most
interesting branches of the system theory. For a given
distributed parameter system, the regional controllabil-
ity concept refers to control problems in which the target
is not fully specified as a state, but refers only to a region
ω, a portion of the spacial domain Ω on which the govern-
ing partial differential equations(S) is considered. Many
interesting results have been developed [[6],[3]]. These re-
sults have been extended to the case where ω is a part of
the boundary ∂Ω this concept find applications in various
industrial problems, for example, of particular interest
in problems of elastic membrane, where the idea would
be to stabilize a flux in a part of its boundary .We are
interested in the system gradient evolution on a bound-
ary subregion Γ ⊂ ∂ω. This paper is organized as fol-

∗Ali Boutoulout Hamid bourray and Imad El harraki are with
department of Mathematics and Informatics of Faculty of Sci-
ences at the University Moulay Ismail of Meknes in Morocco.
E-mails: boutouloutali@yahoo.fr, hbourray@yahoo.fr, imadhar-
raki@gmail.com
†Manuscript received April 19, 2009; revised January 11, 2010.

lows. Section 2 present a definitions and the link between
boundary and regional gradient controllability of hyper-
bolic systems. Section 3 focuses on the approach devoted
to the computation of the control that permits to attain
gradient in a subregion Γ of ∂Ω.Section 4 elaborates on
its relationship with regional gradient controllability and
actuators.

2 Boundary gradient controllabil-
ity

2.1 Definitions and preliminary

Let Ω be an open bounded subset of IRn with regular
boundary ∂Ω . For T > 0 we denote by Q = Ω×]0, T [
,Σ = ∂Ω×]0, T [ and we consider a hyperbolic system de-
fined by





∂2y(x, t)

∂t2
−Ay(x, t) = Bu(t) in Q

y(x, 0) = y0(x),
∂y

∂t
(x, 0) = y1(x) in Ω

y(ξ, t) = η(ξ, t) on Σ

(1)

where A is a second-order elliptic linear symmetric oper-
ator given by:




A = −
n∑

i,j=1

∂i(aij∂j) with aij = aji ∈ C1(Ω) and there exists α > 0

such that

n∑

i,j=1

aijξiξj ≥ α

n∑

i=1

| ξi |2 ∀ξ = (ξ1, ..., ξn) ∈ IRn

(2)
B ∈ L(U,H1(Ω)) where U = L2(0, T ; IRp) and p is the

number of actuators, V = L2(]0, T [×∂Ω) for (y0, y1) ∈
H3(Ω) × H2(Ω) We denote (yν(t), y

′
ν(t)) the solution of

the equation (1), and ν ∈ Ũ with
Ũ= {ν ∈ U × V such that(yν(T ), y

′
ν(T )) ∈ H3(Ω) ×

H2(Ω)}
For ω ⊂ Ω an open subregion of Ω with positive Les-

begue measure let χ
ω

be the restriction function defined
by

χω : (L2(Ω))n × (L2(Ω))n −→ (L2(ω))n × (L2(ω))n

(z1, z2) −→ χω (z1, z2) = (z1, z2)|ω
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and χ∗
ω

denotes the adjoint operator, given by

χ∗
ω

: (L2(ω))n × (L2(ω))n −→ (L2(Ω))n × (L2(Ω))n

(z1, z2) −→ χ∗
ω

(z1, z2) =

{
(z1, z2) in ω
0 in Ω \ ω

Consider the operator ∇ given by the formula

∇ : H2(Ω) −→ (H1(Ω))n

y −→ ∇y = (
∂y

∂x1
, ...,

∂y

∂xn
)

Let’s consider the trace operator

γ : (H2(Ω))n × (H1(Ω))n −→ (H
3
2 (∂Ω))n × (H

1
2 (∂Ω))n

(y1, y2) 7−→ γ(y1, y2) = (γ̄y1, γ̄y2)

with

γ̄ : (Hi(Ω))n −→ (Hi− 1
2 (∂Ω))n

z 7−→ γ̄z = (γ0z1, .., γ0zn)

and γi0 : Hi(Ω) −→ Hi− 1
2 (∂Ω) are the trace operators

of order zero which are linear, continuous, and surjective.
γ∗ (resp. γ∗0 ) denote the adjoint of operator γ (resp. γ0)
For Γ ⊂ ∂Ω, consider

χ
Γ

: (H
1
2 (∂Ω))n × (H

1
2 (∂Ω))n → (H

1
2 (Γ))n × (H

1
2 (Γ))n

(ξ, ξ
′
) 7→ χΓ(ξ, ξ

′
) = (ξ, ξ

′
)|Γ

Let us give some definitions about the regional controlla-
bility of the gradient.

Definition 2.1. • The system (1) is said to be ω-
exactly gradient controllable if for all (gdp , g

d
s ) ∈

(H2(ω))n × (H1(ω))n there exists (u, η) ∈ U × V
such that

χω(∇yν(T ),∇y′ν(T )) = (gdp , g
d
s )

• The system (1) is said to be ω-weakly gradient con-
trollable if for all ε > 0 for all (gdp , g

d
s ) ∈ (H2(ω))n ×

(H1(ω))n there exists(u, η) ∈ U × V such that

‖ χω(∇yν(T ),∇y′nu(T ))− (gdp , g
d
s ) ‖(H2(ω))n×(H1(ω))n≤ ε

Definition 2.2.

• The system (1) is said to be ω-exactly gradient con-

trollable if for all (gdΓ
p , gdΓ

s ) ∈ (H
3
2 (Γ))n × (H

1
2 (Γ))n

there exists (u, η) ∈ U × V such that

χ
Γ
(γ∇yν(T ), γ∇y′

ν(T )) = (gdΓ
p , gdΓ

s )

• The system (1) is said to be Γ-weakly gradient
controllable if for all ε > 0 for all (gdΓ

p , gdΓ
s ) ∈

(H
3
2 (Γ))n × (H

1
2 (Γ))n there exists (u, η) ∈ U × V

such that

‖ χΓ (γ∇yν(T ), γ∇y′ν(T ))−(g
dΓ
p , g

dΓ
s ) ‖

(H
3
2 (Γ))n×(H

1
2 (Γ))n

≤ ε

Consider the operator for ν = (u, v) and y0 = y1 = 0

H : U × V −→ H2(Ω)×H1(Ω)

(u, η) 7→ (yν(T ), y
′
ν(T )) (3)

Definition 2.3.

It is clear that the system (1) is Γ−exactly (resp. Γ-
weakly) gradient controllable if

Imχ
Γ
γ∇H = (H

3
2 (Γ))n × (H

1
2 (Γ))n

(resp. Imχ
Γ
γ∇H = (H

3
2 (Γ))n × (H

1
2 (Γ))n.)

(4)

Remark 2.1. :

1. The above definitions mean that we are only inter-
ested in the transfer of the system gradient to a de-
sired function on the subregion Γ ⊂ ∂Ω.

2. If the system (1) is exactly gradient controllable in
Γ then it is weakly gradient controllable in Γ.

3. For Γ2 ⊂ Γ1 the system (1) is exactly (resp. weakly)
gradient controllable in Γ1 then it is exactly (resp.
weakly) gradient controllable in Γ2.

2.2 The Link between regional internal
gradient controllability and regional
boundary gradient controllability

In what follows, we give properties and a link between the
internal and the boundary regional controllability. Let
ω ⊂ Ω such that Γ ⊆ ∂Ω

⋂
∂ω. and

Ri : (Hi− 1
2 (∂Ω)) −→ (Hi(Ω))

such that γi0Rig = g for all g ∈ Hi− 1
2 (∂Ω).

Proposition 2.1. If the system (1) is exactly (respec-
tively weakly) gradient controllable in ω then it is exactly
(respectively weakly) gradient controllable on Γ.

3 Regional target control with in-
ternal actuators and boundary
control

Consider the system (1) excited by n zone actuators
(Di, fi) where Di ⊂ Ω and fi ∈ L2(Di) and a bound-
ary control η ∈ V .





∂2y(x, t)

∂t2
−4y(x, t) =

n∑

i=1

(χ
Di
fi)(x)ui(t) in Q

y(x, 0) = y0(x), y
′
ν = y1(x) in Ω

y(ξ, t) = η(ξ, t) on Σ
(5)
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Gradient controllability

The propose of this section is to explore an approach de-
voted to the calculation of the control which steers the
system (5) to a given gradient in the subregion Γ of ∂Ω.

Suppose that (gdΓ
p , gdΓ

s ) ∈ (H
1
2 (Γ))n× (H

1
2 (Γ))n is given.

and we set

Ḡ =
{

(φ0, φ1) ∈ C∞(Ω̄)× C∞(Ω̄) | φ0 = φ1 = 0 sur Ω\ω
}

(6)
Let ω a subregion of Ω such that Γ ⊆ ∂Ω

⋂
∂ω. For ω, consider

the internal controllability problem: Find (u, η) ∈ U × V such that

χω(∇y(T ),∇∂y
∂t

(T )) = (gdp , g
d
s ) on ω (7)

Where ((gdp , g
d
s ) ∈ (H1(ω))n × (H1(ω))n) ∩ (Im(∇) × Im(∇)) is

given with





∆gdpi = 0 Ω

gdpi = g
dΓ
pi ∂Ω

(8)





∆gspi = 0 Ω

gspi = g
sΓ
pi ∂Ω

(9)

3.1 HUM approach
The approach developed here is an extension of the Hilbert unique-
ness method (HUM) developed by Lions (see[6])
For (φi0 ,−φi0 ) ∈ Ḡ, the system





∂2φi(x, t)

∂t2
−4φi(x, t) = 0 in Q

φi(x, T ) = φi0 ,
∂φi

∂t
(x, T ) = φi1 in Ω

φi(ξ, t) = 0 on Σ

(10)

Has a unique solution (see[6]).
In Ḡ we define the following semi-norm :

‖(φi1 ,−φi0 )‖Ḡ =



∫ T

0

(
〈∂φ̃i
∂xi

, f〉L2(Di)

)2

dt




1
2

(11)

φ̃ =




φ̃1

.

.

.

φ̃n




with

φ̃i =

{
φi in Di ∪ Γi
0 in (Di ∪ Γi)

c

and (Di ∪ Γi) ∩ (Dj ∪ Γj) = ∅ for all i 6= j and we consider the
system :





∂2ψ(x, t)

∂t2
−4ψ(x, t) =

n∑

i=1

〈∂φ̃i(t)
∂xi

, fi〉L2(D)(χDi
fi)(x) in Q

ψ(x, 0) = y0(x),
∂ψ

∂t
(x, 0) = y1(x) in Ω

ψ(ξ, t) = div(φ̃(ξ, t)) on Σ
(12)

which has a unique solution such that (ψ(T ),
∂ψ

∂t
(T )) ∈ H2(Ω)×

H1(Ω)(see[10]).

but (ψ(T ),
∂ψ

∂t
(T )) = (ψ0(T ),

∂ψ0

∂t
(T )) + (ψ1(T ),

∂ψ1

∂t
(T )), where

ψ0 and ψ1 are solutions of the systems





∂2ψ0(x, t)

∂t2
−4ψ0(x, t) = 0 in Q

ψ0(x, 0) = y0(x),
∂ψ0

∂t
(x, 0) = y1(x) in Ω

ψ0(ξ, t) = 0 on Σ

(13)

and




∂2ψ1(x, t)

∂t2
−4ψ1(x, t) =

n∑

i=1

〈∂φ̃i(t)
∂xi

, fi〉L2(Di)
(χDi

fi)(x)

ψ1(x, 0) = 0,
∂ψ1

∂t
(x, 0) = 0

ψ1(ξ, t) = div(φ̃(ξ, t))
(14)

We consider the operator

Λi(φ̃i1 ,
˜−φi0 ) = P(

∂ψ1

∂xi
(T ),

∂ψ1

∂xi

′

(T ))

is a symmetric and bounded operator where P = χ∗
ωχω.

Then the regional gradient controllability problem on ω
turns up to solve the equation :

Λi(φ̃i1 ,
˜−φi0 ) = −P(

∂ψ0

∂xi
(T ),

∂ψ1

∂xi
(T )) + χ∗ω(gdpi , g

d
si

) (15)

and we have the following result:

Theorem 3.1. If 〈∂wj
∂xi

, fi〉L2(Di)
6= 0 then the semi norm (11) is

a norm. Moreover, if

−P(
∂ψ0

∂xi
(T ),

∂ψ1

∂xi
(T )) + χ∗ω(gdpi , g

di
s ) ∈ Ḡ∗i

where Ḡ∗i is the dual of the completion of Ḡ with the respect to
norm (11), then Eq. (15) has a unique solution (φi1 , φi0 ) and

the control (u∗, div(φ̃)) where u∗(t) =

n∑

i=1

〈∂φi(t)
∂xi

, fi〉L2(Di)
is the

solution of problem (7) and drives the system (5) to (gdp , g
d
s ) on Γ

at time T .

3.2 Numerical approach

In this section we give approach which gives explicit formula for φ̃i0
, φ̃i1 and the optimal control solution of (5). We have seen that
the problem (5) can be used to solve (15), which is equivalent to
solving the minimization problem

inf
( ˜φi1

, ˜φi0
)∈Ĝ

R(φ̃i1 , φ̃i0 ) (16)

where R is given by

R(φ̃i1 , φ̃i0 ) =
1

2

∫ T

0

(
〈∂φ̃i
∂xi

, fi〉L2(Di)

)2

dt+ 〈∂ψ0

∂xi
(T ), φ̃i1 〉

− 〈∂ψ
′
0

∂xi
(T ), φ̃i0 〉 − 〈gdpi , φ̃i1 〉+ 〈gdsi , φ̃i0 〉

which




〈φ̃i0 , wj〉ω =
2

T

(〈∂ψ
′
0

∂xi
(T ), wj〉 − 〈gdsi , wj〉)

(〈fi,
∂wj

∂xi
〉L2(Di)

)2

〈φ̃i1 , wj〉ω =
2λj

T

(〈∂ψ0

∂xi
(T ), wj〉 − 〈gdpi , wj〉)

(〈fi,
∂wj

∂xi
〉L2(Di)

)2

(17)
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Then we obtain

φ̃i0 =





∞∑

j=1

2

T

(〈∂ψ
′
0

∂xi
(T ), wj〉 − 〈gdsi , wj〉)

(〈fi,
∂wj

∂xi
〉L2(Di)

)2
wj(x) x ∈ ω

0 x ∈ Ω\ω
(18)

and

φ̃i1 =





∞∑

j=1

2

T
λj

(〈∂ψ
′
0

∂xi
(T ), wj〉 − 〈gdpi , wj〉)

(〈fi,
∂wj

∂xi
〉L2(Di)

)2
wj(x) x ∈ ω

0 x ∈ Ω\ω
(19)

We define a final error (depending on the subregion ω and the lo-
cation of the actuator) by considering E = ‖∇yu(T )−gdp‖2(L2(ω))n

+

‖∇y′u(T )− gds‖2(L2(ω))n
.

The general algorithm for computing the optimal control for (5) is
as follows.

3.2.1 Algorithm

1. Choose actuator location: Di ⊂ Ω, the subregion ω and pre-
cision ε.

2. Choose approximation order M .

3. Calculation of φ̃i0 and φ̃i1 using (18), (19) .

4. Solve (10) and obtaining ∇yu(T ) and ∇y′u(T ).

5. If E ≤ ε stop, else M ←M + 1 and return to step 3.

4 Simulation results

Here we consider tow-dimensional system excited by 2 zone actua-
tors (D1, f1) and (D2, f2) where D1 ⊂ Ω ,f1 ∈ L2(D1) and D2 ⊂ Ω
, f2 ∈ L2(D2)





∂2y(x, t)

∂t2
− ∂2y(x, t)

∂x2
= f1(x)u1(t) + f2(x)u2(t)) in Q

y(x, 0) = y0(x),
∂y

∂t
(x, 0) = y1(x) in Ω

y(0, t) = y(1, t) = 0 on Σ.
(20)

We take
y0(x) = y1(x) = 0.
For T = 3 and f1 = 1D1

, f2 = 1D2
, with





D1 = [0, 0.15]× [0, 0.15] ∪ [0.85, 1]× [0.85, 1]

D2 = [0.15, 0.5]× [0.15, 0.5] ∪ [0.5, 0.85]× [0.5, 0.85]

Figure 1: The domains D1 and D2

we have the following results:

4.1 Example1

Here we test the previous algorithm with the desired gra-
dient position and speed gradient given by





gdpx (x, y) = 9 cos(πx) sin(piy)

gdpy (x, y) = 9 sin(πx) cos(piy)




gdsx (x, y) = 6 cos(πx) sin(πy)

gdsy (x, y) = 6 sin(πx) cos(πy)

For ω =]0, 1[×]0, 1[ we have the figures:

Figure 1: The desired position gradient gdpx
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Figure 2: The reachad position gradient gdpx in ω.

Figure 3: The desired position gradient gdpy

Figure 4: The reachad position gradient gdpy in ω.

Figure 11:The desired position gradient gdp (dashed line) and its
reached (solid line) in Γ

5 Weak gradient controllability
and actuators

In this section we show that there exist a link between the weak
gradient controllability and the actuators structure. Consider sys-
tem (1) excited by p zone actuators (Di, fi) where Di ⊂ Ω and
fi ∈ L2(Di)





∂2y(x, t)

∂t2
−Ay(x, t) =

p∑

i=1

(χDfi)(x)ui(t) in Q

y(x, 0) = y0,
∂y

∂t
(x, 0) = y1 in Ω

y(ξ, t) = η(ξ, t) on Σ

(21)

and the boundary control η =

n∑

i=1

∂φ

∂xi
where φ is the solution of as

follow system:




∂2ϕ(x, t)

∂t2
−A∗ϕ(x, t) = 0 in Q

ϕ(x, T ) = −h0;ϕ
′
(x, T ) = h0 in Ω

ϕ(ξ, t) = 0 on Σ

(22)

Proposition 5.1.
If the system (21) exited by the sequence of the actuator
(fi, Di)1≤i≤p is weakly gradient controllable on Ω. Then

1. p ≥ sup(rn).

2. Rank(Gm) = rm, for all m ≥ 1 where (Gm) is the matrix of
order (p, rm) given by

(Gm)i,j =





n∑

k=1

〈
∂ωmj

∂xk
, fi〉Di

zonal case

n∑

k=1

∂ωmj

∂xk
(bi) pointwise case
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REGIONAL GRADIENT OBSERVABILITY : SECTORIAL
APPROACH

A. Khazari, A. Boutoulout, H. Bourray and I. El harraki ∗

Abstract. The aim of this talk is to study the notion of the gra-

dient observability on a subregion ω of the evolution domain Ω for

the class of semilinear hyperbolic systems that is the intermediary

between the linear and nonlinear classes. We show, under some hy-

potheses, that the gradient reconstruction is guaranteed by means of

the sectorial approach combined with fixed point techniques. This

leads to several interesting results which are performed through nu-

merical examples and simulations.

Keywords. Distributed systems; hyperbolic systems; gradient re-

construction; regional gradient observability; fixed point; sectorial

operator.

1 Introduction

The aim if this paper is to study the regional gradient ob-
servability of an important class of semilineair hyperbolic
systems between linear and non linear systems. We will
focus our attention on the case where yhe dynamics of
the systems is a linear operator of the sectoriel case and
the generation of an analytic semi group (S(t)t≥0)in the
Hilbert space. For observability problem when one is con-
fronted with the question of reconstructing the gradient
state and the gradient speed, it is important to take into
account the effects of non linearity. For example, approx-
imate controllability of semilinear can be obtained when
the non linearity satisfies some conditions (see[11] and
[12]), and the techniques used combine a variational ap-
proach to controllability problem for linear equation and
fixed point method. The techniques are also based on
linear infinite dimensional observability theory together
with a variety of fixed point theorems.

2 Problem statement

Let Ω be an open bounded subset of IRn(n = 1, 2, 3).
For T > 0, we denote Q = Ω×]0, T [, Σ = ∂Ω×]0, T [ and
we Consider the following semi linear hyperbolic system
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∂2y

∂t2
(x, t) = Ay(x, t) +N y(x, t) in Q

y(x, 0) = y0(x),
∂y

∂t
(x, 0) = y1(x) in Ω

y(ξ, t) = 0 on Σ

(1)

where (y0, y1) ∈ H1
0 (Ω)× L2

(Ω).
where A is a second order elliptic linear operator,
symmetric generating a strongly continuous semigroup
(S(t))t≥0 and N N is a nonlinear operator assumed to
be locally lipshitzian.

Let (y,
∂y

∂t
) denotes the solution of the equation (1) and

assume that (y,
∂y

∂t
) ∈ F = H1

0 (Ω)×H1
0 (Ω) and the func-

tion of measurements is given by the output function

z(x, t) = Cy(x, t) (2)

where C is a linear operator from F to the space IRq.
For a basis of eigenfuctions of the operator A, with the
condition of Dirichlet, which is noted by Φmj , and the as-
sociated eigenvalues λm of multiplicity rm, the semigroup
(S(t))t≥0 is given by
For any (y1, y2) ∈ E = L2(Ω)× L2(Ω)

S̄(t)




y1

y2


 =




∞∑

m

rm∑

j=1

[
〈y1,Φmj〉 cos(−λm)

1
2 t

+(−λm)−
1
2 〈y2,Φmj〉 sin(−λm)

1
2 t
]
Φmj(.)

∞∑

m

rm∑

j=1

[
− (−λm)

1
2 〈y1,Φmj〉 sin(−λm)

1
2 t

+〈y2,Φmj〉 cos(−λm)
1
2 t
]
Φmj(.)




Without loss of generality we note: y(t) := y(x; t) and we
associate to the system (1) the linear system





∂2y

∂t2
(t) = Ay(t) in Q

y(0) = y0,
∂y

∂t
(0) = y1 in Ω

y(t) = 0 on Σ

(3)

System (3) admits a unique solution
y ∈ C(0;T ;H1

0 (Ω)) ∩ C1(0;T ;L2(Ω)) (see [[1]]).
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Let denote ȳ = (y,
∂y

∂t
), Ā(y1, y2) = (y2,Ay1)

for all (y1, y2) ∈ D(Ā) = (H1
0 (Ω) ∩H2(Ω))× L2(Ω),

N̄ (y1, y2) = (0,N y1) and ȳ0 = (y0,
∂y0

∂t
= y1).

The system (1) may be written as

{
∂ȳ

∂t
(t) = Āȳ(t) + N̄ ȳ(t) 0 < t < T

ȳ(0) = ȳ0
(4)

and the system (3) is equivalent to

{
∂ȳ

∂t
(t) = Āȳ(t) 0 < t < T

ȳ(0) = ȳ0
(5)

the systems ((4), (5)) are augmented with the output
function

z̄(t) = C̄ȳ(t) (6)

with C̄ = (C, 0)
System (1) can be interpreted in the mild sense as follows





ȳ(t) = S̄(t)ȳ0 +

∫ t

0

S̄(t− τ)N̄ ȳ(τ)dτ

ȳ(0) = ȳ0
(7)

and the output equation can be expressed by

z̄(t) = C̄S̄(t)ȳ0 = K̄(t)ȳ0, t ∈]0, T [

Let K̄ be the observation operator defined by

K̄ : F −→ O = L2(0, T ; IRq)× L2(0, T ; IRq)
z̄ −→ C̄S̄(.)z̄

which is linear and bounded with the adjoint K̄∗ given
by

K̄∗ : O −→ F

z̄∗ −→
∫ T

0

S̄∗(t)C̄∗z̄∗(t)dt

Consider the operator ∇ given by the formula

∇ : H1
0 (Ω)×H1

0 (Ω) −→ (L2(Ω))n × (L2(Ω))n

(y1, y2) −→ ∇(y1, y2) = (∇y1,∇y2))

where

∇ : H1
0 (Ω) −→ (L2(Ω))n

y −→ ∇y = (
∂y

∂x1
, ...,

∂y

∂xn
)

∇∗ is the adjoint of ∇.
The initial state ȳ0 and ∇ȳ0 its gradient are assumed un-
known.
For ω ⊂ Ω an open subregion of Ω and has positive
Lebesgue measure, let χ

ω
be the restriction operator de-

fined by

χω : (L2(Ω))n × (L2(Ω))n −→ (L2(ω))n × (L2(ω))n

(y1, y2) 7−→ χω(y1, y2) = (χωy1, χωy2)

where
χ
ω

: (L2(Ω))n → (L2(ω))n

ξ 7→ χ
ω
ξ = ξ|ω

and χ∗
ω

(resp χ∗
ω

) is the adjoint of χ
ω

(resp χω ), and we
consider the operator

H̄ = χω∇K̄∗

Let the gradient ∇ȳ0 = (∇y0,∇y1) of the initial state
ȳ0 = (y0, y1) be decomposed as follows:

∇ȳ0 =

{
ȳ0

1 in ω
ȳ0

2 in Ω\ω (8)

where ȳ0
1 = (y0

1 ,
∂y0

1

∂t
= y1

1) , ȳ0
2 = (y0

2 ,
∂y0

2

∂t
= y1

2) and

∇y0 =

{
y0

1 in ω
y0

2 in Ω\ω , ∇y1 =

{
y1

1 in ω
y1

2 in Ω\ω

Since ω is an open set of Ω and ȳ0 ∈ H1
0 (Ω)×H1

0 (Ω), we
have

∃ȳ0
1 ∈ ker(I − χω∇∇

∗
χ∗ω)

such that ȳ0 = ∇∗χ∗ω ȳ0
1 +∇∗χ∗Ω\ω ȳ0

2

(9)

Definition 2.1. The semilinear system (1) augmented
with output (2) is said to be regionally gradient observ-
able on Ω or regionally G-observable if we can reconstruct
the gradient of its state and the gradient of its speed in a
subregion ω of Ω at any time t.

The study of regional gradient observability amounts
to solving the following problem:

Problem 2.2.
Given the semilinear system (1) and output (2) on [0, T ],
is it possible to reconstruct ∇ȳ0 = (∇y0,∇y1) which is
the gradient of initial state and the gradient of initial
speed of (1) on Ω ?

3 Sectorial case

In this section, we study Problem 2.2 under some supple-
mentary hypothesis on A and the nonlinear operator N .
With the same notations as in the previous case, we re-
consider the semilinear system described by the equations
(4) and (6)where one suppose that the operator Ā gen-
erates an analytic semigroup (S̄(t))t≥0 in the state space
E.
Let’s consider Ā1 = Ā+ aI such that Re(σ(Ā1)) > δ > 0
with a is a positive real number and Re(σ(Ā1)) denotes
the real part of spectrum of Ā1. Then for 0 ≤ α < 1,
we define the fractional power (Ā1)α as a closed operator
with domain Eα = D(Āα1 ) which is a dense Banach space
on E endowed with the graph norm

‖ . ‖Eα=‖ Āα1 (.) ‖E
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Let us consider V = Im(χω∇K̄∗) then the objective is to
study the Problem 2.2 in V endowed with the norm

‖ . ‖V =‖ H̄∗(.) ‖Y (10)

we have

‖ S̄(t) ‖L(E,Eα)≤ ct−α exp(a− α)t = g1(t)

where c is a constant. For more details, see([2], [4], [10])
For r, s > 1, assume that

{ 1

r
+

1

s
= 1

g1 ∈ L
r

(0, T )
(11)

and the operator N̄ : Lr(0, T ;Eα) −→ Ls(0, T ;E) is well
defined and satisfies the following conditions :




‖ N̄x− N̄y ‖Ls (0,T ;E)≤ k(‖ x ‖, ‖ y ‖) ‖ x− y ‖Lr (0,T ;Eα)

∀x, y ∈ Lr (0, T ;Eα)

N̄ (0) = 0 with k : IR+ × IR+ −→ IR+

such that lim
(θ1,θ2)→(0,0)

k(θ1, θ2) = 0

(12)

This hypothesis are verified by many important class of
semi linear hyperbolic systems. For example the equation
governing the flow of neutrons in a nuclear reactor





y
′ − ky′′ − ay = −by2

y(t) = 0 in [0, 1]
y(0) = 0

whith y(t) ∈ L2([0, 1]), 0 ≤ t ≤ T, k, a, b > 0. The opera-
tors A and N corresponding are

A : H1
0 ([0, 1]) ∩H2([0, 1]) → L2([0, 1])

y → 1

k
y

′ − a

k
y

N : H1
0 ([0, 1]) → L2([0, 1])

y → by2

k
The assumption is satisfied with r = 2, s = 1 and

k(θ1, θ2) =
b

k
(θ1 + θ2). Various examples are given and

discussed in ([2], [9]).
We show that there exists a set of admissible initial gra-
dient states and admissible initial gradient speed, admis-
sible in the sense that allows to obtain system (3) weakly
G-observable.
Let’s consider

ϕ(ȳ0
1 , .) : Lr(0, T ;Eα)→ Lr(0, T ;Eα)

given by

ϕ(ȳ0
1 , ȳ)(t) = S̄(t)∇∗χ̄∗ω ȳ0

1 + S̄(t)χ̄∗Ω\ω ȳ
0
2 + L(t)N̄ ȳ t ∈ [0, T ]

where ȳ0
1 , ȳ

0
2 are respectively the restriction in ω and in

Ω\ω of the initial gradient condition ∇ȳ0 given by (8).
we assume that

‖ S̄(t)∇∗χ̄∗ω ‖L(V,Eα)
≤ g2(t) with g2 ∈ L2(0, T ) (13)

then we have the following result

Proposition 3.1. Suppose that the system (3) is weakly
G-observable in ω, and (11), (12) and (13) satisfied, then
the following assertion hold:

• There exists a1 > 0 and m > 0 such that for all
ȳ0

1 ∈ B(0,m) ⊂ V the function ϕ(ȳ0
1 , .) has a unique

fixed point ȳ in the ball B(0, a1) ⊂ Lr(0, T ;Eα) so-
lution of the system (4).

• There exist m = m(a1) and m1 = m1(a1) such that

‖ ∇∗χ̄∗Ω\ω ȳ0
2 ‖E≤ m1

the mapping f is lipschitzien where :

f : B(0,m) −→ B(0, a1)
ȳ0

1 7−→ ȳ

Remark 3.1. The given results show that there exists
a set of admissible gradient initial state. If the gradient
initial state is taken in B(0,m), with a bounded residual
part then the system (4) has only one solution in B(0, a1).

Here we show that if the measurements are in B(0, ρ),
with ρ is suitably chosen then the gradient initial state
can be obtained as a solution of a fixed point problem.
Let us consider the mapping

ϕ1(z̄, ȳ0
1) = (K̄∇∗χ∗ω)†

(
z̄−C̄S̄(.)∇∗χ∗Ω\ω ȳ0

2−C̄L(.)N̄f(ȳ0
1)
)

(14)

and assume that ∀ȳ0
1 ∈ V, C̄L(.)N̄f(ȳ0

1) ∈ Im(K̄∇∗χ∗ω)
Then we have the following result.

Proposition 3.2. Assume that
∃c1 > 0 such that ‖ C̄L(.)ȳ ‖Y ≤ c1 ‖ ȳ ‖Ls(0,T ;E)

∀ȳ ∈ Ls(0, T ;E)
(15)

and ∃c2 > 0 such that ‖ C̄S̄(.)ȳ ‖Y ≤ c2 ‖ ȳ ‖E
∀ȳ ∈ E (16)

and if the system linear (5) is weakly G-observable in ω
and (12) holds, then there exists a2 > 0 and ρ = ρ(a2) >
0, such that for all z̄ ∈ B(0, ρ) ⊂ Y , the function (14)
admit a unique fixed point in B(0,m) which correspond
to the gradient initial condition ȳ1

0 observed in ω. Fur-
thermore, the function h is Lipschitzian where :

h : B(0, ρ) −→ B(0,m)
z̄ 7−→ ȳ0

1

4 Numerical approach

We show the existence of a sequence of the initial gradient
states and initial gradient speed which converges respec-
tively to the regional initial gradient states and initial
gradient speed to be observed in ω.

Proposition 4.1. We suppose that the hypothesis of the
prop (3.2) are verified, then for z̄ ∈ B(0, ρ) , the sequence
of the initial gradient condition defined in B(0,m) ⊂ V
by
{

ỹ0
1,0 = 0

ỹ0
1,n+1 = (H̄∗)†

(
z̄ − C̄S̄(.)∇∗χ̄∗

Ω\ω ȳ
0
2 − C̄L(.)N̄f(ỹ0

1,n)
)

(17)

converges to ȳ0
1 the regional initial gradient condition (the

regional initial gradient state y0
1 and the regional initial

gradient speed y1
1) to be observed in ω. where ȳ0

2 is the
residual part of the initial gradient condition in Ω\ω.
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4.1 Algorithm

Let’s consider rn+1 = z̄ − C̄S̄(.)∇∗χ̄∗
Ω\ω ȳ

0
2 − C̄L(.)N̄f(ỹ0

1,n),

then we have ỹ0
1,n+1 = (H̄∗)†rn+1

and z̄n = H̄∗ỹ0
1,n + z̄ − rn+1 = rn + z̄ − rn+1

Thus we obtain the following algorithm:
Algorithm:

Step 1 : The initial condition ȳ0
1 = (y0, y1),

the region ω, The domain D
and the function of distribution f

and the accuracy threshold ε,

r1 = z̄ − C̄S̄(.)∇∗χ̄∗Ω\ω ȳ0
2 − C̄L(.)N̄f(ỹ0

1,0)

Step 2 : Repeat
	 ỹ0

1,n = (H̄∗)†rn
	 



∂ȳn(t)

∂t
= Āȳn(t) + N̄ ȳn(t)

ȳn(0) = χ̄∗ω ỹ
0
1,n + χ̄∗Ω\ω ȳ

0
2

	 z̄n = C̄ȳn
Until ‖ z̄ − z̄n ‖Y ≤ ε.

Step 3 : ỹ0
1,n which corresponds to the initial
gradient condition to be observed ȳ0

1 in ω.

else rn+1 = rn + z̄ − rn+1 go to step 2.
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et Appliquées, vol. 59, pp. 1-31, 1990.

48 ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014



General Session 2
Fractal Analysis, Social Systems

49





Proceedings of ICCSA 2014
Normandie University, Le Havre, France - June 23-26, 2014

A Hybrid Network/Grid Model of
Urban Morphogenesis and Optimization

Juste Raimbault ∗, Arnaud Banos †, and René Doursat ‡

Abstract. We describe a hybrid agent-based model and sim-

ulation of urban morphogenesis. It consists of a cellular au-

tomata grid coupled to a dynamic network topology. The in-

herently heterogeneous properties of urban structure and func-

tion are taken into account in the dynamics of the system. We

propose various layout and performance measures to catego-

rize and explore the generated configurations. An economic

evaluation metric was also designed using the sensitivity of

segregation models to spatial configuration. Our model is ap-

plied to a real-world case, offering a means to optimize the

distribution of activities in a zoning context.

Keywords. Agent-based modeling, cellular automata, bi-

objective Pareto optimization, evidence-based urbanism, ur-

ban morphogenesis.

1 Introduction

Recent progress in many disciplines related to urban plan-
ning can be interpreted as the rise of a “new urban sci-
ence” according to Batty [7]. From agent-based mod-
els in quantitative geography [17], in particular the suc-
cessful Simpop series by Pumain et al. [30], to other ap-
proaches termed “complexity theories of cities” by Portu-
gali [28], involving physicists of information theory such
as Haken [15] or architects of “space syntax theory” such
as Hillier [18], the field is very broad and diverse. Yet,
all these works share the view that urban systems are
quintessentially complex systems, i.e. large sets of ele-
ments interacting locally with one another and the en-
vironment, and collectively creating a emergent struc-
ture and behavior. Taking into account the intrinsic het-
erogeneity of geographical and urban systems, this view
lends itself naturally to an agent-based modeling and sim-
ulation (ABMS) approach.

∗Graduate School, École Polytechnique, Palaiseau, France; and
LVMT, École Nationale des Ponts et Chaussées, Paris, France.
E-mail: juste.raimbault@polytechnique.edu
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‡Complex Systems Institute, Paris Île-de-France (ISC-PIF),

CNRS UPS3611. E-mail: rene.doursat@iscpif.fr

Among the most popular ABMS methods are cellular
automata (CA), in which agents are cells that have fixed
locations on a grid and evolve according to the state of
their neighbors. CA models of urban planning, in particu-
lar the reproduction of existing urban forms and land-use
patterns, have been widely studied, notably by White and
Engelen [39], then analyzed [5, 9] and synthesized [6] by
Batty. A recent review by Iltanen [19] of CA in urban
spatial modeling shows a great variety of possible system
types and applications. They include, for example, “mi-
croeconomic” CA for the simulation of urban sprawl [11],
“linguistic” CA (including real-time rule update via feed-
back from the population) for the measure of sustain-
able development in a fast growing region of China [41],
and one-dimensional CA [26] showing discontinuities and
strong path-dependence in settlement patterns.

In this context, we propose a hybrid model of urban
growth that combines a CA approach with a graph topol-
ogy containing long-range edges. It is inspired by Moreno
et al.’s work [24, 25], which integrates a network dynam-
ics in a CA model of urban morphology. Its goal was to
test the effects of physical proximity on urban develop-
ment by introducing urban mobility in a network whose
evolution was coupled with the evolution of urban shape.
We generalize this type of model to take into account het-
erogeneous urban activities and the functional properties
that they create in the urban environment. This idea
was introduced by White [38] and explored by van Vliet
et al. [36] but, to our knowledge, never considered from
the perspective of physical accessibility and its impact on
sprawl patterns.

The rest of the paper is organized as follows. The
model and indicator functions used to quantify the gener-
ated patterns are explained in Section 2. Next, Section 3
presents the results of internal and external validations
of the model by sensitivity analysis and reproduction of
typical urban patterns. It is followed by an application
to a concrete case, proposing a bi-objective optimization
heuristic of functional configuration based on the rele-
vant objective functions from the validation study. We
end with a discussion and conclusion in Sections 4 and 5.
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2 Model description

2.1 Agents and rules

The world is represented by a square lattice (Li,j)1≤i,j≤N
composed of cells that are empty or occupied (Fig. 1).
This is denoted by a function δ(i, j, t) ∈ {0, 1}, where
time t follows an iterative sequence t ∈ T = τN =
{0, τ, 2τ, ...} [14] with a regular time step τ . Another
evolving structure is laid out on top of the lattice: a
Euclidean network G(t) = (V (t), E(t)) whose vertices V
are a finite subset of the world and edges E (its agents)
represent roads. In the beginning, the lattice is empty:
δ(i, j, 0) = 0, and the network is either initialized ran-
domly (e.g. uniformly) or set to a user-specified configu-
ration G(0) = (V0, E0). In order to translate functional
mechanisms into the growth of a city, we assume that
the initial vertices include a subset formed by city cen-
ters, C0 ⊂ V0, which have integer activities, denoted by
a : C0 → {1, . . . , amax}.

To characterize the urban structures emerging in this
world, we define in general a set of k functions of the lat-
tice, (dk(i, j, t))1≤k≤K , called explicative variables. These
variables are here: d1, the density, i.e. the average δ
around a cell (i, j) in a circular neighborhood of radius ρ;
d2, the Euclidean distance of a cell to the nearest road; d3
the network-distance of a cell to the nearest city center,
i.e. the sum of d2 and edge lengths; and d4, the accessi-
bility of activities (or rather difficulty thereof), written

d4(i, j, t) =

(
1

amax

amax∑

a=1

d3(i, j, t; a)p4

)1/p4

(1)

where d3(i, j, t; a) is the network-distance of the cell to the
nearest center with an activity a, and p4 ≥ 1 (typically 3)
defines a p-norm.

A set of weights (αk)1≤k≤K ∈ [0, 1]K is assigned to
these variables to tune their respective influence on what
we define as the net land value of a cell, as follows:

v(i, j, t) =
1∑
k αk

K∑

k=1

αk
dk,max(t)− dk(i, j, t)

dk,max(t)− dk,min(t)
. (2)

Houses are preferentially built where v is high, i.e. dk’s
are low. Thus the evolution of the system proceeds in
three phases at each time step: (a) all values v(i, j) are
updated, (b) among the cells that have the best values, n
new cells are randomly chosen and “built” (set to δ = 1);
(c) for each built cell, if d2 is greater than a threshold θ2
(maximum isolation distance), then that cell is directly
connected to the network by creating a new road branch-
ing out orthogonally from the nearest edge.

Network initialization is random (see details in 3.1),
and the selection of new cells is also random among iden-
tical values of v. A sensitivity analysis and model explo-
ration is conducted in the next section to determine the
relative effect of parameters with respect to these sources

Figure 1: Example of urban morphology generated by the
model. Houses (blue squares) were built in some cells of a
56 × 56 lattice. City centers and roads (red edges) compose
the added network. Cell shades (yellow) represent distances
to the built cells (the brighter, the closer).

Figure 2: The hybrid network/grid model. Blue arrows: feed-
back interactions. Red arrows: output evaluation functions.

of randomness. In any case, growth is halted after a con-
stant amount of time T , evaluated from experiments, so
that the final structure is neither “unfinished” nor filling
out the world (see 3.1). Fig. 2 displays the core ABMS
flowchart with feedback interactions between agents.

2.2 Evaluation functions

Once a structure is generated, its properties need to be
quantified so that it can be categorized or compared
to other structures for optimization purposes. To this
goal, we define various evaluation functions, both objec-
tive quantification measures and structural fitness values.
The measures described in this section take into account
all the explicative variables, whose distributions over the
grid are emergent properties that cannot be known in ad-
vance and are therefore essential to monitor.

Morphology To assess the morphological structure of
an urban configuration, we map it onto a 2D metric space
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defined by a pair of global indicators (D, I) called the
integrated density and the Moran index (Fig. 4). The
density D ∈ [0, 1] is calculated by taking the p-norm (with
exponent pD ≥ 1, typically 3) of the local densities d1:

D(t) =




1∑
i,j δ(i, j, t)

N∑

i,j=1
δ(i,j,t)6=0

d1(i, j, t)pD




1/pD

(3)

Moran’s I, an index of spatial autocorrelation, is widely
used in quantitative geography [35, 20] to evaluate the
“polycentric” character of a distribution of populated
cells. It is defined by

I(t) =
M2

∑
µ6=ν 1/dµν

∑
µ 6=ν(Pµ − P )(Pν − P )/dµν

∑M2

µ=1(Pµ − P )2
(4)

where the lattice is partitioned into M ×M square areas,
at an intermediate scale between cell size and world size
(1�M �N), dµν is the distance between the centroids
of areas µ and ν, (Pµ)1≤µ≤M2 denotes the number of oc-
cupied cells in each area, and P is their global average.
We can recognize in this formula the normalized ratio of
a modified covariance (pairwise correlations divided by
distances) and the variance of the distribution. Moran’s
I belongs by construction to the interval [−1, 1], where
values near 1 correspond to a strong monocentric distri-
bution, values around 0 to a random distribution, and
values near −1 to a checkered pattern (every other cell
occupied). Usually, polycentric distributions have rela-
tively small positive I values, depending on the size and
distance between centers.

Network performance Due to the branching nature
of the growth algorithm, the network of roads G cannot
contain any other loops than the ones initially present in
G0. Therefore, notions of “clustering coefficient” or “ro-
bustness” (with respect to node removal) are not relevant
here. On the other hand, since G is intended to simulate
a mobility network, we can evaluate its performance by
defining a relative speed [4] S, representing the “detours”
imposed by G with respect to direct, straight travels:

S(t) =




1∑
i,j δ(i, j, t)

N∑

i,j=1
δ(i,j,t) 6=0

(
d3(i, j, t)

e3(i, j, t)

)pS



1/pS

(5)

where pS ≥ 1 (also 3), and e3(i, j, t) is the direct Eu-
clidean distance between cell (i, j) and the nearest city
center over the network, i.e. the one that realizes the value
of d3(i, j, t). Note that S ≥ 1 and is actually higher for
more convoluted networks (thus it is a measure of “slow-
ness”, but we still employ “speed”).

Functional accessibility The global functional acces-
sibility A to city centers is another p-norm (also 3), based

on the relative local accessibility from each cell, which is
d4 over its maximum:

A(t) =




1∑
i,j δ(i, j, t)

N∑

i,j=1
δ(i,j,t) 6=0

(
d4(i, j, t)

d4,max(t)

)pA



1/pA

(6)

This normalization puts A in [0, 1] and allows comparing
configurations of different sizes. Like S, “better” urban
configurations are characterized by a lower A.

Economic performance It was shown by Banos [2]
that the Schelling segregation model, a standard ABM of
socio-economic dynamics [33], was highly sensitive to the
spatial structures in which it could be embedded, since
segregation rules depended on proximity. This justifies
the use of this model as an evaluation of economic perfor-
mance of our urban configurations, measuring how much
structure influences segregation. To this aim, we imple-
mented a model of residential dynamics based on the work
of Benenson et al. [10]. The output function is a segre-
gation index H(t) calculated on the residential patterns
that emerge inside a distribution of built patches. For ur-
ban structures produced in a practical case (Section 3.3),
we obtained densities of mobile agents between 0.1 and
0.2. Following Gauvin et al. [13], the phase diagram of
the Schelling model indicates that in such a density range,
tolerance thresholds of 0.4 to 0.8 lead to clustered frozen
states, where the calculation of a spatial segregation in-
dex is indeed relevant. The detailed description of this
economic model is out of the scope of this paper.

3 Results

Our hybrid network/grid model was implemented in Net-
Logo [40]. Plots and charts were created in R [32] from ex-
ported data. Processing of GIS Data (for vectorization by
hand of simple raster data) was done in QGIS [31]. Explo-
ration of the 4D space of explicative variables’ weights αk
was conducted inside the [0, 1]4 hypercube with a linear
increment of 0.2. This created 64−1 = 1295 points, from
(0, 0, 0, 0) excluded to (1, 1, 1, 1) included, via (0.2, 0, 0, 0),
etc. Unless otherwise noted, the output values of the eval-
uation functions were averaged over 5 simulations for each
combination of the αk’s.

3.1 Generation of urban patterns:
external validation of the model

Typical patterns We ran the model on different ini-
tial configurations, in which a few city centers C0 (typ-
ically 4) were randomly positioned on a 56 × 56 lattice,
and their activity values drawn in [1, amax] (both uni-
formly). The initial network G0 was built progressively
and quasi deterministically over increasing distances, by
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Figure 3: Typical patterns obtained from our model, repro-
ducing Le Corbusier’s analysis of “human settlements”. In his
1945 attempt to theorize urban planning, Le Corbusier ana-
lyzed the form of cities by hand and outlined three types of
settlements: radial-concentric cities, linear cities along com-
munication roads, and rural communities. We were able to
reproduce this typology by setting the weights of the ex-
plicative variables of our model to corner values: Top-right :
(αk) = (1, 0, 0, 0), i.e. density-based only. Middle: (0, 1, 0, 0),
i.e. distance-to-road only. Bottom: (0.2, 0, 1, 0), i.e. network-
distance combined with a little density. Left : source [22].

creating isolated clusters and linking them until they per-
colated into one component. The initial grid was empty
(δ = 0 everywhere). Simulations were cut off at 30 iter-
ations (T = 30τ), before the sprawl of urban settlements
reached the square boundaries of the world and started
“reverberating”. Since this artifact occurred the fastest
in a density-driven model, αk = (1, 0, 0, 0), we empirically
assessed T in that case and applied it everywhere.

Different parameter settings generated very diverse
structures. In particular, we observed striking similarities
between the patterns obtained for binary values of αk’s
in some “corners” of the hypercube (one or two measures
dk with weight 1, the others 0), and the fundamental ur-
ban configurations that Le Corbusier had identified in his
1945 analysis of human settlements [22] (Fig. 3).

Classification of structures Using the pair of mor-
phological indicators (D, I) defined above, and by vary-
ing the αk’s, we constructed a 2D map of the dynamical
regimes of our system (Figs. 4-5), in which qualitatively
different morphological “classes” could be distinguished.
The projected locations of urban configurations in this
plane allowed a better understanding and comparison of
their features and growth process. Again, for certain cor-
ner parameter values (all of them 0 except one or two at
1), the results ended up in distinct locations on the map,
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Figure 4: Morphological classification of urban patterns.
Scatterplot in the (D, I) evaluation plane with four typical
structures highlighted. Three of them, despite visual differ-
ences, are relatively close to each other in this space, indicat-
ing that two metrics are not sufficient for a full classification.
The area near the origin corresponds to unfinished patterns,
i.e. which occupy only a small part of the world and cannot be
compared with larger ones. Almost all I values were positive.
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Figure 5: Influence of each explicative variable dk on urban
morphogenesis. Color darkness corresponds to the relative
value of weight αk used during the growth of mapped struc-
tures. Whereas Figs. 4-5 showed distinct classes at expected
locations, this plot displays a rather uniform and chaotic dis-
tribution of high weights for d2, d3, and d4, revealing a perva-
sive role of roads, city centers, and accessibility. Only density
d1 correlates better with its own evaluation function D (a high
influence of density results in low-density patterns), except for
the low-I cluster on the right.
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Figure 6: Statistical distribution of the output evaluations.
For each of the 15 corner points of the 4D hypercube of αk’s
(excluding the origin), we ran 500 simulations from random
initializations of 4 city centers C0. Three resulting distribu-
tions out of these 15 are displayed, each in the form of a his-
togram of evaluation function values, D, S, I, and A, fit-
ted with a Gaussian curve. Green: (αk) = (1, 0, 0, 0), i.e. a
simulation taking into account only the density d1. Yellow :
(0, 1, 0, 0), i.e. Euclidean distance d2 only. Red : (0, 0, 0, 1),
i.e. accessibility d4 only. These three histograms were chosen
for their minimum overlap and clarity of display; the other 17
are similar. The narrow peaks (except one), spread about the
mean by ±10%, attest to the low sensitivity of the model with
respect to the spatial initialization, and validates its internal
consistency. This also allowed us to rely on a smaller number
of runs in our experiments.

which could be relatively well explained. Intermediate
combinations of parameters, however, seemed to project
the structures quite literally “all over the map”, which
might be interpreted as the emergence of chaos in the
system.

3.2 Sensitivity analysis and parameter
space exploration: internal validation

Sensitivity to initial conditions To ensure the va-
lidity of the results, we investigated the sensitivity of the
model to the spatial conditions, the initial set of nodes
C0, estimating in particular the number of repetitions
necessary to obtain statistically meaningful values for the
evaluation functions. If conclusions drawn from one case
were highly susceptible to small changes in the initial lay-
out, then the model would obviously have less significance
than if there was some invariance with respect to abstract
topological features (in particular the distribution of cen-
ters’ activities). The optimization heuristics would have
to be designed very differently in these two cases.
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Figure 7: Assessing the influence of the update scheme on
the morphologies. In the (D, I) classification plane, each point
corresponds to 3 runs of a given combination of αk parameters,
repeated under a sequential (n = 1) and under a parallel (n =
20) update scheme. For each run, the symmetric difference ∆
between the two patterns is computed and its average over the
3 runs is projected on the map. The color of a point highlights
its “significance”, defined as the product of its local density
(clustered points represent more frequent configurations) and
its pattern size, |∆| (large patterns are more significant). The
scattered points indicate that the model is sensitive to the
update scheme for certain parameters. On the other hand, the
concentration of significant points near the origin and D = 0.5
means that corner cases, such as (1, 0, 0, 0), are more robust.

Toward this assessment, we ran a large number of simu-
lations under the same parameter values but starting from
different initial C0 configurations, and collected statistics
on the output. For each of the 15 binary combinations
of αk’s (excluding all zero), standard deviations were cal-
culated over 500 runs. We obtained narrow peak dis-
tributions in most cases, with Gaussian widths typically
at 10% of the mean function value (Fig. 6). In order to
ensure that these were typical widths across the whole pa-
rameter space and not only at the extreme binary points,
we also explored the 80-point grid {0, 0.5, 1}4 with 100
runs per point (except the origin), to assess the relative
spread of distributions in a more representative subspace.
Both studies confirmed that the evaluation functions were
significantly less sensitive to the exact spatial locations
than the parameters and overall topology, and justified
our use of a smaller number of trials in subsequent ex-
periments. Typically, assuming a normal distribution of
width σ = 0.1, we needed n = (2σ · 1.96/0.05)2 ' 60
trials to reach a 95% confidence interval of length 0.05,
and 5 trials for a length 0.17. For practical reasons of
computing speed, we chose the latter.
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Sensitivity to update scheme On the other hand,
the emergent urban patterns depended on the number n
of cells filled at every iteration, before land values were re-
calculated at the next iteration, i.e. whether the update
scheme was a sequential (n = 1) or parallel (n > 1).
Building several houses “simultaneously” between two
market reevaluations is consistent with the view that real-
world functions have a response delay, here of the order of
τ . There must be a limit, however, and an intermediate
n must be found to obtain reasonable simulations.

To this aim, we explored the 4D parameter space of the
αk’s as in Figs. 4-5 and ran one sequential update scheme
and one parallel update scheme with n = 20 in each case.
At the end of the simulation, t = T , the two correspond-
ing output patterns δseq and δpar were compared by calcu-
lating their symmetric difference, i.e. the subset of lattice
cells that were built either in one or the other but not
in both: ∆ = {(i, j); δseq(i, j, T ) 6= δpar(i, j, T )}. Then,
these difference patterns ∆ were projected on the same
classification map (D, I) used previously (Fig. 7). The
results showed that for many combinations of parame-
ters, the model’s behavior could be noticeably influenced
by the update scheme, as many difference patterns ex-
hibited a nontrivial structure with high density or high
Moran’s index or both. On the other hand, it exhibited a
stronger invariance for the corner quadruplets of αk’s: in
these cases the ∆’s clustered near the origin and D = 0.5.
Based on this study, we decided to adopt a parallel up-
date scheme with n = 15 built cells per time step in the
remainder of the experiments.

Exploration of parameter space The above two pre-
liminary studies validated the robustness of the model
with respect to the initialization and update scheme, and
helped us choose a reasonable number of runs (about 5)
for each parameter combination, and a adequate degree
of parallelism in the simulations (n = 15). Next, we revis-
ited the αk hypercube (same 1295 points in the partition
of step 0.2), this time calculating the complete charts of
all evaluation functions. Other parameters with a direct
correspondence to the real-world, depending on the scale
adopted, were set to fixed values. For example, the neigh-
borhood radius ρ or the road-triggering distance θ2 were
both equal to 5 cells: this number could represent 50m,
characteristic of a block at the scale of a district, or 500m
for a district in a city, or 5km between cities in a region.

Examples of evaluation surfaces in 2D projection spaces
are shown in Fig. 8. Each function, D, I, S, and A, was
plotted against two parameters out of four, chosen for
their higher “influence” (variations in amplitude) on the
function. The economic index H was not calculated here
(see 3.3). This exhaustive exploration of parameter space
was necessary to gain deeper insight into the behavior of
the model. It also represents a crucial step toward making
computational simulations more rigorous [3].

Altogether, we observed that outputs varied for the
most part smoothly, except Moran’s index which ap-
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Figure 8: Sample surface plots of the evaluation functions.
For each 4D field of evaluation values in the hypercube, we
select two out of four parameters and display the 2D slice cor-
responding to the other two parameters set to (0, 0). Horizon-
tal axes are reoriented in each case to minimize visual clutter.
This exhaustive exploration has an intrinsic explanatory value
(see text), and allows us to predict with some level of confi-
dence how the model responds to certain input parameters.

peared more chaotic. Variations were greater in cases
where one parameter was dominant. For example, the
measures of density D, speed S and (global) accessibil-
ity A all exhibited a significant jump when including
the effect of (local) accessibility d4 in the simulations,
i.e. when transitioning from α4 = 0 to α4 > 0. In par-
ticular, the more activities were influent, the denser the
city became—a nonintuitive emergent effect, compared
to top-down planning alternatives that would try to op-
timize accessibility while keeping density low. Speed,
or rather “sluggishness”, exploded when density was the
only influence on urban sprawl: this confirmed that pure
density-driven dynamics creates anarchic growth, without
concern for network performance.

As for global accessibility, or rather the difficulty
thereof, it was minimal for α4 = 0: an interesting para-
doxical effect suggesting that when individual agents took
into account local accessibility (α4 > 0), a few of them
might have occupied the “best spots” too quickly, signif-
icantly diminishing the others’ prospects. Therefore, at
the collective level, it would be better for everyone to ig-
nore that dimension—an example where competition at
the individual level does not produce the most efficient
system for all. Finally, no meaningful conclusion could
be formulated about the chaotic variations of Moran’s in-
dex, except for its extreme sensitivity to spatial structure.
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Figure 9: Practical application: optimizing the distribution of activities over urban centers. Left : existing master plan of the
Massy Atlantis district: 9 building areas are identified by their centers (black squares). Buildings are color-coded by type of
activity (orange: residential, blue: tertiary). Railroad tracks traverse the upper left corner (light blue strip) and three train
transportation hubs are also represented (green locomotive icons): these are part of the fixed environment. Right : example
of housing configuration obtained after a simulation in which the 9 centers’ activities were initialized to the same values as
their real-world counterpart (red house icons: residential, blue computer icons: tertiary; one of 510 possible distributions).
The evaluation functions of the outcome are (H,A) = (0.067, 0.76), a point close to the Pareto front of Fig. 10 (blue circle).

3.3 Practical example

In this section, we apply our model to the optimization of
activities on top of a real-world urban structure obtained
from a geographic file, as opposed to an randomly gener-
ated, artificial configuration. This type of scenario occurs
in a planning problem where one must decide about the
possible land use of predefined zones.

The practical example under study here concerns the
planning of a new district. It is based on a real-
world neighborhood, Massy Atlantis (Paris metropolitan
area), built in 2012 (Fig. 9). We would like to investi-
gate whether a more efficient planning could have been
achieved. The goal of this exercise is to find an optimal
assignment of two types of activities, “residential” (apart-
ments) or “tertiary” (offices), to the centers of 9 areas
located on a map. The transportation infrastructure is
already in place and the train station is also considered a
center with a fixed, third type of activity. A network of
avenues is laid out and passes through the 9 centers. The
district is initially empty (unbuilt). The particular spa-
tial configuration was automatically imported from a GIS
shapefile, so the computation could be readily applied to
other cases.

Parameters of the model were set as follows: high in-
fluence of activities, α4 = 1, reflecting the fact that ac-
cessibility to home, workplace, and train station are of
special importance to the agents of this district; medium
influence of density, α1 = 0.7, because, not far from Paris,

housing must reasonably fill the available areas; no influ-
ence of road proximity, α2 = 0, since the initial network
is already built and the scale is relatively small; and no
influence of network-distance, α3 = 0, because centers in
this problem are abstract entities representing areas.

For every possible distribution of binary activities over
the 9 areas, excluding the two uniform cases (all resi-
dential or all tertiary), the model was simulated 5 times,
producing a total of (29−2)×5 = 2550 runs. The result-
ing configurations were examined here via a morphologi-
cal projection in the (H,A) plane, instead of (D, I) used
in the previous sections, as we judged it to be a more
meaningful measure of fitness in this application. The
calculation of the economic segregation index H involved
a secondary agent-based simulation on top of the main
urban development model (details not provided here).

Results are shown in Fig. 10. We obtained a Pareto
front of “optimal solutions” trying to minimize both H
and A, while observing that the actual configuration is
not far from being optimal itself, and appears to be a
compromise between accessibility and economic perfor-
mance. After closer examination of the Pareto front and
its vicinity, we found that the distribution of activities
was highly mixed in these points. More precisely, we de-
fined a spatial heterogeneity index of center activities by

λ = amax

∑
c 6=c′

a(c) 6=a(c′)
d(c, c′)−1

∑
c 6=c′ d(c, c′)−1

(7)
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Figure 10: Scatterplot of all configurations in the (H,A) mor-
phological plane. A Pareto front (red circles) is apparent in
the bottom left part of the plot: it corresponds to “optimal”
configurations trying to minimize both H and A objectives.
The real situation (blue circle in H = 0.067, A = 0.76) cor-
responds to Fig. 9 and is not far from this front. Points are
colored according to their level of heterogeneity λ, from low
(black) to high (yellow). More homogeneous configurations
are concentrated in the central cluster, whereas Pareto points
and their neighbors have higher heterogeneity levels. This
lends support to the principle of “functional diversity”, which
is often adopted by city planners today but has never been
backed up by computational simulations.

where c = (i, j) and c′ = (i′, j′) are two centers, d(c, c′)
their Euclidean distance, and a(c), a(c′) their activities.
Points in the scatterplot were colored according to their
level of λ. Highly heterogeneous configurations appeared
in regions of the plot distinct from homogeneous configu-
rations, which were for the most part located in the cen-
tral cluster. Optimal solutions and their neighbors all
corresponded to high heterogeneity. This interesting re-
sult is a step toward evidence-based justification of mixed
land use in planning—a principle often invoked by city
planners but never quantitatively demonstrated.

In conclusion, this case study is encouraging as it pro-
poses a concrete methodology of optimal planning with
respect to criteria that are relevant to a particular situa-
tion. It could be used in a generic way by city planners
for similar challenges, while remaining cautious on the
conditions of its applicability. We discuss this point next.

4 Discussion

The reproduction of typical urban morphologies and the
possible application to a real-world problem shown in the

previous sections indicate that a model like ours can be
useful for evidence-based decision-making in urban plan-
ning. Several questions remain open, however, and would
need further investigation.

Scale of the model One ambiguity of the model is
that it can be applied at different scales, therefore there
is no unique correspondence between its agents and the
real world. As the above results illustrate, the simulated
urban configurations may represent a system of cities at
the macroscopic scale, the neighborhoods of one city at
the mesoscopic scale, or the buildings of one district at
the microscopic scale. Without engaging in an ontolog-
ical debate over levels of abstraction, this could still be
pointed out as a potential issue.

We wish to argue, however, that the multiscale appli-
cability of our model is legitimate as a great number of
urban systems and associated dynamics have been shown
to be “scale-free”, in particular by Pumain [29], and even
to possess fractal properties, by Batty [8]. It means that
scaling laws may also operate in our model, therefore
qualitative results should remained unchanged while the
quantitative evolution of variables and relations should
only depend on the underlying power law’s exponent.

Barthélemy [21] warns that most multiagent urban
models fail because they do not focus on the “dominating”
physical process but, instead, integrate too many aspects
that bear no relevance to the emergent properties of the
system. Following up on this advice, we believe that we
have successfully identified “good” proxies for the domi-
nating processes of urban morphogenesis, namely: urban
density, accessibility to road network, and accessibility to
main functionalities.

Local scope When the model is considered at a meso-
scopic or microscopic scale, another objection could be
that it seems to limit itself to an artificially “closed” ur-
ban system, neglecting important contextual phenomena
such as economic exchanges. Yet, although input and out-
put flows are greatly simplified here, they are still present
in implicit form. Our simulated world is not truly closed,
since newly built houses are associated with a net influx of
resources. Moreover, despite the absence of a direct eco-
nomic force in the growth dynamics (the H index is only a
post-hoc metric), the attractiveness of centers constitutes
a proxy for underlying activity, and a form of interdepen-
dence among urban processes. Finally, other models that
have taken into account the global complex network of
cities [1] have reproduced well-known patterns of urban
systems much like ours.

Therefore, here too, local or global approaches appear
to be equivalent and the modeling decisions and compro-
mises made in each case must be compared. This ques-
tion also ties in with the fundamental issue, contained in
the previous point, of the existence of a “minimal dimen-
sion” for a generalized representation of urban systems.
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The challenge is to understand how universal the depen-
dence between a system and its dimension may be, and if
a generalized minimalist formulation can be constructed.
Speculations toward that ambitious goal have been for-
mulated by Haken [15] through a notion of “semantic in-
formation” linked to properties of attractors in dynamical
systems. This theory, however, has not been quantified,
i.e. neither confirmed nor falsified.

Quantitative calibration The question of the validity
of the model is also linked to the need for a finer quan-
titative calibration based on real patterns, which creates
a dilemma: on the one hand, calibration on the errors of
output function proxies does not influence the formation
of spatial patterns; on the other hand, calibration on the
spatial patterns themselves is too constraining and may
preclude the emergence of other, similar patterns. Pre-
vious works addressing the issue of calibration [23] have
not been conclusive so far.

To revisit this question, we would need to apply our
model at a finer grain of spatial resolution, i.e. a very
large world in terms of data size. In this scenario, it
would be particularly important to keep processing time
under control by reducing computational complexity, for
example through a cache of the network’s shortest paths.
The potential increase in size can also create methodolog-
ical hurdles, not just computational, as a huge amount
of details in the resulting patterns might contribute to
more noise than signal and significantly bias the indica-
tors. One solution would be to create a new operator
extracting the morphological envelope of the generated
pattern, along the lines of an original method proposed
by Frankhauser et al. [12, 34]. Other ways to deal with
noise may involve Gaussian smoothing.

Complex coupling with economic model Our
method of economic evaluation consists of “simple cou-
pling”, i.e. running a secondary agent-based model (the
basis of H’s calculation, not described here) after the pri-
mary urban growth simulation has finished. Another im-
portant direction of research would implement a “complex
coupling” between the two models in the sense proposed
by Varenne [37]: the study of urban sprawl on other time
scales would require the simultaneous and mutually in-
teracting evolutions of the population, the building rents,
and the terrain values. Obviously, this would lead to a
more sophisticated model oriented toward a whole new
set questions, such as the evaluation of long-term rent
policies to foster social diversity.

5 Conclusion

We have proposed a hybrid network/grid model of ur-
ban growth structures, and studied their morphological
and functional properties by simulation. Results showed
that it could reproduce the characteristic urban facts of a

classical typology of “human settlements”, and was also
applicable to a concrete scenario by calculating “optimal”
solutions (in the Pareto sense) to a planning challenge in
an existing zoning context. Our work provide evidence in
favor of the “mixed-use city”, a topic on which literature
is still scarce and future work is needed. This paradigm
is now commonly advocated by city planners, such as
Mangin [22] through his concept of “ville passante” (a
pun on “evolving/flowing/pedestrian city”), and would
require more validation through quantitative results.

Finally, beyond its technical achievements and poten-
tial usefulness as a decision-making tool, our work also
fuels a contemporary debate on the state-of-the-art in
“quantitative urbanism”. Siding with Portugali [27], we
certainly agree that the conception and application of
computational models is a delicate matter, which can lead
to more confusion than explanation if not properly han-
dled and validated. Depending on the scale, a careless
choice of parameter values can produce dubious results.
Yet, we support the idea that quantitative insights are
paramount for a better understanding of urban and so-
cial systems. With the recent explosion in data size and
computing power, evidence-based analysis and solutions
are becoming a real alternative to older attitudes, such as
Lefebvre’s [16], which doubted that scientific approaches
could ever translate or predict the mechanisms of a city.
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[4] A. Banos and C. Genre-Grandpierre. Towards new metrics for
urban road networks: Some preliminary evidence from agent-
based simulations. In Agent-based models of geographical sys-
tems, pages 627–641. Springer, 2012.

[5] M. Batty. Cellular automata and urban form: a primer.
Journal of the American Planning Association, 63(2):266–274,
1997.

[6] M. Batty. Cities and Complexity: Understanding Cities with
Cellular Automata, Agent-based Models, and Fractals. MIT
Press, 2007.

[7] M. Batty. The New Science of Cities. MIT Press, 2013.

[8] M. Batty and P. Longley. Fractal Cities: A Geometry of Form
and Function. Academic Press, London, 1994.

[9] M. Batty and Y. Xie. Possible urban automata. Environment
and Planning B, 24:175–192, 1997.

[10] I. Benenson. Multi-agent simulations of residential dynam-
ics in the city. Computers, Environment and Urban Systems,
22(1):25–42, 1998.

[11] G. Caruso, G. Vuidel, J. Cavailhes, P. Frankhauser, D. Peeters,
and I. Thomas. Morphological similarities between dbm and
a microeconomic model of sprawl. Journal of Geographical
Systems, 13:31–48, 2011.

ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014 59



J. Raimbault, A. Banos & R. Doursat

[12] P. Frankhauser and C. Tannier. A multi-scale morpholog-
ical approach for delimiting urban areas. In 9th Comput-
ers in Urban Planning and Urban Management conference
(CUPUM’05), University College London, 2005.

[13] L. Gauvin, J. Vannimenus, and J.-P. Nadal. Phase diagram of
a schelling segregation model. The European Physical Journal
B, 70(2):293–304, 2009.

[14] B. Golden, M. Aiguier, and D. Krob. Modeling of complex sys-
tems ii: A minimalist and unified semantics for heterogeneous
integrated systems. Applied Mathematics and Computation,
218(16):8039–8055, 2012.

[15] H. Haken and J. Portugali. The face of the city is its infor-
mation. Journal of Environmental Psychology, 23(4):385–408,
2003.
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Abstract. These last years have seen the multiplication of plat-

forms dedicated to the conception and simulation of agent-based

models for studying complex systems. If these platforms allowed

to democratize this modeling approach, they are often complex to

use by non-computer scientists as most of them require to define

models by writing numerous code lines. In this paper, we present

GAMAGraM, a new graphical modeling plug-in integrated into the

GAMA platform. This plug-in allows users to define models from

a graphical interface. Defining a model with the GAMAGraM plu-

gin means first defining the structure of the model by a conceptual

entity-relationship diagram, then defining the properties of entities

through dedicated dialog boxes. The graphical editor provides auto-

compilation tools allowing to ease the work of the modelers.

Keywords. Complex System, Agent-based Modeling, Graphical

Modeling, GAMA Platform

1 Introduction

Nowadays, agent-based modeling is more and more used
to study complex systems, in particular by researchers
coming from other fields than computer sciences (geogra-
phy, environmental sciences). Unfortunately, the use of
such modeling approach requires to have skill in program-
ing, in particular when the system to model integrates
social and spatial aspects. This issue has for consequence
that most of the models are still developed by computer
scientists and not directly by domain experts, which slows
the diffusion of this modeling approach and the transfer
of knowledge to the decision-makers.

In order to tackle this issue, some agent-based model-
ing platforms have proposed to let the user define his/her
models thanks to a graphical interface allowing to min-
imize the quantity of lines of code to write. However,
these platforms are often complex to use or very limited
in terms of models they allow to build.

The GAMAGraM plugin has for ambition to be simple
to use and at the same time very powerful. It is based on
the GAMA platform [12] that allows to define large-scale
models integrating rich spatial and social dynamics (e.g.
MAELIA [19, 11], MIRO [4]).

∗Patrick Taillandier is with UMR CNRS IDEES, University of
Rouen, France. E-mail: patrick.taillandier@univ-rouen.fr
†Manuscript received April 19, 2009; revised January 11, 2010.

The paper is organized as follows: Section 2 presents
the context of this work, in particular the existing agent-
based modeling platforms and the graphical modeling lan-
guages. Section 3 is dedicated to the presentation of the
GAMAGraM plugin. At last, Section 4 concludes and
presents perspectives.

2 Context

2.1 existing platforms

Nowadays, there are numerous platforms dedicated to the
agent-based modeling of complex systems. These plat-
forms can be divided in 3 - non-exclusive - groups ac-
cording to the type of programing language used to define
models.

The first group is composed of the platforms that re-
quire to define models through a high-level generic pro-
gramming language (Java, C++, Python...). These plat-
forms are most of the time intended to computer scientists
and are the most adapted to the development of large-
scale models. Repast Symphony [17], MASON [15] and
SWARM [16] belong to this category.

The second group is composed of the platforms that
provide a dedicated modeling language. These platforms
are most of the time easier to use than the ones of the
first group. There are intended to a wider range of users.
However, they require some skills in algorithmic. Netlogo
[20] and GAMA [12] belong to this group.

The last group is composed of the platforms that allow
to define a model through a graphical modeling language.
These platforms require less skills in computer science
than the platforms belonging to the two other groups.
Moreover, they offer the advantage to ease the discussion
between modelers and domain-experts/stakeholders and
are thus particularly adapted to be used in a participatory
modeling context.

StarLogo [18] and Modelling4All [13] belong to this
group. These tools that can be used by all types of users
are mostly pedagogical tools and are limited to the devel-
opment of simple models.

Another platform that belongs to this group is Repast
Symphony. It proposes to define models through three
ways: by using Java, using the ReLogo language or
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through a graphical modeling language [17]. If for sim-
ple models (or rapid prototyping) the ReLogo language
and the graphical modeling tools can be used, develop-
ing a complex model with this platform requires to have
knowledge in Java.

In its last version, the Cormas platform [8] provides as
well some graphical modeling tools (definition of activity
diagram). However, this platform, specialized for par-
ticipatory modeling, does not offer the same richness as
GAMA or Repast Symphony in terms of model develop-
ment, in particular for the development of models based
on vector geographical - GIS - data.

At last, the MAGeo platform [14] allows to simply de-
fine a model through a dedicated graphic interface. It pro-
poses to formalize the agent behavior as an aggregation of
basic behaviors with a simple grammar. This grammar is
perfectly adapted to the definition of simple agents, but
does not allow (or not directly) to define more complex
agents.

To conclude on the existing platforms allowing to de-
velop models through a graphical interface, they are ei-
ther too complex to use for non-computer scientists (e.g.
Repast Symphony) or too limited to develop large-scale
models (e.g. StarLogo, Modelling4All, Cormas, MAGeo).

2.2 graphical modeling

Numerous graphical languages were proposed for model-
ing purpose. The most famous and used one is UML.
In the context of agent-based modeling, some works have
shown the interest of using such graphical language for
communication [6]. However, some authors have point
out that the use of UML as an agent-oriented modeling
language is inappropriate [7].

Other graphical language based on UML and dedicated
to multi-agent systems have been proposed: the most fa-
mous ones are AUML [5] and AML [9]. These languages
allow to introduce some specific features linked to the
agent paradigm. However, their scope goes beyond the
agent-based modeling and covers all the multi-agent as-
pects, which can make these languages difficult to appre-
hend by non-computer scientists.

A last modeling language to cite is the one proposed by
the MAGeo platform. This language is based on the AOC
(Actor - Organization - Behavior) meta-model [10]. This
graphical language is close to the UML one and respects
most of the properties of the OOP (Objected-Oriented
Programming). In addition, it allows to natively define
multi-level models. However, this language does not al-
lows to define complex behaviors for the agents. In partic-
ular, no difference is made between what an agent can do
and what it is going to do (capabilities versus behavior).

For the GAMAGraM plugin, our goal is to propose
a modeling language simple to manipulate (with a very
small number of concepts) and that allows to develop
large-scale models. In order to achieve this objective, we
identified several properties that our modeling language

should respect:

• Properties of the OOP

• Differentiate what an agent can do and what it is
going to do (capabilities versus behavior)

• Native handling of multi-level modeling

• Possibility to define elements related to the simula-
tion visualization

To conclude, if numerous graphical modeling languages
exist, none of them covers all the properties that we have
identified. Moreover, generic languages such as UML,
A-UML and AML can be more complex to use as they
propose many features that are not useful for agent-based
modeling and lack of specific features that can help mod-
elers.

3 Modeling with GAMAGraM

3.1 General properties of GAMAGraM

GAMAGraM has for objective to fill the need in platforms
accessible to the highest number and at the same time al-
lowing the definition of large-scale models. We chose to
develop GAMAGraM as a plugin of GAMA, because this
open-source platform provides already numerous features
to develop models, in particular concerning the manage-
ment of GIS data. Moreover, GAMA is easily extensible.

GAMAGraM allows GAMA users to graphically de-
fine their models and eventually to translate them to the
GAML language (GAMA Modeling Language). In ad-
dition, GAMAGraM allows to translate a GAML model
into a graphical one. This feature aims at facilitating the
discussions (and communication) about a model. GAM-
AGraM is based on the Graphiti plugin of Eclipse [3].

3.2 Definition of the model structure

The modeling process with GAMAGraM consists first
in defining a conceptual model consisting in a entity-
relationship diagram, then to fill all the defined entities
through dialog boxes.

We chose to base the conception of the conceptual
model on a new modeling language based on the GAMA
meta-model. Indeed, if many agent-oriented meta-models
were proposed in the literature (see [7] for a presenta-
tion of the most famous ones), most of them are not di-
rectly dedicated to simulation purpose and very difficult
to grasp for non-computer scientists. Another advantage
of using the GAMA meta-model is to limit the gap be-
tween the conceptual model and the final implemented
GAMA model.

Figure 1 presents the meta-model of GAMA. The
main component of this meta-model is the Species. A
Species, like a class in OOP, defines the common char-
acteristics to all the agents of a population. In particular,
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Figure 1: Meta-model of GAMA

it defines their variables, their actions, their reflexes and
their aspects. An Action is a capabilities that the agents
of the population have, i.e. something that the agents can
do. A Reflex is a behavior, i.e something that the agents
of the population are going to do (if some conditions are
respected). An Aspect represents a possible display of
the agents. Note that a species can specifies several ac-
tions, reflexes and aspects. In addition, a species specifies
the spatial topology and scheduling of the agent popula-
tion. A containment relationship between species allows
to describe the hierarchical levels of agency. At last, a spe-
cialization relationship between species allows to define
inheriting links between them. An ExperimentSpecies
represents a context of execution of a model. It is a partic-
ular species that contains a set of species (the one defined
in the model) and a set of displays.

More details about the meta-model of GAMA can be
found in [21]. The use of this meta-model allows to re-
spect the 4 properties defined in Section 3. Note that
this meta-model is close to the AOC one, but offers more
freedom in terms of agent behavior definition.

Figure 2 presents the modeling graphical framework
of GAMAGraM. The right palette allows to select the
type of elements to add to the diagram. This framework
proposes all the classic features of graphical editors (undo,
drag and drop....).

Table 1 presents all the elements that can be added to
the conceptual diagram.

When a graphical model is created, a first species of
agents is automatically created: the world species. The
world species corresponds to the first level of agency that
describes the global spatial topology of the model, its
basic scheduling, its parameters and global behaviors, and
is the host of the populations of agents described by the
species written by the modeler.

Thus, the development of the conceptual model consists
in defining all the species (with their chosen topology:
continuous, grid) living in the world, their capabilities
(actions), their behavior (reflexes) and possible displays

(aspects). Note that the inheriting relation can be used
between species. In addition, the definition of the con-
ceptual model consists in defining the possible contexts
of execution of the simulation (experiments) and for each
of them the corresponding outputs (displays). Each time
the user modifies the diagram, this one is validated: if
there is no error in the diagram, all its components ap-
pear with green borders, and buttons corresponding to
each defined experiments appear in the top of the edi-
tor (for example, see the my GUI xp button in Figure 2).
But clicking on one of the experiment buttons, the user
can load it (and run the corresponding simulation(s)). If
there are errors in the diagram, the problematic compo-
nents appears with red borders.

As an example, Figure 3 presents the conceptual model
of a simple predator prey model. In this model, 4 species
of agents live in the world:

• vegetation cell : species with a grid topology that will
be used as spatial environment for the other agents.
This species has only one behavior (reflex): grows.

• animal : species with a continuous topology that will
be used as the generic species to define the predators
and preys. This species has 4 behaviors (reflex): eats,
moves, reproduces and dies. It also has one action
called eating and one aspect called circle.

• prey : species with a continuous topology that inher-
its from the animal species. This species overrides
the eating action.

• predator : species with a continuous topology that in-
herits from the animal species. This species overrides
the eating action.

In addition, we define one GUI experiment called main xp
that has a display called map and a display called charts.
A tutorial describing how to build this diagram can be
found on the GAMA website [2].
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Figure 2: Graphical User Interface of the GAMAGraM plug-in

Table 1: Entities of the graphical modeling language
Symbol Source Description

A species Species: A species of agents with a continuous
topology.

A species Grid: A species of agents with a grid topology

- World: the first level of agency. It contains
all other species of agents.

A species Action: A capability that the agents have.

A species Reflex: A behavior that will be activated at
each simulation step (according to a given con-
dition).

A species Aspect: A possible display for the agents.

The world GUI Experiment: load only one simulation
with the graphical user interface

The world Batch Experiment: load a set of simulations
without the graphical user interface

A GUI Experi-
ment

Display: frame allowing to display outputs
(map, charts...)
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Figure 3: Conceptual model of the predator-prey model

3.3 Definition of the properties of each
entity

Once the conceptual model defined, the next step consists
in describing the properties of each defined entities.

When the user clicks on an entity, a new dialog box
allowing to parameterize it appears. It is through these
dialog boxes that the modeler will be able to transform
his/her conceptual model into a simulation. Most of the
time, the parameterization will just consist in making a
choice between different options, but sometimes it will
consist in writing GAML instructions. Note that a com-
plete description of the GAML language can be found in
the GAMA documentation [1].

The most important entity to parameterize is the
species one. The species dialog box allows to define many
properties of the species without having to write code (see
Figure 4). In particular, it allows to define the geometry
of the agents (point, line, or polygons) and variables. For
each variable the modeler has to define its name and its
type (among many types such as integer, float number,
string, list, matrix, map, point, geometry, graph, path...).
In addition, the modeler can define optional facets for
each variable such as its initial value, a minimum, a max-
imum, an expression that will be used to re-compute the
variable at each simulation step or a function that defined
how the variable will be computed each time it is called.
In addition, the modeler can give skills to the species. A
skill is a predefined set of variables and actions coded in
Java. For instance, the moving skill gives to the species
the variables speed, heading and destination and the ac-
tions move,goto,wander and follow. At last, the modeler
can define an init block that represents the constructor of
the species, i.e. define what will happen at the creation
of the agents.

Note that the dialog boxes for the world species and
the grid definition are very similar. For the grid, the

Figure 4: Dialog box for Species definition
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dialog box allows just to additionally define the number
of cells in the rows and in the columns, and the type of
neighborhood: Moore, van Neumann or Hexagonal. For
the world species , the dialog box allows to additionally
define if the environment is torus or not.

Concerning the parameterization of reflexes, the dialog
box allows to choose the condition of the reflex activation
and its effect. The activation condition and the effect are
described using the GAML language. The action dialog
box is very similar to the reflex one. The only difference
is that no condition can be defined.

For the aspect definition, the dialog box allows to define
the layers (and their order) that will compose the aspect.
These layers are defined through a dialog box, in which
the modeler can choose the shape to display (a simple
shape such as a circle, a square, a rectangle..., an icon,
a text or a complex geometry such as a polyline or a
polygon), its color, and some specific properties (rotation,
fill/empty shape...).

The experiment definition dialog box allows to de-
fine the parameters that the user will be able to modify
through the simulation interface.

At last, concerning the display definition, the dialog
box allows to define the layers that will compose the dis-
play (and their order), to choose a color for the back-
ground and the refreshing rate. The layers are defined
through a dialog box, in which the modeler can choose
the elements to display (a list of agents, a chart, an im-
age, a text...), the level of transparency of the layer, its
size and its position.

The complete description of these dialog boxes can be
found on the game website [2].

4 Conclusion

In this paper, we presented the GAMAGraM plugin that
allows to define agent-based models through a graphical
interface. This plug-in, which is under GPL license, is
available from the GAMA website [2].

In order to validate our claims concerning the ease of
use of our plugin and its powerfulness in comparison to
others platforms, we plan to carry out tests with end-users
(in particular geographers).

In addition, we plan numerous improvements for the
plugin. A first one will consist in adding tools to de-
fine the reflexes and actions of agents directly through a
graphical interface. We plan for that to add the possi-
bility to define these elements thanks to an activity dia-
gram. At last, we plan to add a WYSIWYG interface for
the display definition.
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Abstract. In this paper, we introduce a new approach

for modeling the human collective behaviors in the specific

scenario of a sudden catastrophe, this catastrophe can be

natural (i.e. earthquake, tsunami) or technological (nuclear

event). The novelty of our work is to propose a mathemat-

ical model taking into account different concurrent behav-

iors in such situation and to include the processes of transi-

tion from one behavior to the other during the event. Thus,

in this multidisciplinary research included mathematicians,

computer scientists and geographers, we take into account

the psychological reactions of the population in situations

of disasters, and study their propagation mode. We pro-

pose a SIR-based model, where three types of collective re-

actions occur in catastrophe situations: reflex, panic and

controlled behaviors. Moreover, we suppose that the inter-

actions among these classes of population can be realized

through imitation and emotional contagion processes. Some

simulations will attest the relevance of the proposed model.

Keywords. Modeling, catastrophic event, human behavior

1 Introduction

Nowadays, management of disasters has become a
major issue, due to their huge financial and human
costs. In fact, our societies, independently from
their development level, are still not sufficiently pre-
pared to a natural or anthropic catastrophe and to
possible domino effects. However, there is an in-
creasing trend concerning the number of disasters,
ranking from a hundred in 1960 to over 800 in 2000,
and the trend is not expected to be inverted in the
future, due to the population growth and densifica-
tion in the risk zones [1].

A fundamental lever for reducing human vulner-
ability in the face of such events is definitely the

∗N. Verdière, V. Lanza, R. Charrier, C. Bertelle and
M.A. Aziz-Alaoui are with Université du Havre; 25 rue
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population training, in order to adapt their behav-
iors to extreme situations. In fact, during several
catastrophic events, controlled and uncontrolled be-
haviors in either individuals, small groups or crowds
have been observed. These reactions depend not
only on the event and its temporality (nature, unex-
pectedness, presence of alert), but also on the popu-
lation characteristics (density, composition, prepa-
ration level) [5].

In this paper, our aim is to model the collec-
tive behaviors that take place in a crowd during a
catastrophe, in order to better apprehend and han-
dle the collective reactions. In the literature, sev-
eral models at different scales have been proposed
for modeling crowd dynamics, also in extreme sce-
narios as in a panic situation [3]. At microscopic
level we encounter cellular automata or agent based
models [14], where each individual of the popula-
tion is modeled as single entity. Moreover, espe-
cially for the study of pedestrian flows, some mi-
croscopic models consider the pedestrians as par-
ticles subject to a mixture of socio-psychologically
and physical forces [11]. This approach permits to
take into account the heterogeneity of the popu-
lation but this means also high computational re-
quirements and sometimes a difficulty in transfer-
ring the microscopic properties at a macroscopic
level [16]. At macroscopic level, the models of crowd
dynamics consist in partial differential equations
that describe the evolution in time and space of
the density and mean velocity of the crowd flow.
In particular, interactions of crowds and structures
in panic situations have been considered [2, 9]. Fi-
nally, at mesoscopic level, between the microscopic
and the macroscopic ones, we have the models that
exploit the approach of the kinetic theory, through
the Boltzmann or Vlasov equations, depending on
the different range of interactions [3].

However, these mathematical models consider
only the panic reaction, and do not take into ac-
count what is well-known by now in human sci-
ences [7, 15]: in a catastrophe, the population can
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exhibit different concurrent reactions, not only the
panic one, and each individual does not keep the
same behavior during all the event. It is what we
propose to do in this paper in exploiting the po-
tential of SIR models [13] that are widely used in
epidemics. Indeed, in these models, one can de-
compose the population in several subpopulations
categorized in compartments. Furthermore, differ-
ent types of transition between these compartments
can be easily considered.
In this paper, we omit the spatial dynamics in order
to focus first of all on the different psychological be-
haviors in a crowd, and the processes of transition
from one behavior to an other during a disaster.

The collective behaviors that have been observed
in the impact and in the destruction zone [5] can be
classified in two main categories:

• the instinctive behaviors, managed by the rep-
tilian zone of the brain, that handle with the
impulsive and urged behaviors [12]

• the controlled behaviors, where the pre-frontal
cortex adapts in a more reflexive way the reac-
tions to an external perturbation [8].

In particular, in the first group we have all the be-
haviors of instinctive escape and fight, the panic,
but also the behaviors as a sort of automaton [17],
while in the second one we have all the persons that
keep calm and self-control.

In our case, we have subdivided the population
in situation of catastrophe in three groups corre-
sponding to the three following collective reactions:
reflex behaviors except the panic one, panic and
controlled behaviors. Indeed, according to the spe-
cific status of the panic, this reaction has been dif-
ferentiated from the others reflex behaviors. More-
over, according to [10], we suppose that the inter-
actions among these classes of population can be
realized through imitation and emotional contagion
processes. In fact, it is well-known that in a crowd
the perception of an emotional state causes in an
observer an automatic imitation of this expression.

The paper is structured as follows. In part 2,
our choice of the thee groups of compartmental re-
actions is discussed and from this discussion, the
mathematical model is deduced. In part 3, the
available data present in the literature are presented
and our strategy for calibrating the model is given.
In part 4, numerical simulations attest the relevance
of our suggested approach.

2 The mathematical model

2.1 Choice of three groups of com-
partmental reactions

In this paper, we consider the human behaviors
in the impact zone of a catastrophe, with a fast
dynamic and no alert to the population. We
suppose that the effect of surprise is total and there
are no precursor signs or warnings that allow the
population to adopt preventive behaviors. To give
an example, there may be an earthquake or a local
tsunami. We have distinguished three different
types of behaviors in such situation.

The first type consists in the reflex behaviors
and concerns the reptilian brain. In our case, it
corresponds to the set of instinctive behaviors
except panic. This mechanism permits to react
quickly, either by running away as fast as possible
or by being flabbergasted and being physically
unable to move in space. It can take the form of
sideration and automate behaviors for example [5].
In our model, we have decided to globalize all these
reflex behaviors, despite their diversity.

The second one corresponds the panic behavior.
Panic has a particular status since, even if it is
not always adopted (as, for example, during an
earthquake in prepared regions as Japan), this be-
havior is the most feared. Indeed, this mechanism
is difficult to stop once started [6] and can provoke
dangerous situations in a crowd, due to trampling
and crushing. Moreover, the extinction of collective
panic is more linked to internal dynamics than
to the remoteness of the danger [5]. Thus, even
if it belongs to reflex behaviors, we consider it
apart due to its particular nature. Furthermore, in
our model, the collective panic can propagate via
imitation and contagion mechanisms [10].

Finally, the third type includes all the controlled
behaviors. They are governed by the prefrontal
cortex, which takes over the reptilian brain. Thus,
reflex reactions are substituted by controlled,
intelligent and reasoned reactions. They can take
different forms in a catastrophe, as, for example,
evacuation, leak, containment, sheltering, research
for help, pillage, theft... As for the first type,
we have decided to globalize all these controlled
behaviors, despite their variety.

It is worth noting that the three previous behav-
iors do not all occur at the same time and respect a
certain order. Indeed, the first behavior of an indi-
vidual in the face of danger is a reflex one followed,

68 ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014



Mathematical modeling of human behaviors during catastrophic events.

in a second step, by controlled or panic behavior
[8].

2.2 Formalization of the human be-
havior

In this paper, we propose a SIR-based mathemati-
cal model composed of four classes, one constitutes
daily behaviors, and the three others correspond to
the three previous behaviors described at Section
2.1. Thus, first of all, we suppose to have a class
named Q composed of individuals in a daily behav-
ior and that, during the event, no death nor birth
takes place. Hence, globally the population is con-
stant and composed by N individuals. Moreover,
during the catastrophe, Q is the sum of two sub-
populations:

• Q1(t): it designs the number of individuals
with routine behaviors. Clearly, just before the
catastrophic event occurs, all the population is
in this state, therefore Q1(0) = N ,

• Q2(t): it designs the number of individuals who
come back to normal lifestyle after the out-
break of the disaster. We expect that at the
end of the event, all the individuals will be in
this state, thus Q2(tend) = N.

According to Section 2.1, the population during the
catastrophe is decomposed into 3 subpopulations
who are represented by the following variables:

• x(t) = number of persons with reflex behaviors,

• y(t) = number of persons with controlled be-
haviors,

• z(t) = number of persons with panic behaviors.

Since we suppose to be in presence of a sudden and
unpredictable event, all the involved population
will have firstly a reflex reaction, corresponding
to instinctive comportments. Thus, the routine
behaviors, represented here with the variable
Q1(t), can only be transformed in reflex behaviors,
that is in x(t). Hereafter, reflex behaviors can
become controlled or panic behaviors. Since Q2(t)
represents the number of individuals who come
back to normal lifestyle, it can be alimented only by
the controlled behaviors y(t). In fact, an individual
needs to recover self-control in order to regain the
everyday routine. Moreover, we suppose that, once
they have come back to normality, they maintain
their habitual behaviors. Thus, the individuals in
Q2 cannot pass in Q1 and re-enter in the loop.

Furthermore, according to our psychological and
geographical references [7, 10, 6, 4], during catas-
trophic events we have interactions and transitions
between the different behaviors, as represented in
Figure 1. The exterior event, that is the catastro-

Q(t) = daily

behaviors

Q1(t)

Q2(t) y(t) = controlled behaviors

x(t) = reflex behaviors

z(t) = panic behaviors

γ(t)

ϕ(t)

s1

s2
B1

α
B2

δ

C1

C2

µ

instinctive behavior, managed by the reptilian zone of the brain

controlled behaviors, managed by the pre-frontal cortex

Figure 1: Graphic modeling of three types of human
behaviors in context of disasters

phe onset, is represented by a forcing function γ
which can be discrete or continuous, depending on
the type of the event under study. For example,
an event such as a local tsunami can be modeled
by a discrete function, whereas an inundation can
be modeled by a continuous function since it can
be announced fewer hours before its start. In our
case, we suppose to be in the first situation and the
brutality and the speed of the catastrophic event is
modeled through a logistic function.

For taking into account the possible continuation
or repetition of the catastrophe perception stress,
the arrows labeled s1 and s2 are added, where s1
and s2 are supposed to be constant parameters.
Once the population is in a reflex behavior, they
can evolve in a controlled or panic one according
to the parameters B1 and B2, respectively. In the
same way, a part of the controlled population can
evolve to a panic behavior and reciprocally accord-
ing to the coefficients C1 and C2, respectively.
All the previous transitions are causality links.
However, some processes of imitation and contagion
exist and are modeled by the arrows labeled α, µ, δ.
In the graphic, α transposes the process of imitation
between x and y which is realized in both directions.
This process is modeled as an epidemiological prop-
agation and has the following form: α·f1(x(t))·y(t).
This modeling permits to favor the imitation in one
direction, in particular from x to y. Indeed, in our
numerical tests, we have assumed that there must
be at least 55% of reflex behaviors for that con-
trolled individual behaviors imitate reflex ones.
In the same manner, the constant δ traduces the
imitation processes between x and z and is mod-
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eled by the function δ · f2(x(t)) · z(t). Finally, the
constant µ traduces the imitation processes between
controlled and panic individuals behavior, knowing
that the imitation is essentially in the sens panic
towards controlled individuals behavior. It is mod-
eled by the term µ · g(y(t)) · z(t).
From the graphical modeling in Figure 1, the math-
ematical model is deduced:




dx

dt
= γ(t)Q1(t)

(
1− x(t)

xm

)
− (B1 +B2)x(t)

+αf1(x(t))y(t) + δf2(x(t))z(t) + s1y(t) + s2z(t),

dy

dt
= B1x(t)− αf1(x(t))y(t) + C1z(t)− s1y(t)

−C2y(t)− ϕ(t)y(t)

(
1− Q2(t)

Q2m

)
+ µg(y(t))z,

dz

dt
= B2x(t)− s2z(t)− δf2(x(t))z(t)− C1z(t)

+C2y(t)− µg(y)z,

dQ1

dt
= −γ(t)Q1(t)

(
1− x(t)

xm

)
,

dQ2

dt
= ϕ(t)y(t)

(
1− Q2(t)

Q2m

)

(1)
Since the concerned population is supposed to be
constant, that is the equality Q1(t)+Q2(t)+x(t)+
y(t) + z(t) = N for all t ∈ [0, T ] is verified, system
(1) can be reduced to four equations and rewritten
as:




dx

dt
= γ(t)Q1(t)

(
1− x(t)

xm

)
− (B1 +B2)x(t)

+αf1(x(t))y(t) + δf2(x(t))z(t) + s1y(t) + s2z(t),

dy

dt
= B1x(t)− αf1(x(t))y(t) + C1z(t)− s1y(t)

−C2y(t)− ϕ(t)y(t)

(
1− N −Q1(t)− x(t)

Q2m
−y(t)− z(t))

+ µg(y(t))z(t),

dz

dt
= B2x(t)− s2z(t)− δf2(x(t))z(t)− C1z(t)

+C2y(t)− µg(y)z(t),

dQ1

dt
= −γ(t)Q1(t)

(
1− x(t)

xm

)
.

(2)

3 Calibration of the model

Unfortunately, in the literature, the available data
to calibrate the model are scarce. However, one can

distinguish two groups of quantitative data. The
first one concerns the percentages of the population
adopting a certain type of behavior and the second
one relates on the duration of such behaviors.

3.1 The percentages of population
adopting a certain type of behav-
ior

The different types of human behaviors described
previously can manifest in variable proportions, in
function of the considered catastrophe, the sudden-
ness of the threat, the composition of the group,
the individual aptitudes for understanding the dan-
ger and the knowledge of the environment. More-
over, [4] considers that in most of the catastrophes,
”15% of individuals manifest obvious pathological
reactions, 15% keep their cool and 70% manifest
an apparently calm behavior but answer in fact to
a certain degree of emotional sideration and lost
of initiative which reports to a pathological regis-
ter”. These percentage have to be modulated ac-
cording to the different parameters of our model,
which leads us to consider:

• x(t) = 50 to 75% of the population

• y(t) = 12 to 25% of the population

• z(t) = 12 to 25% of the population

At our knowledge, no data are available for quan-
tifying transition mechanisms from one state to an
other.

3.2 The duration of the behavior

The three different reactions have different duration
[17]. The duration of the reflex and panic behav-
iors varies from few minutes to one hour. Most of
the time, these two types of behavior do not ex-
ceed 15 minutes. However, for the first one, it may
take longer especially if it corresponds to a delay
of evacuation in a disaster area. In this case, sup-
port and research behaviors for relatives and vic-
tims gradually appears [5]. For the second one, the
collective panic behaviors resolves generally sponta-
neously. However, sometimes, an external interven-
tion permits to the panic population z(t) to come
back to an automate behavior x(t), before adopting
a controlled behavior y(t).
In general, the duration of the uncontrolled behav-
ior x(t) + z(t) does not last more than 1h30. In
this model, we suppose that an individual cannot
stay 1 hour in a reflex behavior and another hour
in a panic state. The duration of the controlled be-
havior y(t) varies from few minutes to fewer hours,
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according to the intervention of the emergency re-
sponse.
The choice of the parameters will be done in order
to find these data.

4 Numerical examples

For the numerical simulations, we have transformed
the model in a dimensionless form, that is, popu-
lation numbers correspond to fractions of the total
population. In the following subsection, the func-
tions intervening in the dimensionless model are
specified.

4.1 The functions γ, ϕ, f1, f2, f3

In the case of a sudden catastrophe, as a local
tsunami, modeled by the function γ, we suppose
that the population begins to be rapidly informed
that is to say after 1 minute, and that all the con-
cerned population is informed in the 3 following
minutes, hence, the shape of the function γ in Fig-
ure 2. Clearly, the return to the normality, cor-
responding to the function ϕ, can not be immedi-
ate. We have supposed that it is done after 5 min-
utes from the outbreak and this return is done very
slowly, which leads us to consider the function ϕ as
in Figure 2. As we have said before, the form of the
curves has to be modulated according to the type
of catastrophe event (depending if it is announced
or not).

Figure 2: Functions ϕ and γ

The terms αf1(x(t))y(t) and δf2(x(t))z(t) are the
terms of imitation between x(t) and y(t), and x(t)
and z(t), respectively. We promote the imitation
from x(t) to y(t) in assuming that there must be

at least 55% of reflex behaviors for that controlled
individuals imitate reflex behavior (see Figure 3).

Figure 3: Function f1 and f2

For the imitation term µg(y(t))z, we suppose that
the imitation is essentially in the sense from z(t) to
y(t) (see Figure 4).

Figure 4: Function g

Functions f1, f2, g, ϕ and γ are modelised
through the function

h(s) =





hmin for s < smin

hmax for s > smax

−hmax − hmin

2
cos

(
s− smin

smax − smin
π

)

+
hmin + hmax

2
else

(3)
where [smin, smax] is the support of the function h
and hmin (resp. hmax) is its minimum value (resp.
maximum value).
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4.2 Numerical simulations

Different scenarios were made and correspond to
different values of parameters.

4.2.1 Simulation 1

The first one corresponds to Figure 5. The chosen
values of the parameters permit to find the calibra-
tion data presented at Section 3. The areas between
each curve and the horizontal axis gives the global
percentage of the corresponding population. The
global percentage of reflex behaviors (x(t)) equal to
61,41% is included between 50 and 75% otherwise
the global percentages of panics and controlled be-
haviors respectively equal to 18,42% and 20,17% are
included between 12% and 25%. Furthermore, the
model gives the evolution of these global behaviors
distributions.

Figure 5: Simulation of the model with the param-
eters values: xm = 0.75, Q2m = 1, B1 = 0.04,
B2 = 0.02, s1 = 0.01, s2 = 0.01, C1 = 0.5,
C2 = 0.5, α = δ = µ = 0.01.

4.2.2 Simulation 2

In this section, we are interested in the evolution of
the model when the parameter B2 varies, in partic-
ular, the possibility to evolve from reflex to panic
behaviors. The numerical simulations at Figure 6
shows that for a low value of B2, the density of
population having a reflex behavior remains im-
portant during all the simulation. However, for a
high value of this parameter (Figure 7), the density
of this population decreases to extinguish rapidly.
Furthermore, the densities of panic and controlled
populations grow significantly between Figure 6 and
7.

Figure 6: Simulation of the model with the param-
eters values: xm = 0.75, Q2m = 1, B1 = 0.04,
B2 = 0.002, s1 = 0.01, s2 = 0.01, C1 = 0.5,
C2 = 0.5, α = δ = µ = 0.01.

Figure 7: Simulation of the model with the param-
eters values: xm = 0.75, Q2m = 1, B1 = 0.04,
B2 = 0.2, s1 = 0.01, s2 = 0.01, C1 = 0.5, C2 = 0.5,
α = δ = µ = 0.01.
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4.2.3 Simulation 3

In the following simulations, we force the emergence
of panic and controlled behaviors in acting on the
parameters B1, B2, C1 and C2. Figure 8 shows that
the return from controlled to daily behavior can be
furthered, while Figure 9 induces a high proportion
of panic behaviors and a return more difficult to
normality as remarked by [6].

Figure 8: Simulation of the model with the param-
eters values: xm = 0.75, Q2m = 1, B1 = 0.2,
B2 = 0.04, s1 = 0.01, s2 = 0.01, C1 = 0.5,
C2 = 0.1, α = δ = µ = 0.01.

Figure 9: Simulation of the model with the param-
eters values: xm = 0.75, Q2m = 1, B1 = 0.04,
B2 = 0.2, s1 = 0.01, s2 = 0.01, C1 = 0.1, C2 = 0.5,
α = δ = µ = 0.01.

5 Conclusion

This paper introduces a new step in the modeling
of the crowd dynamics in catastrophic events. In-
deed, it considers three concurrent behaviors and
includes the processes of transition from one be-
havior to the other. Up to now, the main models
consist in modeling the panic which is a fear behav-
ior but it is not always adopted. Furthermore, panic
does not necessarily lasts during all the event and,
on the contrary, the global behavior of the crowd
can change. In this work, two other behaviors have
been integrated in the modeling: the reflex one and
the controlled one. As seen in human sciences, our
simulations show that they can influence the crowd
behavior and a return to normality. The next step
of this work will consist in doing a mathematical
study of this model and integrating it in a diffusion
process.
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[1] D. Provitolo A. Dauphiné. Risques et catastrophes. Ob-
server, spatialiser, comprendre, gérer. Paris : Armand
Colin, 2013.

[2] J. Venel B. Maury. A mathematical framework for a
crowd motion model. C.R. Acad. Sci. Paris, 346:1245–
1250, 2008.

[3] N. Bellomo and C. Dogbé. On the modeling of traf-
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[4] S.T. Boyd. Réactions psychologiques des victimes de
catastrophes. South african Medicine Jal, 60:744–748,
1981.

[5] L. Crocq. La psychologie des catastrophes et les blessés
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Service Regularity Loss in High-Frequency Feeder Bus Lines:
Causes and Self-Driven Remedies

Jorge González ∗, René Doursat †, and Arnaud Banos ‡

Abstract. An agent-based model of a single bus line is de-
signed to assess quality of service in terms of regularity and
occupancy. Agents represent buses moving on a linear network
of stops, where passengers (summarized by counts) get on and
off. Three performance-loss factors are considered: distances
between stops, drivers’ behavior, and influx of users along the
line. We show that service regularity is less impacted by sec-
tion lengths and bus speeds than by demand. Two solutions
are tried: increasing the number of buses through a higher de-
parture frequency, and improving the exchange of passengers
with all-door boarding instead of the usual one-door scheme.
These solutions are self-driven since no central supervision is
required. We defined a measure of regularity based on the
distribution of “headways” (time intervals) betwen buses. Ac-
cording to our model, higher frequencies do not improve reg-
ularity, whereas all-door boarding does for large numbers of
incoming passengers. We describe a case study based on real
data collected from a “feeder” service of the Parisian regional
train network. It is highly unbalanced, as it serves opposite
commuting directions during the morning and evening peaks,
making it an especially interesting example.

Keywords. Public transportation network, bus, reliability,

delay, agent-based modeling, boarding.

1 Introduction

Every transportation system in the world relies on buses
due to their numerous advantages. A bus network does
not need a huge infrastructure investment because it can
use existing streets and roads [4, 7], making it more eco-
nomical than other public transportation systems. It is
resilient, in the sense that if a bus encounters a problem,
other buses can overtake it or be rerouted as needed [1, 6].
At relatively low operating costs, it is also a profitable
enterprise [4, 8]. On the other hand, buses are often per-
ceived by the public as uncomfortable and unreliable be-
cause of highly variable travel and waiting times, which
depend on the traffic conditions over the shared road net-
work [1, 2].
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jorge.gonzalez-suitt@polytechnique.edu

†Complex Systems Institute, Paris Île-de-France (ISC-PIF),
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Nowadays, priority at crossroads and exclusive lanes
are recognized to greatly improve the efficiency of
bus transportation systems, in particular commercial
speed [6, 5]. Yet, even high-standard systems suffer a
loss of regularity as consecutive buses inevitably start
“clumping” together after a while, something that can
be observed in every city around the world. There can be
long empty periods followed by the arrival of two or more
buses at the same time. Not many explanatory models
of this phenomenon have been proposed, most of the re-
search work focusing on the supervision of bus operation,
the fast detection of perturbations, and optimal strategies
to restore service after a disturbance [3].

We explore here two self-regulatory approaches toward
improving the quality of service of a bus line. The first
approach increases supply through the number of buses
and frequency of departure. The second approach facili-
tates demand by implementing all-door boarding instead
of one-door boarding. It allows passengers to board the
bus through any door by installing fare collectors at every
entrance or at every bus stop. Our study is based on the
agent-based modeling and simulation (ABMS) of a single
bus line, applied to real data collected from Nr. 91.06C
(Massy-Palaiseau: Gare RER – Saclay: Christ) in the
greater Paris area. This line is a “feeder” service provid-
ing the main connection between the Plateau de Saclay,
an academic and industrial hub, and the regional sub-
urban train network (RER). During the morning and
evening rush hours, it has a high frequency of one bus
every five minutes, as the great majority of commuters
work at the facilities located in Saclay. This particularity
is also the reason for a highly asymmetrical schedule, with
a morning peak in the outbound direction, and an evening
peak heading inbound. Moreover, as the region is also ex-
periencing a recent development boom, customer demand
has increased rapidly in the last few years and this growth
is expected to continue. For all these reasons, this case
study is an interesting object of application, both from a
scientific and a practical perspective.

2 Methodology

We propose an agent-based model whose main agents are
the buses running on one line. Individual passengers are
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not differentiated, but grouped by destination. To build
the network, bus stops are connected by edges, called
“sections”, forming a 1D pathway from one terminal to
the other. Bus stops and sections are also considered
agents with attributes and indexed accordingly. On each
section, between two consecutive stops, a bus moves at its
own constant speed. We assume that a bus driver has a
preferred speed and each section has both a recommended
and a maximum speed. The preferred speed of a bus is the
speed that its driver tends to. The recommended speed
of a section is the speed that buses tend to over that
section, and may reflect geographical constraints, traffic
flow, or some degree of central regulation. These origins
are not taken into account, however, only the effect of
this quantity is factored in by assigning it equally to all
buses. In sum, the actual speed of a bus depends on the
recommended and maximum speeds of a section and the
preferred speed of the driver. When a bus arrives at a
station, it stops if passengers want to board or exit the
bus, and stays there as long as needed. Then, it moves
over to the next section and so on, until the last stop.

2.1 Model

The parameters of the model are the following: there are
M sections and M + 1 bus stops. The path-like graph
representing the bus line is denoted by G = (V, A), where
V is the set of bus stops and A the set of sections. The
elements of V are indexed by i = 0, 1, . . . , M , correspond-
ing to their position along the line, with the first stop at
i = 0 and the last stop at i = M . Let da be the length of
section a ∈ A, and vrec

a and vmax
a the recommended and

maximum speeds on this section. The first two values are
uniformly drawn in intervals [d−, d+] and [vrec

− , vrec
+ ], re-

spectively. We denote by pi,j the rate of passenger influx
going from origin i to destination j, with (i, j) ∈ V 2, by
P i =

∑
j∈V pi,j the total influx rate at stop i, and by

P =
∑

i∈V P i the global influx rate. The p’s are drawn
from a power-law distribution in [P−, P+] with exponent
α. Let Di,j be the fraction of influx at stop i heading for
j, so that 0 ≤ Di,j ≤ 1 and

∑
j Di,j = 1. Another index,

b ∈ B = {1, 2, . . . , N} denotes the b-th bus to leave from
stop 0: its departure time is Tb, and its capacity Cb. The
scheduled headway between consecutive buses is H0, and
its standard deviation σH . The preferred speed of bus
driver is denoted by vpref

b , and is drawn from a normal
distribution of mean µpref

v and width σpref
v . Finally, ∆t

represents the time-step of our discrete model.

Next, we introduce the variables of the dynamics (omit-
ting the time-dependency notation “...(t)” for greater
readability). Let ri,j be the actual number of passen-
gers waiting at stop i who want to go to j, oj

b the number
of passengers on bus b whose destination is also j, and
ob =

∑
j∈V oj

b the current occupancy of the bus. Addi-
tionally, vcom

b denotes the commercial speed, and vb the
actual speed of bus b. Finally, ti(b) represents the arrival
time of bus b at stop i.

∆x = vb∆t

t← t +∆t

(a) Bus b ∈ B going ahead.

o
j
b

i

b t = τ
(
tin(f ), tout(g)

)

f =
∑

j∈V

ri,j

pi,j

g = oi
b

ri,j

(b) Bus b ∈ B is stopped at j ∈ V .

Figure 1: Schematic representation of the agent rules.

2.2 Initialization

Given M , we build the graph G = (V, A) of our model as
follows. Each bus stop i ∈ V is assigned a total passenger
influx rate P i ∼ PL(α, P−, P+), which is a power-law
distribution PL(p) ∼ p−α restricted to [P−, P+], and per-
destination influx rates pi,j = P iDi,j for all j > i. When
using real data, we may set one or more of these values
to actual measurements. Each bus b ∈ B leaves stop
0 according to a randomly perturbed timetable with a
departure at Tb ∼ N (bH0, σ

2
H), where N (µ, σ2) is the

normal distribution of mean µ and variance σ2, and is

also given a preferred speed vpref
b ∼ N (µpref

v , σpref
v

2
) and

capacity Cb. There are no users at the beginning of the
simulation: ri,j = 0 and oj

b = 0 for all i, j ∈ V, b ∈ B.

2.3 Microscopic rules

At each time step, variables are updated according to the
following rules (Fig. 1):

1. “Waiting” rule: passengers come to bus stops at con-
stant rates that depend on their itinerary, thus we
write: ri,j ← P(pi,j∆t) + ri,j for all j > i, where
P(λ) is the Poisson law of mean λ.

2. “Exiting” rule: when bus b arrives at stop i, the oi
b

passengers inside who wanted this destination exit
the bus, therefore: oi

b ← 0.

3. “Boarding” rule: at this point, we use the following
temporary variables: f =

∑
j∈V ri,j for the number

of passengers waiting at stop i, g = oi
b for the pas-

sengers who just left the bus, c = Cb− ob + g for the
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remaining capacity on the bus, and n for the passen-
gers who are boarding the bus. Two cases arise:

• “Undercapacity boarding” rule: if f ≤ c, then
all n = f passengers are able to take the bus,
hence: oj

b ← oj
b + ri,j , and ri,j ← 0 for all j > i

(Fig. 1b).

• “Overcapacity boarding” rule: if f > c,
only n = c passengers can take the bus and
n′ = f − c must stay out. In this case, we draw
an n-combination of destinations from the set of
f passengers: let si,j , with 0 ≤ si,j ≤ ri,j and∑

j∈V si,j = n, denote the number of passengers
with destination j who boarded the bus. Then
we apply: oj

b ← oj
b + si,j and ri,j ← ri,j − si,j

for all j > i. Finally: ob ← Cb.

4. “Stopping” rule: bus b stays at stop i for a dura-
tion τ(tin(f), tout(g)), where τ(t, t′) can represent ei-
ther a maximum, if the entrance and exit doors are
separated: τ = t0 + max{tin(f), tout(g)}, or a sum,
if inward and outward passenger flows are mixed:
τ = t0+tin(f)+tout(g). In both cases there is a fixed
stopping overhead t0, including the time to open the
doors. The arguments, tin and tout represent the time
taken by passengers who are boarding and exiting
the bus, respectively. Generally, they are nonneg-
ative logistic functions but we adopt here a simple
linear scheme: tin(f) = ρinf and tout(g) = ρoutg,
where the ρ’s are time-per-person rates.

5. “Lingering” rule: when bus b is about to leave stop
i after a time t, and if it is still under capacity, the
simulation verifies if other passengers have arrived in
the meantime: if f =

∑
j∈V ri,j > 0 at this instant,

then the bus stays longer to allow the additional pas-
sengers to board, otherwise it leaves. This process
may occur several times as long as new passengers
are showing up. However, if the boarding rate is less
than the average time between two incoming pas-
sengers, ρin < 1/P i, the likelihood of repeating this
process decreases with successive iterations.

6. “Moving” rule: when bus b leaves a stop, its speed
is set to vb = (vrec

a + vpref
b )/2 on the whole section

a ∈ A that lies ahead. From there, at each iteration,
if ∆x = vb∆t is greater than the remaining distance
to the next stop, the bus arrives at that stop; other-
wise, its location is simply increased by ∆x (Fig. 1a).

2.4 Output values

Let Bi denote the set of buses l = 1, . . . , |B| sorted by
increasing arrival time ti(b) at stop i. For all bi

l ∈ Bi with
l < |B|, we have by construction: ti(bi

l) ≤ ti(bi
l+1), there-

fore we can calculate the headways between buses ob-
served at stop i as follows: hi(bi

l) = ti(bi
l+1)− ti(bi

l). This
allows us to define a bus group K = {k, k+1, . . . , k′} for a

given time threshold θ > 0 such that, for all l ∈ K \ {k′},
we get hi(bi

l) ≤ θ, but hi(bi
k−1) > θ and hi(bi

k′) > θ.
At every time step, the following quantities are mea-

sured: occupancies ob, headways hi(b), bus group sizes
|K| and commercial speeds vcom

b . The latter are the ratio
of the total length of the line to the total time spent
by each bus on this line. We also define the average
headway at stop i: µi

h = 〈hi(b)〉b∈B , its standard de-

viation σi
h =

√
〈hi(b)

2〉b∈B − (µi
h)2, and its maximum

hi
+ = maxb∈B(hi(b)).

3 Main Results

Several parameters have been introduced in Section 2.1.
In order to analyze their impact on the dynamics and the
outcome of the model, we conduct different tests in which
only one of them is modified at a time. With the goal of
applying this methodology to practical situations, we use
real data from the bus line 91.06C described above. Most
of the parameters can be set or estimated on the basis of
the available data. Since this line is mainly used by com-
muters coming from the RER train system in the morning
and returning there in the evening, buses generally start
full and empty themselves in the morning, whereas they
start empty and fill up in the evening. This important
asymmetry, typical of feeder lines, is taken into account
in our work. We choose two datasets to test our hypothe-
ses: one covering the morning rush hour in the direction
RER → Saclay, the other covering the evening rush hour
in the opposite direction, Saclay → RER. These datasets
provide the values used in the tests of Section 3.1, exclud-
ing a different parameter every time, which is arbitrarily
varied to assess its effect on the system.

The physical properties of the line, its size M and sec-
tion lengths {da}a∈A, are known. The normal distribu-
tion of preferred speeds is estimated at µpref

v = 50km/h
and σpref

v = 2km/h, which is a reasonable assumption
since the line in part uses bus-only lanes and has prior-
ity at crossroads. User influx profiles originate from the
data and, as expected, are widely different in the morn-
ing and evening. Buses are articulated three-door with a
capacity of C = 120. The planned headway is H0 = 5mn,
and departure times are not randomly perturbed in these
simulations, i.e. σH = 0. The uniform distribution in-
terval of recommended speeds is given by vrec

− = 40km/h
and vrec

+ = 60km/h. The boarding and exiting rates are
ρin = 3s/passenger and ρout = 1s/passenger, and we use
the maximum-function variant of τ with a fixed stopping
overhead of t0 = 5s. This reflects the fact that boarding
takes on average three times longer than exiting, as it
is allowed only through one door, where passengers need
to pay, whereas there are two other doors for immediate
exit. The time step ∆t is set to 1s and every run lasts
14,400 iterations, i.e. 4 hours, which is enough to cover
each of the two rush periods between 7-10am and 4-7pm.
Each test consists of 100 runs for statistical purposes.
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(a) Test 1: section length. (b) Test 2: preferred speed. (c) Test 3: passenger influx.

Figure 2: Assessing amplitude effects: (a) Section lengths and (b) speed levels have little effect on headways, while
(c) higher demand can lead to greater disturbance in the evening. See Section 3.1.1 for details.

3.1 Assessing disturbance factors

In a first step, we want to explore parameter space to find
out how different factors may either encourage or control
disturbances in the planned schedule. In a next part, we
will propose preventive measures to alleviate these fluc-
tuations. The quantities of interest are:

• the uniform distribution of section lengths d, param-
eterized by d− and d+

• the normal distribution of preferred speeds vpref
b , pa-

rameterized by µpref
v and σpref

v

• the power-law distribution of incoming users P i, pa-
rameterized by P−, P+ and α, and normalized by
P .

Six tests were performed: three to study amplitude effects
and three for heterogeneity effects. Each test consists in
varying only one of the parameters and running the model
100 times for each value to obtain a more reliable aver-
age for the output and reduce stochastic bias. In 3.1.1,
we focus on the effect of amplitude, thus we set lengths,
speeds, and influx rates to the same values for all agents.
In 3.1.2, we focus on the effect of heterogeneity, thus we
set the mean of each distribution and try out different
standard deviations. In both cases, the mean and the
standard deviation of all outputs are calculated.

3.1.1 Assessing amplitude effects

In the first batch of three tests, the effect of input ampli-
tude is assessed by giving homogeneous values to all the
parameters:

• Test 1: section lengths are all equal to d = d− = d+,
which can be 500, 1000, 1500, or 2000m

• Test 2: preferred speeds are all equal to µpref
v , which

can be 40, 45, 50, 55, or 60km/h, while σpref
v = 0

• Test 3: passenger influx profiles are given by the data
(users were polled about their planned itineraries,
recorded in Di,j), then renormalized by dividing by
their sum and multiplying by total rate P , which can
be 2, 4, 6, 8, 10, 12, 14, or 16 p/mn.

Among the output values described in Section 2.4, the
results obtained for the headway standard deviation at
the last bus stop, σM

h , are plotted in Fig. 2. Note that
stops are renumbered according to direction, therefore
the morning’s last stop is the evening’s first stop, and
vice-versa. Headway standard deviation provides the best
benchmark quantity, as it is not directly impacted by the
varied inputs—in contrast to commercial speed, for ex-
ample, which depends directly on preferred speed.

Headways are most disturbed by higher passen-
ger demand In Figs. 2a, 2b (lengths and speeds), we
observe that regularity is always better in the morning
than the evening. However, comparing to Fig. 2c (pas-
senger influx), the effect of increasing lengths and speeds
on headways appears much weaker than the effect of in-
creasing demand in the evening. Headway standard de-
viation increases quickly with demand along the evening
profile of passenger influx. This stands in contrast to the
morning profile, where this effect is much less pronounced.
This stark discrepancy can be explained by the fact that
the timetable is assumed to be respected at the departure
point in the model, hence a higher demand in the morning
should not affect it very much. But whereas passengers
take a little time to exit buses, the time needed to board
was estimated to be three times as high. Therefore, it is
only natural that evening buses, which gradually fill up,
experience more delays than morning buses, which are
generally full at once. In conclusion, depending on the
time of the day, increasing demand can have the strongest
effect on regularity, essentially correlated with the time
that buses spend at stops.
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(a) Test 4: section length interval. (b) Test 5: preferred speed deviation. (c) Test 6: passenger influx exponent.

Figure 3: Assessing heterogeneity effects: (a) Heterogeneity in section lengths does not disturb planning. (b) Hetero-
geneity in preferred speeds can disturb planning, but not in a realistic range (which should remain below ±4km/h).
(c) Heterogeneity in demand along stops is a clear cause of planning disturbance. See Section 3.1.2 for details.

3.1.2 Assessing heterogeneity effects

In the second batch of three tests, the effect of hetero-
geneity on the quality of service is studied by varying the
standard deviation of the parameters’ distribution laws
under constant mean:

• Test 4: distance dispersion [d−, d+] is set to three
ranges, [1000, 1000], [750, 1250], and [500, 1500],
keeping the mean at (d− + d+)/2 = 1000m

• Test 5: preferred speed dispersion σpref
v is set to 0, 1,

2, 3, 4, and 5km/h, while µpref
v = 50km/h

• Test 6: passenger influx is increasingly diversified
by setting α to 0, 0.5, 1, 1.5, and [P−, P+] to [1, 1],
[0.1, 2.5], [0.01, 8], and [0.001, 20], respectively, then
in each case renormalizing the P i’s by P = 8p/mn
and multiplying them by the Di,j ’s from the data.

As in the previous assessment, only the final headway
standard deviation is examined (Fig. 3). Our observations
follow.

Heterogeneity in section lengths does not disturb
planning Fig. 3a shows that there is pratically no dif-
ference in the headway distribution when section lengths
are diversified. Altogether, combined with Fig. 2a, we can
conclude that section lengths do not have any significant
effect on headways.

Heterogeneity in preferred speeds can disturb
planning, but not in a realistic range It can be seen
in Fig. 3b that a higher dispersion among the preferred
speeds of bus drivers is a clear factor of variability in
headways, as one could expect. Compared to the default
levels of Fig. 3a, however, this effect becomes noticeable
only for σpref

v ≥ 4km/h, which is unlikely to be the case
in practice.

Heterogeneity in demand along stops is a clear
cause of planning disturbance In Fig. 3c, an in-
crease of the exponent α in the power-law distribution
of passenger influx rates also creates more variable head-
ways. Therefore, we conclude that more heterogeneity in
passenger influx rates leads to less regularity.

3.2 Assessing preventive measures

In this section, we use our model to test self-driven mea-
sures, i.e. without the need for online central intervention,
that may improve the quality of service on line 91.06C. We
consider two main possibilities: increasing the frequency
of bus departure on the line, and implementing all-door
boarding in buses. The former is easily achieved in our
model by reducing the value of parameter H0. The lat-
ter can be simulated through a drop in boarding time ρin

down to 1.5s/p, i.e. half the level of the current one-door
boarding scheme. Theoretically, it should be one third,
since the articulated buses have three doors. Therefore,
1.5s/p is a reasonable upper bound of the actual time per
passenger. We look again at the effect on the final head-
way distribution via its standard deviation σM

h . We also
consider here its maximum hM

+ , i.e. the maximum time
interval without passing buses.

Increasing the departure frequency reduces the
maximum headway but not the dispersion Fig. 4a
shows that smaller H0 values provoke a sharp decrease in
maximum headway, but hardly modify headway variabil-
ity. It means that this measure would not be effective: de-
spite adding more buses to the line, the target frequency
could still be missed. Moreover, supply was increased uni-
laterally in this virtual test, whereas in real life, economic
considerations would condition it by an increase in user
demand—which could eventually worsen the situation.
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(a) Varying time intervals at departure. (b) All-door vs. one-door boarding.

Figure 4: Comparing an increase in the frequency of the line to the implementation of all-door boarding as palliative
measures against loss of regularity.

All-door boarding can improve service during the
evening peak In Fig. 4b we see that the effect on head-
way dispersion is significant in the evening, but inex-
istant in the morning. Implementing all-door boarding
also slightly increases the average speed of buses in the
evening. Therefore, this measure seems an effective way of
combatting irregularity in the case where there are many
boarding passengers. These results suggest that opening
all doors can alleviate the inherent loss of performance
due to boarding, and restore some balance.

4 Discussion

We have proposed an agent-based model and simulation
of bus transportation, focusing on the regularity of tran-
sit and avoidance of “clumping” as an essential criterion
of quality of service. We studied the influence of vari-
ous factors on this quantity, including distances between
stops, preferred speeds of drivers, and planned frequency
of bus departures. Based on real data, our statistical re-
sults indicate that user demand, represented by the influx
of passengers at the bus stops, was the parameter with
the most significant effect on the variability of time in-
tervals, or “headways”, between vehicles at the final stop
on the line. By contrast, section lengths or driving styles
showed little to no impact on regularity.

Similar to ongoing research in this domain [6], we ap-
plied this model to a simulation of real-world behavior
and the evaluation of self-regulation measures, in the
sense that no central supervision or control were needed in
real time. We identified all-door boarding to be the most
helpful in minimizing the loss of regularity. The great
advantage of this measure is its low-cost implementation,
as it only involves installing fare-collector equipment at
the bus doors and/or bus stops. One drawback, however,
could be an increase in “free riders”, as the absence of

direct control might give users an incentive to bend the
rules. A cost-benefit analysis would need to be conducted
to assess the weight of this potential issue. On the other
hand, increasing the frequency of departure at the start
of the line does not appear to be effective. It is also not
economically feasible as it would need to be justified by
an overall increase in demand volume, therefore probably
cancelling any advantage it might bring.

The available data from line 91.06C allowed us to set
most of the parameters of our model to realistic values.
The hypotheses we made about speed levels are in accor-
dance with the features of this particular line. Bus 91.06C
partially runs on bus-only lanes, specially constructed for
that purpose, and wherever it shares the road with other
vehicles, traffic is never heavy in the directions and times
of day that we considered here, therefore it could be ne-
glected. It also seemed a reasonable assumption to model
driving styles by a normal distribution, as it is a charac-
teristic law of human behavioral diversity. In that case,
we observed that the average preferred speed had no ef-
fect on regularity, while the width of its dispersion was
only moderately influential. We also assumed that pas-
sengers flowed in at independent times, so they could be
modeled via a Poisson process. Although it was verified
by the data on this line, it may not always be a faithful
representation of other types of discrete events, in partic-
ular the sudden and simultaneous appearance of dozens
of users from the same location (such as an office building
at closing time). Finally, other possible external factors
were not taken into account in this model and should
be the focus of future work: for example, more realistic
interference from concurrent traffic on the roads and at
intersections, through a bias applied on the average sec-
tion speeds, or by using a secondary agent-based model
to simulate the cars.
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INTERMITTENCY, MULTIFRACTAL VECTOR FIELDS, LIE
CASCADES AND STOCHASTIC CLIFFORD ALGEBRA

D. Schertzer, I. Tchiguirinskaia

Abstract.

We show in this paper that stochastic Cli↵ord algebra defines a

convenient framework to generate multifractal vector fields. They

in fact define a generic case of Lie cascades. .

1 Intermittency and cascades

Intermittency is a key issue in statistical physics. A ma-
jor breakthrough occurred with multifractals in the 1980s:
intermittency became understood as resulting from an
infinite hierarchy of fractal supports of the field singu-
larities. However this was mostly done for scalar fields,
whereas the fields of interest, e.g. the velocity for turbu-
lence, are generally vector fields. This gap has prevented
many developments.

Some time ago, “Lie cascades” were introduced [2], [4]
to deal with multifractal vector fields. This was done by
first considering a scalar multiplicative cascade as a non
trivial limit for a vanishing inner scale of the exponentia-
tion of a generator, defined as an additive stochastic pro-
cess with a logarithmic divergence with the inner scale.
Although non trivial, this limit is by noway limited to
scalar processes.

2 Lie cascades and Cli↵ord alge-
bra

Indeed, the exponentiation of an additive stochastic pro-
cess is only the simplest case of an exponentiation from
a stochastic element of a Lie algebra to its Lie group
of transformations. The concerned transformation cor-
responds to the fine graining/downscaling of the field to
higher and higher resolution [3].

However, the theoretical e↵orts were mostly concen-
trated on the Levi decomposition of this algebra into its
radical and a semi-simple algebra. Developments were
again paused, this time due to the possible large num-
ber of degrees of freedom of the latter, in particular with
respect to the information that can be easily extracted
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versity Paris-Est, Ecole des Ponts ParisTech, France. E-mails:
Daniel.Schertzer@enpc.fr, Ioulia.Tchiguirinskaia@enpc.fr

†Manuscript received April 17, 2014; revised April 17, 2014.

Figure 1: Snapshot of a multifractal simulation of a 3D+1
intermittent vector field.

from a d-dimensional vector field. In short, some physics
was missing.

Although Cli↵ord algebra Clp,q have been mentioned at
once for rather straightforward generalisations of complex
cascades, they were no more than mentioned for a while.
This has been in sharp contrast with the rather frequent
use of the “pseudo-quaternions” l(2, R) = Cl2,0 = Cl1,1,
back to [1], to generate generalised scales to analyse and
simulate anistropic scaling (scalar) fields. This was not
done by chance: Clp,q has a basis whose vectors anti-
commute and square to the identity or its opposite, and
is generated by a quadratic form Q of signature (p, q).
These properties being physically meaningful are conve-
nient to understand, analyse and simulate intermittent
vector fields. The applications of the corresponding Lie
cascades will be illustrated with the help of simulations
of geophysical processes (see Fig.1). We will discuss in
particular the case of fractional vorticity equations that
generate a 23/9-dimensional turbulence that broadly gen-
eralize the so-called quasi-geostrophic turbulence [5].
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comparison with physical systems the maximal order is 
related to an uniform density whereas disorder and panic 
arise when the density becomes heterogeneous.  
 

Physic Energy 
Temperature (homogenous for 
thermodynamical equilibrium 
when disorder is maximal)  

Traffic Vehicles 
Occupation rate (homogenous 
for traffic equilibrium when 
order is maximal) 

Crowd Individuals 

Speed flow density (homoge-
nous for normal situations and 
heterogeneous when panic oc-
curs) 
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Abstract.  Starting from two examples of great free outdoor 
events (“Armada de Rouen” and “Braderie de Lille”), we 
aimed to capture the trends of change of urban life from  mo-
bile phone data, leading to test the hypothesis that 
self-organization phenomena are likely to emerge in the 
movements of the crowd within the different parts of a city. To 
tackle the issue of uncertainty and randomness, we conducted 
three types of calculations: formulation of indices, probabilis-
tic calculations using chains of Markov, and simulation plat-
form. Despite the various numbers of individual behaviors 
during the events, some unusual mobile phone uses can be 
selected, but they do not allow deducting an understanding of 
changes in the overall city life. The results of this experiment 
lead to the question in Geography of transition and feedbacks 
between the individual and the collective level. 
 
Keywords.  Mobile phone network, events, urban rhythms, 
emerging phenomena. 

1 Introduction 
This spatio-temporal analysis attempts to approach 

the phenomena of emergence in temporary urban situa-
tions such as those encountered in the context of major 
cultural and sporting events. These events are identifia-
ble in time that fall within a specific urban space by in-
troducing the existence of discontinuity in a time con-
tinuum of the city and variability in the intra- urban spa-
tial attractiveness. Are questioned bothly the way we 
identify the traces of an event in a set of data, and the 
threshold ( s ) of  space  or time ( s ) from which emerg-
ing phenomena arise. In the specific case of two exam-
ples of great free outdoor events (“Armada de Rouen” 
and “Braderie de Lille”), it seeks to capture the trends of 
change of urban life from data that can provide a spa-
tio-temporal sequencing rhythm, studying the phenom-
ena of emergence from the behavior of mobile phones 
users. These behaviors are deployed in an urban envi-
ronment with mobility constraints and availability, but 
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including, at the time of events, a more or less strong 
accentuation of uncertainty on the move. The hypothesis 
that self-organization phenomena are likely to emerge in 
the movements of the crowd within the different parts of 
a city is one of our ways of working. 

2  A global emerging model: cellphone 
calls punctuate urban rhythms 

Starting from the sociological fact that the mobile phone 
has become a technological tool widely distributed in 
the population, it is assumed here that its use comes 
quite naturally in the professional and private lives of 
the inhabitants, thus reproducing relatively faithfully the 
rhythms of urban life [1], [6]. The outcome is that we 
can consider information from the mobile phone as a 
real descriptor of urban life. 

In the case of events “Armada de Rouen” and 
“Braderie de Lille” data made from the past through the 
Orange operator calls appear from one day to the next, 
with a large effect number, a beautiful pattern in the 
daily rhythm of cell phone calls. Although potentially 
subject to strong variations, the number of calls of resi-
dents, who work on-site or passers remains relatively 
stable at the same days and times. Thus dealing with the 
day to day of neighborhood life those volumes are fairly 
predictable phenomenon if no new event changes the 
calendar. However, this overall order is upset by urban 
events including the ephemeral nature may, in some 
cases, change the functions or the perception of neigh-
borhoods. 
Questioned in terms of emergence, synthesis produced 
by the records of all Orange relay aerial detecting the 
call can be highly variable if other units of time were 
retained? Then secondary events appear in the main 
event: showers and thunderstorms, free rock concerts in 
evening for the Armada, fireworks, jogging, parade crew 
... And by expanding the question, at what time interval 
the features of standardized daily rhythms of activity 
gives way to a stochastic configuration? 

3 Complex systems and collective be-
havior revealing the complexity of 
urban space 
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In the context of an unusual event as those involving  
big crowds, the uncertainty comes from the linking of 
data taking into account the time of day, depending on 
the area of the town, according to the status of the user  
(resident or visitor / tourist), according to the intensity of 
the use of mobile phones and mobility in urban space. 
We aim to demonstrate two combos of ideas. Initially 
the idea of M. Batty [2] that “Behavior is not simply a 
product of intentions. It is as much a product of uncer-
tainty” is related to the multiplicity of individual atti-
tudes, from the routine to the strategic ones. However, 
although agreeing that collective behavior generally 
does not adhere to everyday rules, some investigators 
emphasize the emergence of rules and patterns within 
the collectivity that are related to the group. Participants 
in collective behavior behave alike, not because of an 
established rule or of the force of authority, and not be-
cause as individuals they have the same attitudes, but 
because of a distinctive group process. They have some 
main behaviors, because of a distinctive group process. 
The issue is to detect these group processes. 

 

4 Detecting group processes 
To solve this dilemma, we conducted three types of cal-
culations: formulation of indices, probabilistic calcula-
tions using chains of Markov, and simulation platform. 

4.1 Formulation of indices 
 
We calculated indices that measure the concentration of 
several categories of users of mobile, organized accord-
ing to their nationality, the intensity of their phone use, 
and according to their degree of mobility in the city. 
These indices (all built by the same method) measures 
the ratio between the share of this category in a given 
location (eg the French in the city center) and in a given 
time with respect to all of this category throughout the 
city, first ratio is then compared to the weight of this 
place in the total registrations for the entire city. These 
indices therefore reflect both the weight of each catego-
ry of users, but they also take into account the weight of 
each place in a given category. 
Indices are well aware of the phenomena of over-or un-
der-spatial concentration by hours and in different loca-
tions [3]. The contrast is striking between the un-
der-representation of metropolitan on the docks, in 
comparison with the number of subscribers in the city 
and the other over-representation of foreign clients on 
the docks and in the city center. Thus draw between 
urban practices ubiquity of the inhabitants of the urban 
area tropism docks and town center for foreign visitors. 
 

4.2 Probabilistic calculations using Markov 
chains 

 
We performed calculations using Markov chains [7], 
that is to say the probability of occurrence of a particular 
category, under this schedule, according to that part of 
the urban space. Beyond the variability of urban occupa-
tion one day to another, our interest is focused on the 
issue of displacement of the intensity of urban activity 
by hours. From the perspective of urban space, if we 
change our look from the level of spatial information of 
the entity “whole city” to an entity consists of one of the 
neighborhoods, we observed that the rhythm changes, 
and this new rhythm is not a reduced representation of 
the main figure. 
About the “Armada de Rouen”, the results allow for 
their simplicity to make some simple observations and 
propose a line of work. They suggest the idea of certain 
constancy in the amount of people that are on the docks 
beyond an hour, as it is during the first hour of attend-
ance that the decrease is the strongest. The same applies 
to those who leave the docks to the city center, the flow 
does not occur in the same way as time slots observed. 
Putting themselves in the perspective of Markov, we can 
calculate an average probability of duration of stay or 
exit from the dock area (for some days and all days of 
the event). It would obviously be interesting from there 
to find deviations from the mean probability in order to 
highlight situations of “abnormality” which appear ac-
cording to certain time steps. 
Which areas will stand out from the general pattern if 
these general time frames are crossed with cutting ag-
glomeration in multiple areas? From thence we deduce 
the question of the possible specificity of the area where 
the events take place. The data provided by the mobile 
phone could they identify a specific urban 
rhythm-driven event of mass phenomena stations in a 
zone and inter-zone transfers? 
 

4.3 Platform of simulation for urban events 
 
We are elaborating a simulation platform available to 
highlight the appearance of stochastic disturbances by 
urban events. Do mobile phone user practices present in 
Rouen during the Armada allow identifying specific 
patterns of behavior in the public space? It appears from 
the records of telephone events as the direct link be-
tween the general phenomena and individual behavior 
keeps a light opacity. Indeed it appears that the moments 
and the degree of variation of telephone activity taking 
any rhythmic regularity, if not to say that non-European 
persons rather communicate during the night (or festive 
practices jetlag?). Whatever the angle of vision adopted, 
even if the overall level has a retroactive impact on in-
dividual behavior, it appears that the observation of in-
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dividual mechanisms of the system (ie here the behavior 
of groups of users of mobile telephony) allows not de-
duct an understanding of its overall behavior. 
  
The results of this experiment in Geography ask the 
question of transition and feedbacks between the indi-
vidual and the collective level. More generally, the 
rhythms of the city, the variable intensity of urban life, 
and more generally the spatio-temporal approach uses 
the city, are a challenge for urban studies [5], [6]. We 
propose to break with a static approach to urban space, 
from data that come as close as pulsations of the city. 
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LEVERAGING SUCCESS FACTORS OF SOFTWARE PROJECTS:
SCRUM IS A COMPLEX SYSTEM

Pierre Parrend, Pierre Collet ∗†‡

Abstract. Agility for IT project management, especially the

SCRUM framework, lays on a systemic approach to management.

We strongly believe that a thorough understanding of complex sys-

tem concepts behind SCRUM will highlight success factors, thereby

empowering practitioners with a comprehensive framework for lead-

ing their projects to full achievement. We depict how SCRUM em-

bodies a cognitive loop typical of complex systems, and how the

framework complies with the properties of complex systems: non-

reversibility; the 3 rules of preservation, evolution, control; multi-

scale. Two empirical experiments underline the correlation between

these properties and the actual efficiency of project management.

One bases on a series of software development projects, which are

analyzed a posteriori; the second one bases on a controlled exper-

iment implying 8 parallel student groups working on the same de-

velopment project.

Keywords. Information and communication technologies; soft-

ware project organisation; agility; SCRUM; success factor; empiri-

cal studies.
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DETECTING THE SOURCE OF CHAOS IN AN INTERACTION
NETWORK

Haifa Rabai, Rodolphe Charrier and Cyrille Bertelle ∗

Abstract.

We study the spread of chaos generated by one node in an in-

teraction network modeled by a Coupled Map Network (CMN).

This graph is formed by nodes characterized by a measurable state

variable that may exhibit chaotic time series. The interaction is

modeled by a coupling process that may propagate the node states

in the network.

We aim to study how to identify how to detect the set of nodes

becoming disturbed by the spread of chaos in the graph as well as

the node which is the source of this propagation.

In this paper, we propose to use some measures to quantify the

dynamic complexity of the nodes in order to identify the group of

chaotic nodes and to detect the chaotic influence of the source of

the spread of chaos in the graph. We show by some simulations on

random graphs that the Shannon entropy computed on the close

returns plots enables to detect chaotic series from a node. The ex-

tension of close returns plots to joint recurrence plots enables to

identify the source chaos in the graph.

Keywords. Interaction network, Coupled Map Networks, Close

returns plots, Chaos, Shannon entropy.

1 Introduction

Coupled Map Network[7] is a dynamic system composed
of many interacting nonlinear elements coupled in a
way that leads them to share information about each
other’s state. This coupling process can propagate the
node states in the network leading to a synchronization
phenomenon which is defined as a correlation among
time series.
Our research work is part of this context. We are
interested in studying the spread of one chaotic state
in an interaction network whose structure is unknown.
Each node of this interaction network has a dynamic
measurable state variable that may exhibit potentially
chaotic time series. The arcs of this graph define the
interaction between nodes that is modeled by coupling
in the Coupled Map Network.
We assume that at a given time t, one node can have
a chaotic internal state that can spread in the network

∗Haifa Rabai,Rodolphe Charrier and Cyrille Bertelle are with
Department of Computer Sciences, Universit du Havre, France. E-
mails: haifa.rabai@univ-lehavre.fr, rodolphe.charrier.rabai@univ-
lehavre.fr, cyrille.bertelle@univ-lehavre.fr

through interaction leading to disturbing the behavior of
other nodes that may become chaotic in their turn.
We aim to detect the set of nodes impacted by the spread
of chaos and to identify the node which is the source of
the disturbance in the interaction network.
We propose then to use respectively the Shannon entropy
and the mean conditional probabilities of recurrence
proposed by Kurths et al. [6] to quantify the dynamic
complexity of the nodes and to identify the origin of the
spread of chaos in the graph.

The paper is organized as follows. First, we give the
model for our Coupled Map Network. After that, we
present the Shannon entropy computed on the close re-
turns plots and we give an overview of the mean condi-
tional probabilities of recurrence computed on the joint
recurrence plots. The last section presents our simula-
tions and the results obtained for each measure. Finally,
we summarize the main ideas presented in this paper and
present some perspectives.

2 Coupled Map networks

Coupled Map Network (CMN) [1] is a dynamic system
with a discrete time step and continuous states space.
The dynamic nodes of the model are distributed in space
and interact with each other by coupling. As a result
of interacting dynamic elements, we can observe in the
CMN an interesting synchronized behavior [3].
To obtain a chaotic state variable, we use the logistic map
[4]. This nonlinear application enables to define the state
variable of the nodes thanks to its control parameter and
to couple many state variables.
A node’s state x generated by this nonlinear application
is given by:

xt+1 = f(xt, a) = 4 a xt(1− xt) (1)

where a is the control parameter of this application and
t is the time step. When a is equal to 1, we have a
”chaotic state”. On the other hand, when this parameter
is inferior to about 0.89, we only have periodic or fixed
point behaviors. The dynamics for the nodes are given
by the following global equation:

Xt+1 = ((1− ε)I + εCG)F (Xt) (2)
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where X is the vector of dynamical variables of all nodes, ε
is the coupling parameter, it also may be a matrix if each
node has its own interaction strength. I is the identity
matrix, F (X) = [f(xt1), f(xt2), ..., f(xtn)]T the nonlinear
function applied to each node state and G the adjacency
matrix with elements taking value 1 if node Xl interacts
with node Xk and 0 otherwise. C is a diagonal matrix
that represents the coupling between one node and the
other nodes.
In the following, we present the measures selected to iden-
tify the chaotic nodes and the source of the spread of
chaos.

3 Detecting chaotic nodes

In order to characterize the dynamical properties of the
nodes time series, we propose to use the Shannon entropy
computed on the close returns plots [2].
Close returns plot is an array matrix N ×N that is build
as follows. Let xk be the time series of a given node Xk

and N is the number of samples needed to build the close
returns plots.
The principle consists in comparing this time series at
each time step i to itself with a delay j. It is noted that
for the sake of clarity, the time step will be denoted i to
fit the matrix notation below.

RXk
(i, j) = θ(

∥∥∥xik − xi+j
k

∥∥∥− δk) (3)

where θ(xi) is the Heaviside function.
If the difference is less than a certain threshold δk, they
are considered as recurrent and represented by 1 in the
matrix. Otherwise, they are said to be non-recurrent and
0 is placed at (i,j). It is given by:

S = −
H∑

n=1

Pnlog(Pn) (4)

where Pn is the probability to observe non-recurrent
segments in a close return plot, that is the number of
non-recurrent horizontal segments with length n > 0
divided by the total number of non-recurrent segments
[5]. H is the longest sequence of recurrent elements.

4 Detecting the source of chaos

In order to detect the interactions between the chaotic
nodes, we propose to use a method based on the recur-
rence properties and developed by Kurths et al. This
method aims to infer coupling directions between dynami-
cal systems based on their recurrence properties. It hinges
on the recurrence plots and their extension to joint recur-
rence plots.
The second step consists in computing the joint recur-
rence plots between each couple of nodesXl andXk which

gives the following matrix:

JRXlXk
(i, j) = RXk

(i, j)×RXl
(i, j) (5)

The next step consists in computing the mean conditional
probabilities of recurrence (MCR) between a couple of
chaotic nodes. This measure is defined as follows:

MCR(Xl|Xk) =
1

N

N∑

j=1

p(xj
l|x

j
k) (6)

=
1

N

N∑

j=1

∑N
i=1 JRXk,Xl

(i, j)
∑N

i=1RXk
(i, j)

(7)

where p(xj
l|x

j
k) estimates the probability that the trajec-

tory of Xl recurs to the neighborhood of xjl under the
condition that the trajectory of Xk recurs to the neigh-
borhood of xjk.
If Xk drives Xl, we have MCR(Xl|Xk) < MCR(Xk|Xl)
and we write ∆MCR(Xl|Xk) = MCR(Xl|Xk) −
MCR(Xk|Xl). The process of finding the source of chaos
in the interaction network is described as follows.

1. Choose an initial node among the chaotic nodes.

2. Search the lowest MCR between this node and all
the other chaotic nodes.

3. This MCR gives us the next node to be processed.
Return by starting from this node to step 2.

4. The previous loop ends when we come back to a node
already visited: this node is considered as the source
of chaos spread.

5 Simulations

In order to evaluate the efficiency of the measures pre-
sented previously, we simulated a random graph formed
by 50 nodes with only one chaotic node chosen randomly.
We used our CMN to generate the interaction network
and obtained then a directed and dynamic graph.
To generate the time series of the chaotic node, we set
the value of the parameter a to 1. On the other hand, we
initialized the control parameter of the other nodes with
random values between 0 and 0.89.
Figure 1 below shows an example of a coupled map net-
work formed by 50 nodes. The source of chaos that we
aim to identify in the interaction network is colored in
green. The red nodes are those that we expect to be in-
fluenced by the spread of chaos as they are directly and
indirectly related to the chaotic node.

5.1 Results

We computed the Shannon entropy related to each node.
The values obtained are either positive or equal to zero.

100 ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014



Short Title of the Paper

Figure 1: Coupled map network formed by 50 nodes hav-
ing identifiers from 0 to 49. The green node is the source
of the spread of chaos. The red nodes are those who are
expected to be influenced by the propagation of chaos in
the interaction network.

The nodes that have a positive Shannon entropy, are those
who have chaotic time series and thus are impacted by the
spread of chaos.
With regard to the origin of chaos spread, we computed
the recurrence rates related to the nodes identified as
chaotic by the Shannon entropy. The increase of the
coupling parameter leads to a decrease of the nodes re-
currence rate. This phenomenon is explained by the in-
crease of the non-recurrent points due to the appearance
of chaotic time series. Therefore, we don’t expect to have
necessarily the same inequality of the mean conditional
probabilities of recurrence between the driver and the re-
sponse as proposed by Kurths et al. Rather, this inequal-
ity is based on the difference between the recurrence rate
of the driver and the response. Suppose Xk is the driver
and Xl is the response, we may have RRXk < RRXl and
therefore, MCR(Xk|Xl) < MCR(Xl|Xk).
We computed the mean conditional probabilities of recur-
rence between every couple of chaotic nodes. Following
the algorithm presented previously, if we consider any
node in the set of chaotic nodes, we can trace a set of
paths that lead to the source of chaos.

5.2 Discussion

The use of the Shannon entropy has been successful in
detecting the chaotic nodes. However, this measure is
insufficient to quantify how the nodes are impacted by
the spread of chaos in the network. The mean condi-

tional probability of recurrence computed on the joint
recurrence plots enables to deal with this issue. In fact,
computing this measure depends partly on the recurrence
rate of the nodes which indicates the effect of the spread
of chaos on the nodes dynamics. Thus, the nodes who
are more impacted by the spread of chaos, has a smaller
recurrence rate.
Based on this inequality, we succeeded in tracing paths
that lead to the source of chaos.

6 Conclusion

In this paper, we presented our research work which
consists in studying the spread of one chaotic state in an
interaction network as a result of the interaction between
the nodes. We used the Shannon entropy computed on
the close returns plots as a measure for detecting the
sub group of chaotic nodes in the graph. The chaotic
influence between this set of chaotic nodes is detected by
the mean conditional probability of recurrence computed
on the joint recurrence plots. This measure was success-
ful in inferring the chaotic influence directions between
nodes. By comparing the mean conditional probabilities
related to each couple of chaotic nodes, we were able to
identify the source of the disturbance in the network.
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Abstract. Although accurate sediment load prediction is 

very important in planning, designing, operating and 

maintenance of water resources structures but the 

modelsmechanism is complex, and the deterministic 

transport models are based on simplifying assumptions 

often lead to large prediction errors.  In this research, firstly, 

two intelligent ANN methods, Radial Basis and General 

Regression Neural Networks, are adopted to model of total 

sediment load transport into Madani dam reservoir (north of 

Iran) using the measured data and then applicability of the 

sediment transport methods developed by Engelund and 

Hansen, Ackers and White, Yang, and Toffaleti for 

predicting of sediment load discharge are evaluated. Based 

on comparison of the results, it is found that the GRNN 

model gives better estimates than the sediment rating curve 

and mentioned classic methods. 

Keywords: Sediment transport, Dam reservoir, RBF, 

GRNN, Prediction 

 

1 INTRODUCTION 

An estimate of sediment transport rates in alluvial 

rivers is important in the context of erosion, 

sedimentation, flood control, long-term 

morphological assessment, etc. Extensive research 

during the last decades has produced a plethora of 

sediment transport models. Unfortunately, the 

predictive accuracy of these models is often 

questionable, and in many practical situations 

prediction errors of these models are observed to be 

unacceptably high.  

The adequacy of these models has been critically 

examined and reported (see [1 to 5]) From these 

studies it can be concluded that sediment transport is 

an immensely complex process, and expressing it 

through a deterministic mathematical framework may 

not be possible. The approach of artificial neural 

networks are universal approximators and have the 
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advantages of using field recorded data directly 

without simplification and is not like regression 

analysis, which needs to make an assumption of 

equation in advance. ANNs provide an analytical 

alternative to conventional techniques, which are 

often limited by strict assumptions of normality, 

linearity, variable independence, etc. The neural 

networks approach has been applied to many 

branches of engineering sciences. 

This approach is becoming a valuable tool for 

providing civil and hydraulic (river) engineers with 

sufficient details for design purposes and river-

management practices. ANNs have also provided 

promising results in the field of hydrology and water 

resources such as stream flow prediction (see [6, 7]), 

rainfall-runoff modeling (see [8, 9]), and energy 

dissipater structures (see [10] 

The main purpose of this study is the prediction of 

sediment discharge into Madani dam reservoir located 

in Ajichai River (in the northwest part of Iran as the 

case study area) and comparison between rating 

curve, total-load transport equations and ANN 

intelligent approaches. 

2 Study area: Madani (Vanyar) 

Dam of Tabriz (IRAN) 

Ajichay River is the longest river in the state of 

eastern Azerbayjan of Iran. The Ajichay River basin 

is approximately 13700 km2 and is situated in the 

eastern part of the Lake Urmieh in the north west of 

Iran. This river originates from the southern foothills 

of Sabalan Mountain and after joining the various 

branches from Bozgoosh, Ghooshedagh, Kasbe and 

northern foothills of Sahand and passing Sarab Planes 

and Tabriz, joins Urmieh Lake in 90 km from Tabriz. 

Madani dam was constructed near Tabriz city and old 

vanyar station is located in entrance of reservoir of 

Madani dam (10km from dam structure). 
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Figure1. Study area 

 

The data set used in this study was obtained from 

Iran water resource organization from 1970 to 2008 

and consist of monthly sediment concentration, water 

discharge and flow depth at gauging station (Vanyar 

station) in entrance of reservoir of Madani dam (See 

Fig1.) located on the Ajichay River. These data were 

divided into two partitions, i.e. one for training and 

the other for testing.  

  

3 ANN 
3.1 Generalized Regression Neural Networks 

A Generalized Regression Neural Networks (GRNN) 

is a variation of the Radial Basis Neural Networks, 

which is based on kernel regression networks (see 

[11]). A GRNN doesn’t require an iterative training 

procedure as back propagation networks. A GRNN 

consists of four layers: input layer, pattern layer, 

summation layer and output layer as shown in Fig. 

2.The number of input units in input layer depends on 

the total number of the observation parameters. The 

first layer is connected to the pattern layer and in this 

layer each neuron presents a training pattern and its 

output. The pattern layer is connected to the 

summation layer. The summation layer has two 

different types of summation, which are a single 

division unit and summation units. The summation 

and output layer together perform a normalization of 

output set. In training of network, radial basis and 

linear activation functions are used in hidden and 

output layers. Each pattern layer unit is connected to 

the two neurons in the summation layer, S and D 

summation neurons.  

S-summation neuron computes the sum of 

weighted responses of the pattern layer. On the other 

hand, D summation neuron is used to calculate 

unweight outputs of pattern neurons.  

The output layer merely divides the output of each 

S-summation neuron that of each D-summation 

neuron, yielding the predicted value to an unknown 

input vector x as  
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Yi is the weight connection between the ith neuron in 

the pattern layer and the Summation neuron, n is the 

number of the training patterns, D is the Gaussian 

function, m is the number of elements of an input 

vector, xk and xik are the jth element of x and xi, 

respectively, σ is the spread parameter, whose optimal 

value is determined experimentally. 

 

 
Figure 2. The GRNN structure 

 

3.2  Radial basis network (RBF) 

The RBF network is similar in topology to the MLP 

network (see [12]). Fig. 3 shows a schematic diagram 

of a general RBF network with N, L, and M nodes in 

the input, hidden and output layers, respectively. It 

shows the N-dimensional input patterns [X] is being 

mapped to M-dimensional outputs [Z], with nodes in 

the adjacent layers exhaustively connected. The nodes 

in the hidden layer are each specified by a transfer 

function f, which transforms the incoming signals. 

For the jth input pattern XJp , the response of the jth 

hidden node Yj is of the form: 
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Where ||.|| is the Euclidian norm; Uj the center of the 

jth radial basis function f; and S the spread of the RBF 

that is indicative of the radial basis from the RBF 

center within which the function value is significantly 

different from zero. The network output is given by a 

linear weighted summation of the hidden node 

responses at each node in the output layer. The output 

for kth node on the output layer Zpk is computed as 

kj

L

j

jp wykZ 
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                               (4) 

Where wkj is the weight connection between hidden 

and output nodes. From several possible radial basis 

functions,the most common choice is the Gaussian. 

The Gaussian RBF center of the jth hidden node can 

be specified by the mean Uj and the deviation sj. 

Training an RBF involves two stages: (1) determining 

the basis functions on the hidden layer nodes and (2) 

the output layer weights. Fitting the RBF function 

involves finding suitable RBF centers and spreads. A 

variety of techniques have been evolved to optimize 

the number of RBF centers. The present study 

employed the minimum description length algorithm 

(Leonardis and Bischof, 1998) to optimize the 

parameters of the RBF networks. 

 

 
Figure 3. The RBNN structure 

 

4  SEDIMENT TRANSPORT  

A large number of sediment transport equations have 

been developed by investigators using different 

approaches to investigate sediment transport 

functions or formulas. The transportation of sediment 

particles is governed by several interrelated 

parameters that contribute to the complexity of the 

phenomena, and it is often subject to semi empirical 

or empirical treatments because theoretical studies 

can only be performed in simplified cases. Therefore, 

sediment transport is primarily studied through 

laboratory measurements. However, because 

laboratory conditions are controlled (i.e., certain 

parameters are kept constant and are not necessarily 

similar to natural channels), the derived equations, 

obtained from different approaches when tested on 

field data, may predict values for the total sediment 

concentration that are drastically different from each 

other and from the measured datasets in natural 

channels 

 

4.1 REVIEW OF SEDIMENT TRANSPORT 

MODELS 

The rate of sediment transport in rivers depends on 

many variables such as water discharge, average flow 

depth, flow velocity, energy slope, shear stress, 

stream power, particle size and gradation as well as 

temperature. It is very difficult to simultaneously 

incorporate all these variables and to develop one 

sediment transport function. A number of such 

transport functions has been put forward and details 

can be found in the literature. In the following, the 

four equations tested (in this study) are briefly 

presented. 

 

Ackers &White equation. Ackers & White (see 

[13]) applied the advantages of dimensional analysis 

technique, but used the physical arguments to express 

the mobility and transport rate of sediment in terms of 

some dimensionless parameters. 
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Where V = average flow velocity, n=sediment size–

related transition exponent, m=sediment transport 

function exponent, F1g= sediment mobility number, 

C= coefficient related to sediment size, *u =shear 

velocity, A=initial motion parameter, s  and 

 =sediment and water density, Dm= overall D50 

=median diameter particle and R=hydraulic radius. 

 

Toffaleti Formula. The procedure to determine bed-

material discharge developed by Toffaleti (see [14]) 
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is based on the concepts of Einstein (see [15]) with 

three modifications: 

1. Velocity distribution in the vertical is obtained 

from an expression different from that used by 

Einstein; 

2. Several of Einstein's correction factors are adjusted 

and combined; and Toffaleti defines his bed-material 

discharge as total river sand discharge, even though 

he defines the range of bed-size material from 0.062 

to 16 mm. 
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(6)  

Where A1 and K4=tofalleti coefficient, Pi=fraction of 

total sediment, TT= temperature coefficient, 

Dsi=median diameter particle 

 

Yang's Method. The theory of minimum rate of 

energy dissipation (see [16]) states that when a 

dynamic system reaches its equilibrium condition, its 

rate of energy dissipation is a minimum. The 

minimum value depends on the constraints applied to 

the system. Yang proposed a sediment transport 

formula based on the concept of unit stream power, 

which can be utilized for the prediction of total bed 

material concentration transported in sand bed flumes 

and rivers. The formula is as follows: 
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Where CT= concentration ppm, Dsi=median diameter 

particle, ωS=fall velocity, and s= energy slope. 

 

Engelund and Hansen. Engelund-Hansen'(see [17]) 

equation is based on the shear stress approach. The 

equation can be written as: 
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Where 0 =flow shear stress, sG =specific gravity 

and s  and   = specific weights of sediment and 

water, respectively 

Regression approach. A Sediment Rating Curve 

(SRC) describes a unique functional relationship 

between sediment yield and discharge; therefore, it is 

obtained as a smooth and continuous curve with 

reasonable degree of sensitivity. The sediment yield–

discharge relation used in the standard SRC is 

represented by the equation of the form 

Qs=aQw
b     

    (9)   

Where QS is suspended sediment discharge, QW is 

flow discharge, and a and b are the coefficients 

determined by regression analysis.  

 

5  Models application and Results 
The parameters governing sediment transport process 

can be described by: 

),,,,( 50DRVQYfQS    (10) 

Where QS=total transport load, V=average velocity, 

Q=flow discharge, Y=flow depth, R=hydraulic radius, 

and D50= mean diameter of bed particles. 

Nondimensional hydraulic parameters governing 

sediment transport process can be described by: 

gY

V
Fr  =Froude number,                  (11) 

R

Vn
Sf

3/4
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                                                  (12) 



VY
Re =Reynolds number,                 (13)  

Where Sf=energy slope. n=Manning
’
s roughness 

coefficient. S=bed slope.  dynamic viscosity 

One of the most important steps in developing a 

satisfactory forecasting model is the selection of the 

input variables. Because, these variables determine 

the structure of the ANN model and influence the 

weighted coefficient and the results of the model. The 

structures of models for predicting of sediment 

transport in Ajichai River showed in Tables 2. The 

whole data set was divided into two parts randomly: a 

training set consisting of 70% data points and a 

validation or testing set consisting of 30% data points. 

Before applying the ANN to the data, the training 

input and output values are normalized using the 

equation 

minmax

min' 95.005.0
XX

XX
X




                      (14) 

Where X
’
 is the normalized value of variable i, X is 

the original value, and Xmax and Xmin are the maximum 

and minimum of variable i, respectively. 

Multi-layer ANN can have more than one hidden 

layer; however theoretical works have shown that a 

single hidden layer is sufficient for ANNs to  
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Table1. The structure of sediment transport models 

 

approximate any complex nonlinear function. 

Therefore, in this study, one hidden layered ANN is 

used. A difficult task with ANNs involves choosing 

parameters such as the number of hidden nodes and 

the learning rate. Determining an appropriate 

architecture of a neural network for a particular 

problem is an important issue, since the network 

topology directly affects its computational complexity 

and its generalization capability. The performance of 

all ANN configurations was assessed based on three 

error measures namely, correlation coefficient, R, 

which presents the degree of association between 

predicted and true values; root mean square error, 

RMSE, which is preferred in many iterative 

prediction, optimization schemes; and mean absolute 

error, MAE, which is a parameter commonly 

understood in engineering applications, and mean 

absolute relative error, MARE, Expressions for these 

measures are given as follows. 
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Where, Qsp is the predicted total load, Qsm is the 

observed sediment discharge,  Qsm  is the average of 

the predicted total load, Qsp is the average of the 

observed total load records and N is the total number 

of events considered. Here, the hidden layer node 

numbers of each model are determined after trying 

various network structures since there is no theory yet 

to tell how many hidden units are needed to 

approximate any given function. The optimal 

architecture was determined by varying the number of 

hidden neurons (from 2 to 12), and the best structure 

was selected. The tangent sigmoid and pure linear 

functions are found appropriate for the hidden and 

output node activation functions, respectively. The 

training of the ANN models was stopped when either 

the acceptable level of error was achieved or when 

the number of iterations exceeded a prescribed 

maximum of 2000. 

The learning rate of 0.04 was also used. In the RBF 

and GRNN models, the center selection process found 

an appropriate tolerance value of 0 and the radial 

basis spread of 1. 

Comparing between ANN, sediment rating curve and 

classic methods are shown by Table 2.According to 

this Table, best results were obtained by model(3 ) 

and GRNN performance (Test: MARE=22.83%, 

R=0.90). The input layer consisted of (Q, Re, Sf) 

whereas the output layer node corresponded to the 

unique total sediment load. Sediment rating curve and 

plot of observed and predicted total load using GRNN 

model are showed in Fig4 to Fig6. The total sediment 

loads simulated by GRNN and the RBF are reported 

in Table 2.  

It can be seen from this table that the RBF 

performances is unsatisfactory in prediction of total 

sediment load in comparison with the GRNN model. 

The GRNN model has smaller RMSE, MAE and 

MARE values than the RBF model. Also, among the 

R values of the models, GRNN has the highest. In 

Table 2 the accuracy of the GRNN and RBF models 

are compared to that of the models of Ackers and 

White, Yang, Engelund and Hansen, Toffaleti and 

sediment rating curve. It can be seen that the accuracy 

of the ANN models are higher than that of the 

existing models. For the ANN model the RMSE, 

MAE and MARE are low and the coefficient of 

correlation (R) is high. It shows that the Ackers and 

White approach is more accurate than other equations 

and sediment rating curve for estimating total 

sediment transport in rivers compared in this study. 

As a result, the results of training and testing of 

models demonstrate that GRNN method is superior to 

other models in forecasting of total sediment load.  

 

Model 

output 
Number Input 

Number of 

records 

Qs 
1 (Q)t 931 

Qs 
2 (Q,Fr)t 931 

Qs 
3 (Q,Re,)t 931 

Qs 
4 (Q,R/D50,)t 931 

Qs 
5 (Q,Re,R/D50,Fr)t 931 

Qs 
6 (Q,Re,Sf)t 931 
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Table2.  Comparing between ANN, sediment rating curve and classic methods  

 

 
Figure4. Sediment rating curve 

 

Moreover, it is said that GRNN method can be 

successfully applied for total sediment load 

forecasting according to performance criteria. 

In summary, the GRNN model trained using three 

important parameters (Q, Re, Sf) can be used to 

estimate total bed material load in lack of sediment 

data. However, it should be pointed out that the 

accuracy of an ANN model is data sensitive, and 

should not be applied to the conditions outside of the 

data range used in training the ANN model without 

verification. In other words, for other cases with data 

range out of this study, an appropriate ANN should be 

trained using data set of that case study to estimate 

total sediment load. 

 

6 Conclusions 
In this research, for  predicting of sediment discharge 

input to reservoir of Madani dam, in one hand 

sediment rating curve and classic methods are used 

and in other hand the applicability of data driven 

approaches like Radial Basis and General Regression 

Neural  Networks are evaluated. 

 

 

 Figure 5. Plot of observed and predicted total load 

using GRNN model 

 

Figure 6. Plot of observed and predicted total load using 

GRNN model 

 

Models having various input variables were trained 

and tested for station before dam input. The 

performance of the GRNN and RBF models was 

compared to the rating curve sediment and Ackers 

and White, Yang, Engelund and Hansen, and 

Toffaleti methods. Results showed that, the GRNN 

Testing Training Model 

R 
MAE 

 

RMSE 

 
MARE (%) R 

MAE 

 

RMSE 

 

MARE 

(%) 
 

0.90 0.0408 0.1004 22.83 0.99 0.0065 0.0015 8.72 GRNN 

0.81 0.0403 0.0883 35.4 0.99 0.0060 0.00104 9.30 RBF 

0.70 0.0875 0.2043 70.38 - - - - SRC
 

0.70 0.0560 0.1201 49.2 - - - - 
Ackers & White  

Formula 

0.61 0.0689 0.1269 56.103 - - - - Yang  Formula 

0.45 0.0705 0.1445 71.36 - - - - Toffaleti  Formula 

0.30 0.0920 0.1568 91.36 - - - - 
Engelund – Hunsen 

Formula 
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and RBF models performed better than the existing 

models. For the input parameters, GRNN model 

having (Q, Re, Sf) variables was selected as the best 

fit total load forecasting model according to criteria of 

performance evaluation. Results confirmed that, 

GRNN method is superior to other models in 

forecasting of total sediment load and Ackers and 

White approach is more accurate than other equations 

and sediment rating curve for estimating of total 

sediment transport input to Madani dam reservoir. 

Finally it should be noted that, the transport 

mechanism is complex, and the deterministic 

transport models are based on simplifying 

assumptions that often lead to large prediction errors. 

Artificial Intelligence techniques models go someway 

towards incorporating this additional unknown 

physics and thereby improve the predictive accuracy. 

However, due to the black-box nature of ANN 

models the learned relationship between the inputs 

and output is not revealed and can only be tested with 

a new instance. This requires cautious usage of the 

new model, and it should not be used beyond the 

ranges of the data for which it was trained. 
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MOTIF-BASED TOPOLOGY FORMATION FOR PEER-TO-PEER
VIDEO STREAMING NETWORKS

Venus Marza ∗, Mehdi Dehghan †and Behzad Akbari ‡

Abstract. A new wave of live streaming networks labeled Peer-

to-Peer (P2P) networks attracts more researchers and rapidly be-

comes one of the most popular applications. In order to achieve

the main attractive properties of peer-to-peer streaming networks

such as low delay, less overhead, high reliability and fault toler-

antly, we introduce a novel topology formation strategy based on

motif structures that can handle P2P requirements. From an each

P2P characteristic perspective, the best motifs for setting up P2P

topology are presented and finally all features have been taken into

account for this purpose. The experimental results shows that one

of motifs among thirteen 3-motif structures has moderate behavior

in all quality metric’s domain.

Keywords. Network Motifs, Live Video Streaming, Peer-to-Peer

Topology, Site Percolation, Band Percolation

1 Introduction

R. Milo et.al (see [8]) defined ”network Motifs”, patterns
of interconnections that occure in complex networks at
numbers that are significantly higher than those in ran-
domized networks. Network motifs provide a valuable
contribution to both network analysis (see [2]) and opti-
mization (see [7, 6, 3, 5]).

L.Krumov et.al (see [7]) propose an approach that uses
network motifs (a local, stochastic metric) for distributed
topology optimization. They constructed sample opti-
mal topologies for two structural P2P overlays, CAN and
Kademlia, with the aim of load balancing. Motif-based
optimization (MBO) approach (see [6]) is suited for any
network in which the nodes have a certain degree of free-
dom to choose the set of other nodes they communicate
with. They have shown how to improve the load bal-
ancing of two common peer-to-peer protocols, CAN and
KAD, by optimizing their local structure with the help of
motifs and the effects on network performance (see [7]).
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†Mehdi Dehghan is with Department of Computer Engineering

and Information Technology, Amirkabir University of Technology.
E-mail: dehghan@aut.ac.ir
‡Behzad Akbari is with Department of Electrical and

Computer Engineering, Tarbiat Modares University. E-mail:
b.akbari@modares.ac.ir

In addition, Krumov et.al (see [5]) introduce an ap-
proach for constructing streaming topologies that are re-
silient to node failures and DoS (denial-of-service) at-
tacks. D.Conway in 2011 (see [3]) describes a new method
for modeling network growth and evolution that relies on
graph motifs to generate simulated network data with
particular structural characteristic. However, the model
appears sensitive to the size and structure of the initial
base graph.

Some studies have been done to analyze the concept of
modularity, for example: A. Arenas et.al in 2008 (see [2])
use a modularity-based framework only as a illustrative
example of how motifs could be defined to detect general
node classes in networks.

The contribution of this paper is to find suitable net-
work’s motif for live video streaming in peer-to-peer
topologies in which P2P requirements such as end-to-end
delay, overhead, robustness against failures and attacks
either in peers or their connections have been met.
In the other word, the idea is to use network Motifs to
characterize the local environment of node and decide
which directional communication need to be followed that
all requirements of live video streaming in P2P topologies
are satisfied. Therefore, peers can join to the network
topology according to special structure and formed final
desirable topology without any complexity.

The rest of this work is organized as follows. Sec-
tion 2 briefly introduces the network’s motif and shows
how 3-node directed sub-graph formed Motif structure.
In Section 3 we describe P2P topology requirements in
live video streaming applications and it followed by how
these characteristics are satisfied with each motif’s struc-
ture in Section 4. Finally, Section 5 concludes the paper
and discusses future works.

2 Network Motifs

In general, network Motifs are a well-defined intermediate
scale for characterizing the local structure of networks.
In our P2P topology, 3-node sub-graphs have been se-
lected because they are the smallest sub-graph in net-
works. Since live video streaming networks should be di-
rected, from source to participants, directed sub-graphs
has been chosen. Therefore, 3-node directed sub-graphs
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m1 m3 m2 

m11 m4 m7 m5 

m8 m6 m9 m10 

m12 

m13 

Figure 1: Motif formation tree: all possible directed sub-
graph of 3-node

are utilized and 13 different motifs that consist of three
nodes are appeared. As Shown in Figure 1, the first three
motifs, m1, m2 and m3, are shaped by adding a new node
to level 1 and the other motifs are organized in hierarchi-
cal order just by appending a new edge in each level.

2.1 Frequency Pattern of Motifs

The frequency of a pattern in a target graph is the maxi-
mum number of different matches of that pattern. Three
different frequency methods are used for motifs [9]. Fre-
quency concept F1 counts every match of special pattern
and gives a complete overview of all possible occurrences
of it. Frequency concepts F2 and F3 restrict the reuse
of graph elements: concept F2 only allows edge disjoint
matches and concept F3 is even more restrictive and all
matches have to be vertex and edge disjoint. In our stud-
ies concept F1 has been used.

2.2 Significance Value of Motifs

For a given network, two different values, the P − V alue
and the Z − Score, are usually calculated by using fre-
quency concept F1. A motif is considered to be significant
[8] if the probability that the motif occurs in a single ran-
dom graph is below than p = 0.01 or if the z − score of
it is higher than 2. The Z − Score, Z(m), for a motif m,
takes the average frequency in randomized networks into
account and it is defined as [4]:

Z(m) =
F1(m)− F1,r(m)

σr(m)
(1)

Where σr(m) denotes the standard deviation of the con-
sidered motif in the random graphs, and F1,r(m) is the
average frequency in the randomized networks, by utiliz-
ing the frequency concept F1.

Besides, Different tools have been developed for the
detection and analysis of network motifs (see [10]). FAN-
MOD that has been used in this article, is a relatively re-
cent tool that calculates both the statistics of the motifs
given by z − scores and the relative frequency for all de-
tected motifs of a particular size. The respective z−score
of all motifs in networks that was used for measuring P2P
parameters (such as delay, overhead, site percolation and
bond percolation) are around 400 and their p-values are
almost zero. It means that identified motifs appear more
often than in the according random graph model, so their
topology are suitable for evaluation motif’s role.

3 Essential Requirements of P2P
Live Streaming Networks

The following key requirements are addressed for P2P
topologies [1] and we have customized them for live
streaming applications:

• Scalability: Very large numbers of participating
peers can join to network without any significant per-
formance degradation.

• Efficiency: Routing should incur a minimum num-
ber of overlay hops and minimal end-to-end delay
should be guaranteed.

• Fault Tolerance: Participating nodes in P2P net-
works can be added or removed as members can join
or leave social networks. Network’s links may also
fail at any time. In this situation still all resources
should be accessible from all peers.

• Reliability: Any single point of failure should be
removed. Moreover, in any malicious attack or un-
desirable failures, which cease operations, the overlay
network should provide an acceptable service.

• Decentralized: Lack of centralized control in the
overlay network.

• Self-organization: In the presence of churn, the
overlay network should reconfigure itself towards sta-
ble configurations.
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Motif-based Topology Formation for P2P Video Streaming Networks

Figure 2: (a) Average delay of motifs, (b) Average overhead of motifs, (c) Preferential Site Percolation of motifs,
(d) Preferential Bond Percolation of motifs, (e) Random Site Percolation of motifs, (f) Random Bond Percolation of
motifs, in live video streaming networks.

4 Matching P2P Live Streaming
Network’s Requirements with
Motif Characteristics

In the following subsections, we have shown that how
P2P live streaming requirements can be handled by each
of thirteen predefined motifs. In subsection 4.1, scalabil-
ity and efficiency should be satisfied. subsection 4.2 is
noticed about decentralization and self-organization and
at the end, subsection 4.3 focuses on fault-tolerant and
reliability of P2P networks.

4.1 Delay

Delay has been measured as number of hops that video
chunks passed away from source to each peer. If video
chunks can be received in minimum hops, efficiency will
be handled. In addition, maximum number of peers has
been scheduled to access their desirable video chunks on
time when peers connect to each other (with respect to
their predefined bandwidth constraint) in minimum num-
ber of hops; for this reason, scalability will be satisfied
too.

Experiment 1. Whenever all peers received their first
chunk, their delay was submitted and overall average de-
lay was calculated as well. As shown in Figure 2 (a),

motifs m2, m4, m7 and m8 are the best motifs for scala-
bility and efficiency improvement in video streaming from
delay’s point of view.

4.2 Overhead

Without loss of generality, we assumed that push-based
strategy has been used for video streaming and peers
in P2P topology haven’t any previous knowledge about
chunk’s availability of their neighbors. Therefore, peers
may receive redundant video chunks and their bandwidth
waste as well. Overhead in these types of topologies
have been measured based on redundant chunks that each
peer has detected. P2P topology is decentralized because
peers have decided independently and based on their
bandwidth’s constraint for streaming available chunks to
their neighbors. Moreover, reconfiguration in these P2P
topologies is based on peer’s detection, i.e. peers identify
whether their necessary chunks has been provided or not
to change their community.

Experiment 2. since peers don’t have any knowledge
about available chunks of their neighbors and push-based
strategy has been utilized in whole of topology, it’s obvi-
ous that bidirectional edges have led to receiving useless
chunks and increasing overhead. Figure 2 (b) presented
that m1, m2 and m3 are the best motifs in topology for-
mation when just overhead is considerable matter.
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Table 1: Best motifs in each domain (PSP : Preferential Site Percolation) (PBP : Preferential Bond Percolation)
(RSP : Random Site Percolation) (RBP : Random Bond Percolation)

Delay Overhead PSP PBP RSP RBP

Delay m2,m4,m7,m8 m2 m6 m6 m6 m6

Overhead ∗ m1,m2,m3 m11 m11 m11 m11

PSP ∗ ∗ m6,m11,m12,m13 m13 m13 m13

PBP ∗ ∗ ∗ m13 m13 m13

RSP ∗ ∗ ∗ ∗ m13 m13

RBP ∗ ∗ ∗ ∗ ∗ m13

4.3 Site & Bond Percolation

With vulnerability perspective, we can categorize attacks
and failures in four types of procedures from a com-
plex network standpoint: 1) Preferential Site Percolation
which remove nodes with highest degree until the net-
work is partitioned; 2) Random Site Percolation which
randomly eliminate nodes one by one until the network
becomes unconnected; 3) Preferential Bond Percolation
that edges with highest Betweeness will be deleted till
the network takes apart; and finally 4) Random Bond
Percolation which has repeated to omit edges randomly
until the network is partitioned into components.

As defined in Section 3, reliability has been achieved
if any single point of failure would have taken away from
topology. It means that P2P live streaming topologies
should endure malicious attacks. So, reliability can be
mapped to Preferential Site / Bond Percolation. Besides,
peers join and leave P2P streaming networks unexpect-
edly and topology must manage it during its configura-
tion; Random Site Percolation has noticed about this kind
of behavior. Moreover, if peers can’t communicate with
each other properly, their connection would be damaged
and this issue can be handled by Random Bond Percola-
tion metric.

Experiment 3. The results of running these four pro-
cedures on our motif-based topologies are summarized in
Figure 2 (c), (d), (e) & (f). Each number in y-axis shows
that in how many steps the network was not partitioned
(the greater-the better); it has been shown that not only
m1, m2, m3, m4, m5, m7, m8, and m10 are more sensitive
to malicious attacks on their nodes but also they are more
fragile to malicious attacks on their edges. In contrast,
Motifs m6, m9, m11, m12, and m13 are more robust in
both malicious attack’s domains. Besides, networks that
have been built based on those motifs endure node and
edge’s failures much better than the others.

Note that m13 is the best motif for attacks and failures.
However, m6, m9, m11 and m12 also have an acceptable
level for reliability and fault tolerantly.

5 Main results

We considered that if a particular characteristic is the
main purpose for topology formation, which motifs will be
the best ones (Experiments 1, 2, 3). In addition, Table 1
is summarized the best motifs by analyzing two metrics
in 2-D matrix. Here, by taking all quality metrics into
consideration, we plan to instate trade-off between these
desirable but incompatible features for setting-up P2P
streaming topology.

As shown in Figure 2, by red dashed lines: (a) Motifs
m3, m5, m9, m11, and m12 are un-acceptable ones for
delay; (b) Motifs m12 and m13 aren’t satisfactory from
overhead’s point of view; (c) Motifs m1, m2, m3, m4,
m5, m7, m8, and m10 are not appropriate for reliabil-
ity. Therefore, just motif m6 has moderate behavior in
all domains, i.e. It means that m6 is the best motif for
topology formation in situation that all P2P live stream-
ing requirements are our concern simultaneously.

In conclusion, whenever we pay attention to special at-
tribute then Experiment 1, 2, or 3 will be followed. For
inspection of two features, Table 1 shows helpful informa-
tion; for example, in reliable environments if we ensure
that malicious attacks and unexpected failures will never
be happened then using motif m2 is reasonable choice
and we just take care of delay & overhead in these cir-
cumstances. However, by analyzing all P2P characteris-
tics in live streaming, motif m6 is the best candidate for
topology formation.

6 Conclusion & Future Works

This research provides a novel perspective on the con-
struction and evolution of P2P video streaming networks.
Our contributions are listed as following: Firstly, we have
gathered the key features of P2P live streaming. Sec-
ondly, we have mapped these requirements on complex
network’s metrics such as closeness (delay), degree cen-
trality (overhead), hubs and authorities (Preferential Site
Percolation), betweeness (Preferential Bond Percolation),
Random Site Percolation, Random Bond Percolation. In
the next step, the smallest directed sub-graph (3-node
motif) has been utilized for establishing P2P topologies
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and the most appropriate motifs in each domain have
been introduced. Finally, since there is a trade-off be-
tween these features, by analyzing and combining all P2P
requirements, we shows that motif m6 has moderate style
for arranging peers in P2P live streaming networks.

To the best of our knowledge, our work is the first one
that addresses how to form P2P live streaming topology
based on motif’s structure by covering all requirements.
In future work, we plan to apply this procedure on other
applications.
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Abstract. The paper introduces an analysis of a real in-
ter-organizational innovation network with a network science 
approach. The study is integrated with a Social Network 
Analysis referring to the EEN.  
Keywords. Network science, social network analysis, chore-
ography, inter-organizational networks, innovation. 

1 Introduction 
Network Science is an emerging, interdisciplinary re-
search field aiming to understand the structure, devel-
opment and weaknesses of networks through different 
methods attained to different disciplines as mathematics, 
statistics, physics and computer science. It is “an at-
tempt to understand networks emerging in nature, tech-
nology and society using a unified set of tools and prin-
ciples. Despite apparent differences, many networks 
emerge and evolve, driven by a fundamental set of laws 
and mechanisms and these are the provinces of network 
science” [3]. 

The purpose of this paper is to consider the Network 
Science paradigm as a tool to study inter-organizational 
innovation networks by means of graph theory as 
mathematical abstraction and other multidisciplinary 
approaches to infer behaviors of various phenomena. 

Innovation networks are defined as: “a basic institu-
tional arrangement to cope with systemic innovation. 
Networks can be viewed as an inter-penetrated form of 
market and organization … .    They include joint ven-
tures, licensing arrangements, management contracts, 
sub-contracting, production sharing and R&D collabo-
ration” ([14], [16]). 

Among them, inter-organizational innovation net-
works are characterized by recurring exchange interac-
tions between members that retain residual control of 
their individual resources yet periodically jointly decide 
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over their use [11]. Members of such systems can be 
firms, organizations or research centers, located in dif-
ferent regions and specialized in particular sectors, 
linked by common interests, technologies and skills and 
networked by the decision to collaborate according to 
specific rules. Technological districts, business incuba-
tors and consortia created by international initiatives 
financed by the European Commission are some exam-
ples of such kind of networks. 

Herein by means of the Enterprise Europe Network 
(EEN), a real case study, we model an in-
ter-organizational innovation network as a complex 
network and infer the main properties that characterize 
the structure and behavior of the system selecting an 
appropriate set of tools to measure them.  

Although real networks may appear very different 
from each other with respect to their functions and at-
tributes, the analysis of their structure shows the ubiqui-
ty of several asymptotic features and reveals the emer-
gence of general and common self-organizing rules. 

Such systems, denoted by a significant number of 
nodes, are characterized by a structure that is irregular, 
complex and dynamically evolving in time. The study 
thereof, focused on the network topology, identifies a 
series of principles and statistical properties common to 
the majority of real systems. The networks’ structure has 
relevant consequences on systems’ robustness and reac-
tion to external perturbations. The topology is likewise 
important in determining the emergence of collective 
dynamical behavior, such as synchronization [21], or in 
managing the most important features of relevant pro-
cesses [22]. 

Network science includes the Social Network Anal-
ysis (SNA) as a tool to conceptualize and investigate 
interactions among social entities. In general terms, 
SNA can be considered as an archetype that abstracts 
social life in terms of structures of relationships among 
actors [19].  

SNA concerns issues of centrality, meaning the indi-
viduals which are best connected to others or have most 
influences, connectivity, showing how individuals are 
connected to one another through the network and 
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community, indicating the nodes that are highly and 
tightly linked. 

The paper is organized as follows: section 2 de-
scribes the case study and the network modelization, 
section 3 introduces the analysis of the network struc-
ture, section 4 presents the case study in terms of a 
scale-free network, section 5 describes the emergence of 
the network choreography, section 6 reports the final 
thoughts and the key issues that require further research. 

2 EEN as a case study 
Here, we deem as case study, the Enterprise Europe 
Network (EEN) that was launched in 2008 by the Euro-
pean Commission’s Directorate-General for Enterprise 
and Industry. It builds on the former Euro Info Centre 
(EIC) and Innovation Relay Centre (IRC) Networks, 
established in 1987 and 1995 respectively.  

EEN can be considered a key instrument in the Eu-
ropean Union’s strategy to boost growth and jobs. The 
network brings together as members, more than 600 
different and independent organizations as chambers of 
commerce, technology centers, universities, research 
institutes and development agencies, from 54 countries. 
EEN’s mission is helping small companies make the 
most of the business opportunities in the European Un-
ion by offering combined services according to the prin-
ciple of one-stop shop for small business. The services 
offered concern technology transfer, access to finance, 
advice on EU law and standards, intellectual property 
rights, research funding and internationalization. 

Partners of the networks are independent organiza-
tions organized in consortia at country level. We con-
sider the collaborations among partners through the 
analysis of the Partnership Agreements (PAs). The aim 
of the partnership process is to get clients to sign-up a 
long-term collaboration with companies or researchers 
that match their needs and expectations. Therefore, PAs 
represent important performance indicators for measur-
ing the effectiveness and efficiency of the activities un-
dertaken by the Network. PAs comprise different ser-
vices such as technological and commercial cooperation 
and collaborative research.  

The examined data have been collected by the Exec-
utive Agency of the EEN – EASME – and concern 54 
members countries and 4940 PAs signed during the pe-
riod from 1st January 2011 to 31st December 2012 - 
1910 PAs in 2011 and 3030 in 2012.  

The data processing and the network analysis are 
conducted using the software R3 with the igraph4 pack-
age. 

 
3 http://www.r-project.org 
4 http://igraph.sourceforge.net 

2.1 Modelization 
The classical mathematical abstraction of the network is 
a graph G. A graph G = (V, E) is composed of a set V of 
n nodes and a set E of m links defining a relationship 
among these nodes. We refer to a member by an index i 
meaning that we allow a one-to-one correspondence 
between an index and a member. 

Each member of EEN represents a node of a graph: 
two members, says i and j, are adjacent through a link if 
and only if there is a connection between i and j and a 
weight wij equal to the number of PAs signed between 
two members. 

The granularity of the available data being at country 
level, the network is composed as follows: each node is 
a centroid that represents a country inside which there 
are independent organizations, as network partners, 
while links exist if two countries share at least one PA.  

To the graph G is associated an adjacency matrix A, 
where its elements are defined as aij = wij if nodes i, j of 
G are connected, aij = 0 otherwise. Since the said graph 
represents reciprocal relationships, the matrix is sym-
metric (i.e. aij = aji) with zero elements on the main di-
agonal. 

In this work, we are interested on the structure of the 
connections among members rather than on their inten-
sity. Therefore we focus the analysis on EEN as an un-
weighted network where the links between nodes are 
either present or not and the network can be denoted by 
(0, 1), 1 if i and j are connected, 0 otherwise - or binary 
matrices. The study of EEN weighted graph representa-
tion and the relative evidences will be presented in a 
forthcoming paper. 

3 Analysis of the network structure 
Most of real networks, despite intrinsic differences, are 
described by similar structural features, as for instance 
relatively small path lengths, high clustering coeffi-
cients, fat tailed shapes in degree distributions and de-
gree correlations. Such properties make real networks 
different from the traditional models studied in the graph 
theory like regular lattices and random graphs. Indeed, 
real networks meet the scale-free structure and the evi-
dence comes from the convergence between empirical 
data and analytical models that foresee the network 
structure [7].  

In this section, we describe some structural proper-
ties observed in the topology of the EEN.  
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3.1 Network parameters 
We set two different graphs for each year, namely G2011 
and G2012 where the nodes n2011 and n2012 are, respec-
tively, the countries with at least one PA signed and 
where links m2011 and m2012 reflect interactions among 
countries, rather than the entire set of 4940 PAs, thus 
decreasing the number to m2011 = 285 and m2012 = 357. 
After this pre-processing, the network graph configura-
tion is composed by n2011 = 48 and n2012 = 49 and it is 
illustrated in Figure 1 and 2 where node labels are the 
official country codes. 

The EEN countries that have not signed any PA in 
the period 2011-2012 are not considered in the analysis. 
One of the basic characteristics of a graph G is its den-
sity d that measures the portion of links in the set E 
compared to the maximum possible number of links 
between nodes in set V (equal to nx(nx - 1)/2, x = {2011, 
2012}) and assumes values from 0 to 1. Density indi-
cates how the communication paths in the system are 
able to get information out to the members. In EEN 
graphs, the value of the density is low (0.25 and 0.30) 
denoting that the network is sparse. Such sparsely con-
nected networks show the typical power-law 
node-degree distribution in which most nodes have only 
few links while some few nodes are extremely connect-
ed. 

Table 1 gives some basic information about EEN in 
the two different years. The reported network measures 
will be explained throughout the paper. 

The diameter D is the length of the shortest path be-
tween the most distanced nodes measuring the extent of 
a graph and the topological length between two nodes. It 
characterizes the ability of two nodes to communicate 
with each other. The smaller is D, the shorter is the ex-

pected path between them as the hubs act as bridges 
between the many small nodes. In EEN graphs the value 
of D is 4, i.e. the path among farthest nodes is very 
short; in consequence all nodes appear strongly con-
nected due also to EEN modest size in terms of number 
of nodes. 
 
Table 1: EEN graph parameters 

Network measures 2011 2012 
Nodes (n) 48 49 
Links (m) 285 357 
Density (d) 0.25 0.30 
Diameter (D) 4 4 
Clique number (χ) 12 12 
Average shortest path (L) 1.91 1.78 
Cluster coefficient (C) 0.65 0.67 
Degree exponent (γ) 2.82 2.69 
Second eigenvalue (λ2) 0.84 0.92 

 

3.2 Community, clique and dendrograms 
In a network a community is a sub-graph whose nodes 
are tightly connected. The requirement that all pairs of 
community members choose each other leads to the 
definition of a clique. A clique is a maximal complete 
sub-graph of three or more nodes, i.e. a subset of nodes 
all of which are adjacent to each other, and such that no 
other nodes exist adjacent to all of them. The cardinality 
of the maximal clique is indicated with χ and in EEN the 
value is 12 for both years. Table 2 resumes the mem-
bership in each clique. 

From the analysis it results that in 2011 the EEN has 
only one clique of 12 members while in 2012 the net-
work contains 6 cliques each having 12 members. There 
is a relevant overlapping represented by 8 countries, 
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Figure 2: The 2012 EEN graph (G2012). Figure 1: The 2011 EEN graph (G2011). 
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namely IT, UK, DE, ES, PL, TR, NL and BE constant 
overtime; in 2012 the overlapping is extended to IL. In 
the system there is indeed, a group of countries strictly 
inter-connected surrounded by partners having different 
level of membership in terms of clique. Figure 3 shows 
all cliques for 2012. 
 
Table 2: Clique compositions in years 2011 and 2012. 

2011 
IT UK DE ES PL FR TR NL BE SE CZ CH 
2012 
IT UK DE ES PL FR TR NL BE SE IL FI 
IT UK DE ES PL FR TR NL BE SE IL CZ 
IT UK DE ES PL FR TR NL BE GR IL FI 
IT UK DE ES PL FR TR NL BE GR IL CZ 
IT UK DE ES PL HU TR NL BE SE IL CZ 
IT UK DE ES PL HU TR NL BE GR IL CZ 

 
The hierarchy of communities in the network is usu-

ally represented by a dendrogram that graphically de-
notes through splitting in a tree. The horizontal position 
of the split indicates the distance at which communities 
were connected. 

Figure 3: The highlighted links for 2012 EEN cliques. 

Figure 4 reports the dendrogram for the year 2012, 
where communities are detected by means of the edge 
shortest path betweenness measure [18], which itera-
tively extract community from the graphs considering at 
each step geodesic network paths. 

The dendrogram reveals information concerning 
which countries are grouped together at various levels of 
dissimilarity and at the right of the dendrogram each 
country forms its own cluster. 

The dendrogram confirms what we reported in Table 
2, i.e. the presence of a core of countries closely con-
nected in one community while the others follow at dif-

ferent level of the hierarchy. 

Figure 4: The EEN dendrogram for 2012. 

3.3 Centrality measures 
The topology of several real networks is related to the 
possibility of identifying the properties of every node. 
Usually, nodes with similar characteristics tend to link 
to each other. They have features that carry relevant 
information regarding their role in the network. Specifi-
cally, we refer to centrality value that represents the 
node’s relative importance within a graph, the higher is 
the centrality index of a node, the higher is its perceived 
centrality in the graph. Moreover, centrality measures 
assess the nodes involvement in or contribution to the 
cohesiveness of the network [6]. 

The concept of centrality has an inherent ambiguity; 
there is no point in including all measures in one meth-
od. The best ones are related to the applications de-
pending on the degrees of the local and overall struc-
tures. There is a similarity in certain measures indeed a 
node rank can depend on the status to which, it is con-
nected to. Centrality measures in some cases provide 
considerably various results. The choice of them re-
quires the consideration of the specificity of the 
measures and the requirements of different applications.  

There are several measures describing the centrality; 
the most commonly used are the degree centrality, the 
closeness, the betweenness, the eigenvector centrality 
and the Bonacich index. 

The degree centrality of a node is the number of 
links incident upon a node and can be interpreted in 
terms of the size of members’ neighborhoods within the 
network. The degree defines the immediate risk of a 
member to catch whatever is flowing through the net-
work.  It quantifies how well it is connected to the other 
elements of the graph. 
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Table 3: Centrality measures for the EEN in 2012. 

Country ID 
De-
gree 

Close-
ness 

Between-
tween-
ness 

Eigen-
vector 

Bonacich 
Index 

Italy IT 40 0.857 173.795 1.000 1.110 
United Kingdom UK 37 0.814 112.440 0.981 0.627 
France FR 35 0.787 143.730 0.914 -1.740 
Spain ES 34 0.762 77.512 0.927 -1.112 
Germany DE 32 0.750 36.406 0.928 -0.690 
Poland PL 31 0.738 44.689 0.891 -0.529 
Greece GR 29 0.716 62.175 0.792 -1.750 
Sweden SE 28 0.706 22.489 0.838 -0.784 
Turkey TR 28 0.696 20.339 0.850 -0.567 
The Netherlands NL 26 0.686 21.366 0.800 -0.920 
Hungary HU 22 0.632 10.199 0.698 -0.952 
Czech Republic CZ 21 0.632 56.780 0.672 1.162 
Belgium BE 21 0.632 14.168 0.682 -0.449 
Austria AT 19 0.615 9.657 0.612 -0.140 
Denmark DK 18 0.608 9.910 0.587 -0.042 
Finland FI 18 0.608 5.252 0.610 -1.140 
Bulgaria BG 17 0.593 10.612 0.559 -1.494 
Romania RO 16 0.600 3.620 0.577 -0.732 
Slovenia SI 16 0.585 10.423 0.526 -1.458 
Estonia EE 15 0.593 1.906 0.552 0.269 
Israel IL 15 0.585 2.803 0.559 -1.108 
Lithuania LT 13 0.571 47.563 0.450 0.103 
Slovakia SK 13 0.571 0.455 0.500 -0.300 
Norway NO 13 0.565 1.389 0.482 -0.249 
Russia RU 12 0.565 0.380 0.474 -1.653 
Ireland IE 12 0.558 2.769 0.432 -1.717 
Portugal PT 12 0.558 4.189 0.437 0.149 
Switzerland CH 12 0.558 0.454 0.459 -1.395 
Serbia RS 12 0.552 6.381 0.363 0.010 
Latvia LV 11 0.558 0.133 0.432 1.220 
Macedonia MK 10 0.545 4.340 0.322 1.197 
Luxembourg LU 10 0.545 0.458 0.378 -0.057 
Iceland IS 9 0.527 0.114 0.365 -0.065 
Croatia HR 8 0.533 0.282 0.300 -0.685 
China CN 8 0.533 0.272 0.306 -1.253 
Malta MT 7 0.495 1.203 0.221 -0.623 
Cyprus CY 6 0.511 0.840 0.212 -0.147 
Chile CL 4 0.485 0.200 0.140 0.266 
U.S.A. US 4 0.485 0.000 0.160 1.019 
South Korea KR 4 0.480 0.000 0.161 0.750 
Montenegro ME 4 0.466 0.307 0.101 -0.185 
Armenia AM 3 0.475 0.000 0.111 -0.780 
Mexico MX 2 0.471 0.000 0.087 -1.948 
Albania AL 2 0.471 0.000 0.085 0.263 
Tunisia TN 1 0.466 0.000 0.047 1.561 
Ukraine UA 1 0.453 0.000 0.047 1.078 
Canada CA 1 0.444 0.000 0.043 -1.288 
Japan JP 1 0.390 0.000 0.032 1.613 
Belarus BY 1 0.366 0.000 0.021 0.554 

 

The closeness centrality refers to a natural distance 
between all pairs of nodes defined by the length of their 
shortest paths. Thus, the more central a node is, the 
lower is its distance to all other nodes. This value 
measures how long it will take to spread information 
from a member to all others sequentially. 

The betweenness centrality determines the number 
of times a node acts as bridge along the shortest path 
between two other nodes. This measure reveals the 
members that are essential for connecting different re-
gions of the network.  

The Eigenvector centrality measures the node’s in-
fluence in a network according to the number and the 
quality of its connections. Indeed a member with a 
smaller number of high quality links has more power 
than one with a larger number of mediocre contacts. 

The Bonacich index refers to the notion that the 
power of a node is recursively defined by the sum of the 
power of its alters. Positive values imply that members 
become more powerful as their the alter (neighbor) 
comes to be more powerful, while negative values imply 
that members are more powerful only as their alters be-
come weaker, as occurs in competitive or antagonistic 
relations. 

Table 3 reports the centrality measures referred to 
EEN members in 2012. 

The crosscheck between degree and centrality scores 
clearly shows the presence of the three classes of mem-
bers, i.e. hubs, semi-peripherals and peripherals.  

The Table highlights the presence of more than one 
hub since nodes as IT, UK, DE, ES, FR and PL have a 
neighbor value greater than 30 meaning that they are 
well connected to the other countries due to the high 
number of links. These countries have also a high rank 
of closeness signifying their relevant involvement in the 
network and their contribution to spread more easily 
information within the system even if they connect dif-
ferent regions of the graph due to the higher between-
ness values. Indeed, hubs act as bridges between the 
many small nodes. 

DE, PL, SE, TR and NL show a low value of be-
tweenness maintaining a high rank of eigenvector cen-
trality meaning a relevant influence of these nodes in the 
network even without acting as a bridge in connecting 
the different region of the graph. 

There are some interesting cases as for CZ and LT 
where a high score in betweenness corresponds to rela-
tively small values in eigenvector centrality, intending 
that these countries lay on many shortest paths but they 
are connected mostly to low score members. 
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Regarding the Bonacich index, some countries as IT, 
UK, CZ, LV, MK, US, SK, JP, TN and UA have posi-
tive and high values denoting that these nodes become 
more influent as their neighbors come to be more pow-
erful. The majority of negative scores means that nodes 
are more powerful only if their neighbours become 
weaker as in competitive relations. 

4 EEN as a scale-free network 
We propose complex networks with the scale-free fea-
ture ([22] and references therein) an adequate frame-
work within which to represent EEN. We refer mainly to 
the Barabási-Albert (BA) scale-free network model [4], 
[2],[13]. BA networks are open and dynamically formed 
by continuous addition of new nodes that represent 
members, while links mimic collaborative agreements. 
Links’ inhomogeneity reflects the degree of members’ 
involvement in the network and the difference among 
hubs, semi-peripheral and peripheral nodes.  

Scale-free networks emerge in real situations in 
which the kind of inhomogeneity in the degree distribu-
tion represents few nodes having many links whereas 
the majority of them has few connections. Therefore, a 
single node or hub cannot be considered representative 
since these networks are held together by a different, 
although limited, number of highly connected hubs 
while the majority of nodes has smaller connection de-
gree than the average. All nodes are linked with a rather 
short path due to the small world characteristic [22] 
even in case of large and sparse systems. 

Scale-free networks are mainly identifiable by three 
characteristics: the average path length, the clustering 
coefficient and the degree distribution. 

The average shortest path in EEN is 1.91 in 2011 and 
1.78 in 2012 meaning that in the time period considered, 

the distance among members decreases shaping the 
small world characteristic of the network. 

Clustering is introduced by structural embeddedness 
that is the existence of dense ties among nodes. In inno-
vation networks, members sharing common partners 
have knowledge about each other’s trustworthiness, ca-
pabilities, competences, and reputation and thus miti-
gating the effects of power asymmetries [9]. In the case 
study this value is C2011 = 0.65 and C2012 = 0.67 indicat-
ing the presence of dense local subgroups of intercon-
nected nodes. 

Regarding the degree distribution, the degree ki of a 
node i represents the number of its links; the larger the 
degree, the more significant the node is in a network. 
The average of ki over all i is the network average de-
gree and the spread of node degrees over a network is 
characterized by a distribution function P(k) that repre-
sents the probability that a randomly selected node has 
exactly k links. 

The BA model asserts that growth and preferential 
attachments determine the self-organization of a net-
work with scale-free structure. Actually, real networks 
constantly grow by adding new nodes that at each 
time-step join the network and link to other nodes al-
ready present in the system. New nodes tie preferentially 
to those that are more highly connected, following a 
“rich get richer” phenomenon [4]. 

The probability ∏(ki) that a new node will be con-
nected to an already existing node i depends on the de-
gree ki for the property of the preferential attachments: 
 

Π k! =
k!
k!!

!!!
 

 
In BA model, the connectivity distribution follows a 

power law function, i.e. the probability P(k) that a node 
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Figure 5: Degree distribution for the 2011 EEN and the 
Erdös and Rényi model. 

Figure 6: Degree distribution for the 2012 EEN and the 
Erdös and Rényi model. 
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in the network interacts with k other vertices decays 
with the law P(k) ~ k-γ with slope γ as the scaling expo-
nent. 

The values of the average path length, the cluster 
coefficient and γ reported in Table 1 meet the three 
scale-free properties required and they are comparable 
with the values of other real networks as reported in 
[22]. As a consequence, EEN exhibits the scale-free 
properties and is represented by the BA model.  

The power law degree distribution is tested by com-
paring the slope of the degree distribution of the EEN 
and that of a classic random graph having the same 
number of nodes and links, and generated using the 
Erdös and Rényi model. Figures 5 and 6 depict the 
comparison between the two distributions. The power 
law slope of the EEN clearly decays less quickly than 
that of the random graph. 

4.1 Network robustness  
Network robustness permits to understand the behavior 
of certain systems under failures and attacks and allows 
to protect them against assaults or to exploit their weak-
nesses.  

In the BA model, the network is robust if it contains 
a giant cluster comprised of most of the nodes even after 
a fraction of its nodes is removed. 

Robustness refers to the capacity of the network to 
perform its basic functions even in case of nodes and 
links missing. Related to robustness, the resilience is the 
dynamical feature that entails a change in the network’s 
essential activities. Resilience is the capacity of the 
network to adapt to internal and external errors by alter-
ing its processes while continuing to perform [5]. 

Real networks exhibit an unexpected degree of tol-
erance to the random deletion of their nodes due to their 
heterogeneity. Indeed, such breakdowns affect mainly 
the various small nodes that play a limited role in main-
taining the networks’ integrity and their removal has 
limited impact on their structure.   

The random failure or error is the capacity of the 
network to uphold its connectivity features even in case 
of casual deletion of a portion of its nodes or links. 

Scale-free networks with γ ≤ 3 show a high robust-
ness to random failure meaning that to break such net-
works apart, virtually all nodes should be removed. 

In general, once a small fraction of nodes is re-
moved, the distance among the remaining nodes in-
creases, since some paths that contribute to the network 
connectivity are eliminated. Thus, for the remaining 
nodes, it is more difficult to communicate with each 
other.   

In scale-free networks the diameter remains un-
changed under an increasing level of errors, even when 
more than 5% of the nodes fail. The connections among 
the remaining nodes are unaffected due to the inhomo-
geneous connectivity distribution. Indeed, scale-free 

networks are characterized by the majority of nodes 
having few links, therefore nodes with small connectiv-
ity will be selected with much higher probability than 
hubs and their removal does not alter the path structure 
and has no influence on the overall network structure 
[1]. 

The attack refers to a removal process targeted to 
specific nodes i.e. the highly connected. In real net-
works, the deletion of a single hub does not fragment the 
system as the remaining hubs can still hold the system’s 
integrity. However if the number of removed nodes 
reaches a critical threshold, the network suddenly breaks 
in disconnected components.  

To simulate a deliberate attack, the most connected 
nodes are eliminated and, in sequence, the others in de-
creasing order of connectivity. In scale-free networks, 
when the most linked nodes are removed, the diameter 
increases rapidly doubling its original value if 5% of 
hubs are eliminated [1]. This vulnerability to attacks is 
due to the inhomogeneity of the connectivity distribu-
tion. Indeed, the removal of the few highly linked nodes 
alters the network topology and decreases the capacity 
of the remaining nodes to communicate with each other. 

Hence, the structural robustness is not valid against a 
deliberate attack, as the simultaneous removal of the 
most connected nodes will destroy any system showing 
its fragility or its own Achilles’ Heel [1]: the network 
behind is robust to random failures but vulnerable to-
ward attacks.  

 
Figure 7: The effects on EEN diameter of error tolerance 
and attack tolerance in 2012. 

Despite in the observed network we do not expect a 
random failure or a deliberate attack due to the fact that 
the nodes of the graph represent countries, we have im-
plemented a double analysis – the Error Tolerance and 
the Attack Tolerance – and its effects on the network’s 
diameter to detect the general features. 
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Due to modest size of the graph, EEN tends to retain 
its diameter at each time step a random node is removed, 
as in the case of error, almost at 70% oscillations not-
withstanding.  

The attack tolerance analysis is carried out removing 
at each time step the node with the highest degree, sim-
ulating an attack to the most connected nodes. The EEN 
diameter increases for growing percentage of nodes’ 
removals and it suddenly decreases when almost 50% of 
the nodes are erased. Figure 7 shows the effects on EEN 
diameter of error tolerance and attack tolerance. 

5 Network choreography 
The network choreography is the system’s capacity to 
address collaboration among multiple members. Chore-
ography is focused on inter-organization coordination 
for external perspectives while collaboration is ad-
dressed by self-organizing interactions.  

It requires some structural hypothesis on network 
topology and some membership characteristics and in-
volves the accomplishment of certain activities among 
network members to reach the innovation outcome.  

We refer to [13] for a complete description of net-
work choreography. 
 

5.1 Synchronization 
Scale-free networks exhibit several interesting dynam-
ical phenomena; in particular, we focus on the synchro-
nization motion of their dynamical elements [21] and on 
a qualitative and paradigmatic correspondence between 
the emergence of synchronization in a network and the 
establishment of the choreography phenomenon. 

In complex networks, nodes are characterized by a 
collection of variables that identifies a state. Such varia-
bles tend to synchronize in an equilibrium point that 
represents the state of choreography and the synchroni-
zation enables the homogeneity of state variables of the 
members involved in choreography. Moreover, due to 
the self-organization process of scale-free networks, 
their syncronizability holds even when new nodes are 
constantly added.  

The study of the synchronization can not be de-
tailedly performed because not all state variables of each 
member are known. Nevertheless, in [21] it is sustained 
that if we contemplate the Laplacian matrix L = A – D 
where A is the adjacency matrix and D is the diagonal 
degree element matrix with dii = ki and 0 elsewhere, its 
largest eigenvalue is λ1 = 0 and if the second eigenvalue 
λ2 is positive and not close to λ1, then the synchroniza-
tion state is exponentially stable.  

In the case study, the EEN adjacency matrixes for 
the years 2011 and 2012 have λ1 = 0 in both cases and, 
respectively, λ2 = 0.84 and λ2 = 0.92. Therefore the 
synchronization is a stable state and, consequently, the 

choreography is a stable state for the EEN during the 
years under evaluation. 

5.2 Network membership 
Inter-organizational innovation networks require peculi-
ar membership characteristics for the potential members 
that are attracted to join networks to get some benefits. 
Network membership characteristics are expressed by 
means of ontology and homophily properties. 
 
5.2.1 Ontology 
The term ontology is relevant in many fields as 
knowledge engineering and artificial intelligence. Sev-
eral definitions and a wide range of applications are 
considered in different topics (e.g. see [8] and references 
therein). 

We consider the definition of ontology provided in 
[20]: “An ontology is a formal explicit specification of a 
shared conceptualization”. Ontology is therefore: 
• Formal: it communicates the intended meaning of 

defined terms, independent on social or computa-
tional context. Formalism is a complete set of defini-
tions express as logical axioms and documented in 
natural languages [15]. 

• Explicit: it defines the design of decisions, concepts 
and constrains. 

• Shared: it regards a knowledge accepted by a group 
in which the members agree about the objects and 
the relations of such knowledge. 

• Conceptualized: it concerns an abstract, simplified 
view of the world that we wish to represent. Every 
knowledge base, knowledge-based system or 
knowledge-level agent is committed to some con-
ceptualization [15]. 

 
Table 4: EEN ontology. 

Ontology  

features 
EEN 

Formal 

Network members are grouped in Consortia 
and are legally bound with the network 
executive agency by Framework Partner-
ship Agreements. 

Explicit 

Operational manual and guidelines contain 
all the key information regarding the work-
ing practices. These documents contain the 
obligations and formalities that members 
should follow.  

Shared 

All rules and procedures are shared. A 
common language is accepted and used 
among members. The exchange of good 
practices is encouraged to spread 
knowledge, enhance excellence and profes-
sionalism across the network. 

Conceptualized Rules and guidelines are conceptualized. 
Members sign a “code of conduct”. 
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In this way, the state variables given for every 
member and the matrix A above mentioned are parts of 
the conceptualization, are formal since they respect a 
mathematical modelization, are explicit because every 
member knows its composition and shared since each 
member commits to have a state variable identically 
composed following the coupling rules. 

In EEN the set of rules, guidelines and common 
language are formalized, explicit, shared and conceptu-
alized among network members. The features remain 
valid also for the mathematical model given by the ad-
jacency matrix A, while it is worthwhile to mention that 
for the complexity of a real case it is virtually impossi-
ble to explicit the state variables and the matrix Γ. 

 
5.2.2 Homophily 
Homophily is the tendency of nodes to link with others 
that are similar to them or, in other words, the members’ 
attitude to associate and connect with similar [17]. Indi-
viduals in homophily relationships share common char-
acteristics that make communication and relationships 
easier. Inter-organizational networks foresee similar 
interests among members that share innovation attitude, 
goals and believes. 

In the literature, homophily in scale-free network is 
related to network topological aspects in terms of node 
similitude related to preferential attachment. It repre-
sents a relevant aspect leading the growth of networks. 
In particular, homophily refers to how the preferential 
attachment privileges the bond between new nodes and 
those having high number of nearest neighbors and high 
similitude jointly [10]. 

Concerning the homophily, in this case study nodes 
represent countries, therefore, this property is not partic-
ular meaningful as they are similar by definition. Nev-
ertheless, in all the other general cases is important to 
consider. 
 

6 Conclusions 
This paper shows the use of network science paradigm 
as a tool to study inter-organizational innovation net-
works. The real case study is modeled by means of 
graph theory and other multidisciplinary tools to gather 
behavior of various phenomena. 

We perform a network analysis of the case study 
aiming to generate a descriptive model that explain and 
describe EEN basic features and a network modeling 
that permits to design process models that reproduce the 
collected data but can also be utilized to infer predic-
tions. 

We suggest the BA model as an adequate framework 
to represent real inter-organizational innovation net-
works as in this model the network structure and its 
evolution are strictly correlated. 

Further research should be conducted to extend the 
analysis in a broader range of contexts and networks, 
especially for macroeconomics considerations. Never-
theless, some essential characteristics have been studied. 
In particular, network topology influences connections 
among members; scale-free networks are able to spread 
and uphold interactions among nodes; robustness con-
cerns the network capacity to face changes in the eco-
nomic environment; ontology provides a shared com-
mon vision of the network and homophily enables cohe-
sive relationships among members. 

The network topology allows affirming the existence 
of a synchronizations state and its similarity to the phe-
nomenon of choreography. Although this similarity is 
only paradigmatic, it permits to give some hints about 
the state stability as showed in the case study. The anal-
ysis of the data shows the presence of such stable state 
of choreography, which ensures members to profit from 
the value-added of the network according to their con-
nections: members join EEN to get benefits from the 
network itself and from the networking processes to 
improve their competitiveness and innovation capability. 
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KINETIC WEALTH-EXCHANGE MODELS: A SHORT REVIEW

Marco Patriarca and Els Heinsalu∗†

Abstract. We present an updated review of kinetic wealth-

exchange models, that are minimal economy models in which in-

teracting economic units exchange wealth. Despite their simplicity,

they can describe and predict realistic shapes of wealth distribution.

We start from the models of Angle, introduced in the social sciences

already in the 80’s, then we proceed through the models of Bennati,

Drăgulescu and Yakovenko, and Chakraborti and Chakrabarti, and

finally we focus on the immediate-exchange versions introduced re-

cently. We also consider the influence of heterogeneity in the units

parameters and discuss how it provides a simple and effective mech-

anism for the production of a fat tail in the wealth distribution.

Keywords. Kinetic Exchange models; wealth distribution; Boltz-

mann distribution; power law distribution; many-agent models.

1 Introduction

There is a link that has connected statistical mechan-
ics and social sciences since their birth, lying in the fact
that both of them have as study subject systems with an
explicit statistical character [1, 2]. Year after year this
link has become stronger as more and more scientist have
underlined the importance of a quantitative approach in
social sciences, see e.g. Refs. [3, 4, 5, 6, 7, 8, 9, 10].

In fact, many discoveries first made in the field of social
sciences introduced new key concepts for statistical me-
chanics and later for the science of complex systems, such
as the fat tails found by V. Pareto in the distribution of
wealth [11, 12], the first formulation of the random walk
model and of the associated diffusion equation made by L.
Bachelier in his study of financial time series [13, 14, 15],
and the large fluctuations observed by Mandelbrot in the
time series of cotton price [16]. At the same time, for
economists physics has often represented a prototype for
modeling economic systems while economics relies more
and more on the theory of stochastic processes and the
science of complex systems [17].

There is a family of mathematical models of economy
systems, that are the subject of the present contribution,
in which the mentioned link is most clear. Namely, the
kinetic wealth exchange models, introduced independently
in different fields such as social sciences, economics, and

∗National Institute of Chemical Physics and Biophysics, Rävala
10, Tallinn 15042, Estonia. E-mails: marco.patriarca@kbfi.ee,
els.heinsalu@kbfi.ee

†Manuscript received April 17, 2014

physics. They provide a description of wealth flow in
terms of stochastic wealth exchange between units, re-
sembling the energy transfer between the molecules of a
fluid [4, 18, 19]. The goal of this contribution is to pro-
vide an overview of such models discussing their general
features.

We also consider the heterogeneous version, in or-
der to illustrate how such simple models can gener-
ate realistic wealth distributions over a wide range of
wealth, from small and intermediate values of wealth,
where the wealth distributions are well fitted by a Γ-
distribution [20, 21, 22, 23], up to the high-wealth region
where the Pareto power-law is observed if suitably diver-
sified units are introduced [24, 4, 19]. These results have
opened the way to a simple, quantitative complex sys-
tems approach in modeling real wealth distributions, as
the outcome of the wealth exchanges among economical
units.

2 General structure of kinetic ex-
change models

Kinetic exchange models provide a minimal description
of wealth exchange between economic units (represent-
ing, e.g., individuals, families, or companies) in a way
formally similar to that in which energy is transferred be-
tween molecules of a fluid due to collisions [25, 26]. Such
models were introduced independently in different fields
such as social sciences [20, 27, 28], economics [29, 30, 31],
and physics [32, 21, 22, 2, 33, 34]. John Angle [20, 27]
originally introduced this type of models basing them on
the surplus theory, with the goal of describing the origin
of wealth inequalities.

Compared with other agent-based models of financial
markets [35], the structure of kinetic exchange models is
extremely simple, since they describe a market only in
terms of wealth flows between economic units. No other
elements of a market dynamics, such as price formation
or the production-consumption processes, are considered
explicitly. Even within such a simple framework, kinetic
exchange models predict quite realistic shapes of wealth
distributions [4] in all the ranges of wealth.

Kinetic exchange models assume that the total wealth
of the system is conserved. This follows from wealth con-
servation during each single unit-unit interaction. The
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general dynamics can be formulated through the follow-
ing update rule at a generic time iteration t,

x
′
j = xj + ∆xjk , x

′
k = xk − ∆xjk , (1)

where j and k are the labels of the two interacting
units chosen randomly among the N units of the system
(j, k = 1, . . . , N), xj and xk (x

′
j and x

′
k) are the wealths of

the trading units j and k before (after) the exchange, and
∆xjk = −∆xkj the exchanged amount of wealth. With-
out loss of generality, in Eqs. (1) the minus (plus) sign
has been chosen for j (k). What is the unit whose wealth
increases or decreases depends on the sign of ∆xjk.

Many numerical works have shown that the equilibrium
wealth distribution coincides formally with the Gibbs en-
ergy distribution of a system of particles. In fact, this is
just what is expected theoretically from the conservation
of the total wealth of the system, analogously to mechan-
ical systems in which energy is conserved.

The dynamics of most of the kinetic exchange models
can be formulated in a unified way through an amount of
exchanged wealth in Eqs. (1) given by ∆xjk = ω̃jk xk −
ω̃kj xj , as discussed in Ref. [25], where ω̃jk and ω̃kj are two
suitable stochastic variables extracted independently at
each trade and limited in the interval (0, 1). A more gen-
eral formulation basically including all kinetic exchange
models is through an exchanged wealth given by

∆xjk = ω̃jk xk − ω̃kj xj + ξ̃jk , (2)

where ξ̃jk is another stochastic variable. In this way, the
total exchanged amount of wealth ∆xjk receives a con-

tribution from the random variable ξ̃jk, representing an
additive contribution (the only constraint on the value of
ξ̃jk is imposed by the available wealth), and another con-
tribution proportional to the units wealths through the
terms ω̃jk xk and −ω̃kj xj . As discussed below, the mod-
els studied so far consider either the absolute contribu-
tion ξ̃jk or the multiplicative contributions proportional
to the units wealth, while, to the best of our knowledge,
no models studies both types of contribution together.

The stochastic variable ω̃j represents the fraction of
wealth given by agent j to k during the transaction, and
vice versa for ω̃k.

Further generalizations of kinetic exchange models can
be easily expressed in terms of the properties of the
stochastic variables ω̃i, while maintaining the same for-
mulation of the exchange law.

3 Models

3.1 The models of Angle

Here we consider the model introduced by John Angle
in 1983 in Refs. [36, 20]. The other model of Angle,
i.e., the OPIP One-Parameter Inequality Process, is illus-
trated below. The Angle model is inspired by the surplus

theory of social stratification and describe how a non-
uniform wealth distribution arises from wealth exchanges
between individuals. The dynamical evolution is deter-
mined by Eqs. (1) with

∆xjk = ǫ ω [ηj,k xj − (1 − ηj,k) xk] . (3)

Here ǫ and ηj,k are random variables: ǫ is a random num-
ber in the interval (0, 1), which can be distributed either
uniformly or with a certain probability distribution g(ǫ),
as in some generalizations of the basic model [36]; ηj,k is
a random dichotomous variable responsible for the unidi-
rectionality of the wealth flow as well as for the nonlinear
character of the dynamics. It is a function of the differ-
ence between the wealths of the interacting agents j and
k, ηj,k ≡ φ(xk − xj), assuming the value ηj,k = 1 with
probability p0 for xj > xk or the value ηj,k = 0 with
probability 1 − p0 for xk > xj . The value ηj,k = 1 pro-
duces a wealth transfer |∆xjk| = ǫ ω xj from agent j to k,
while the value ηj,k = 0 corresponds to a wealth transfer
|∆xjk| = ǫ ω xk from k to j.

A special case of this model is that with symmetrical
interaction, obtained for p0 = 1/2. Notice that for this
value of p0 the random variable ηj,k ≡ η becomes inde-
pendent of xj and xk. The equilibrium wealth distribu-
tion for a generic value of λ is found to be described by
a Γ-distribution,

fα,β(x) =
β

Γ(α)
(βx)α−1 exp(−βx) , (4)

with equal shape and rate parameters [37]

α = β =
1 + 2λ

2(1 − λ)
. (5)

The fact that β = α is determined by the average wealth
〈X〉 = α/β = 1, that in turn follows from the assumed
initial conditions xi = 1, i = 1, . . . , N .

This expression provides a value of α and β that is just
half of that of the Chakraborti and Chakrabarti model
considered below, see Eq.(11). Since λ = 1 − ω ∈ [0, 1),
the parameter α is a real number in the interval [1/2, ∞).
Notice the divergence at x → 0 that will persist as long as
α < 1, meaning saving propensities λ < 1/4 (this is visible
in Fig. 1 for the cases λ = 0, λ = 0.1, and λ = 0.2). At
λ = 1/4 the exponential distribution is obtained, while
for λ > 1/4 the distribution assumes a bell shape with
mode x̄ > 0. In all the simulations the average wealth is
〈x〉 = 1.

The Angle model has a simple mechanical analogue if
the quantity D = 2α defined is interpreted as an effective
dimension for the system. In fact, it can be checked that
the distribution fα,α(x) is the equilibrium distribution
for the kinetic energy of a perfect gas in D dimensions
as well as for the potential energy of a D-dimensional
harmonic oscillator or a general harmonic system with D
degrees of freedom. This definition of effective dimension
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Figure 1: Equilibrium wealth distribution for the version
of the Angle model defined by Eqs. (3) with p0 = 1/2:
results of numerical simulations (symbols) are compared
with the fitting using a Γ-distribution (curves) for differ-
ent values of the saving parameter λ = 1 − ω in linear
(above) and semi-log (below) scale. The value of α is
given by Eq. (5). See text for further details.

is consistent with the equipartition theorem, see Ref. [38]
for details.

The OPIP model is described in detail in Refs. [39, 28].
It differs from the previous Angle model in that it only
employs a stochastic dichotomic variable ηjk, which can
assume randomly the values ηjk = 0 or ηjk = 1. The
model is defined by Eqs. (1) with

∆xjk = −ηjkωxk + (1 − ηjk)ωxj . (6)

The model describes a unidirectional flow of wealth from
agent k toward agent j for ηjk = 1 or vice versa for
ηjk = 0. For the particular case in which the two val-
ues of ηjk are always equiprobable, one can rewrite the
process, without loss of generality, with a ∆xjk = ωxk

in Eqs. (1). As found in Refs. [39, 28], for small enough
ω the stationary wealth distribution is well fitted by a
Γ-distribution with α ≈ 1/ω − 1 = λ/(1 − λ). We find
that this fitting (not shown) is very good at least up to
λ ≈ 0.7.

3.2 The model of Bennati

Another model was introduced in 1988 by Eleonora Ben-
nati [29, 30]. Its basic version, that we discuss here, is
a simple unidirectional model where units exchange con-
stant amounts ∆x0 of wealth [29, 30, 31]. In principle,
in the Bennati model a situation where the wealths of
the agents would become negative could occur and this
is prevented allowing the transaction to take place only
if the condition x′

j , x
′
k ≥ 0 is fulfilled: the process is de-

scribed by Eq. (1) with ∆xjk = ∆x0 if x′
j , x

′
k ≥ 0 and

with ∆xjk = 0 otherwise. Since the wealth can vary only
by a constant amount ∆x0, the model reminds a set of
particles exchanging energy by emitting and re-absorbing
light quanta of equal energy. Analytically the equilibrium
state of the model is well described by an exponential
distribution. The main difference respect to the other
models considered here is that in the Bennati model the
amount of wealth exchanged between the two agents is
independent of xi, while in the other models represents a
multiplicative random process, since ∆xjk ∝ xi.

3.3 The model of Yakovenko

The models introduced in 2000 by A. Dragulescu and V.
M. Yakovenko [32] were conceived to describe flow and
distribution of money. They have a sound interpreta-
tion both of the conservation law x′

j + x′
k = xj + xk,

since money is measured in the same unit and conserved
during transactions, and of the stochasticity of the up-
date rule, representing a randomly chosen realization of
trade. Various models were considered in Ref. [32], with a
∆jkx either constant (similarly to the Bennati model dis-
cussed above) or dependent on the values xi of the agents;
also more realistic models, in which e.g. firms were intro-
duced or debts were allowed. For simplicity, we consider
among them the model which probably best represents
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the random character of kinetic wealth exchange models,
in which the total initial amount xj + xk is reshuffled
randomly between the two interacting units,

x′
j = ǫ (xj + xk) ,

x′
k = ǭ (xj + xk) . (7)

Equivalently, the dynamics can be described by Eqs. (1),
with

∆xjk = ǭ xj − ǫ xk . (8)

The equilibrium distribution is well fitted by the ex-
ponential distribution f2,2(x). A mechanical analogue is
a gas, in which particles undergo pair collisions in which
some energy is exchanged [40].

3.4 The model of Chakraborti and
Chakrabarti

In the model introduced in 2000 by A. Chakraborti and
B. Chakrabarti [33] the general exchange rule reads,

x′
j = λxj + ǫ (1 − λ)(xj + xk) ,

x′
k = λxk + ǭ (1 − λ)(xj + xk) , (9)

where ǭ = 1−ǫ. Here the new wealth x′
j (x′

k) is expressed
as a sum of the saved fraction λx′

j (λx′
k) of the initial

wealth and a random fraction ǫ (ǭ) of the total remaining
wealth, obtained summing the respective contributions of
agents j and k. Equations (9) are equivalent to Eqs. (1),
with

∆xjk = ω(ǭ xj − ǫ xk) = (1 − λ)(ǭ xj − ǫ xk) . (10)

Like in the Angle model, at equilibrium the system is well
described by a Γ-distribution (4) but with a parameter α
given by [38, 41]

α ≡ D

2
=

1 + 2λ

1 − λ
=

3

ω
− 2 , (11)

which is twice the value of the corresponding parameter
of the Angle model with p0 = 1/2, discussed above.

In Fig. 2 numerical results are compared with the fitting
based on Eq. (11). In this case the probability density is
always finite for x → 0, since for λ = 0 (ω = 1) one has
α = 1 and the distribution does not diverge but is equal
to the exponential function.

3.5 Models of immediate exchange

In this section we consider a version of kinetic exchange
model introduced recently [42] describing a market where
encounters between units are accompanied by immediate
exchanges. By “immediate exchange” it is meant here
for example the type of interchanges that characterize
barter, where goods are directly exchanged without us-
ing a medium of exchange, such as money, or market
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Figure 2: Equilibrium wealth distributions of the model
of Chakraborti and Chakrabarti in linear and semi-log
scale for different values of the saving parameter λ in the
closed economy model defined by Eqs. (9). The continu-
ous curves are the fitting functions, i.e. a Γ-distribution
of the form Eq. (4) just as for the Angle model, but with
the value of α(λ) is given by Eq. (11).
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economies where goods are exchanged with money imme-
diately or according to some agreed time schedule. Im-
mediate exchanges are to be contrasted with the “delayed
exchanges”, characterizing e.g. gift economies, where for
cultural reasons valuables are given without an explicit
agreement for immediate or future rewards. In the latter
case one has unidirectional transfers of wealth from one
unit to another one.

In the barter interpretation, each unit i (i =
1, 2, . . . , N) has some items to exchange for something
else; the total value of the items is xi. In the time evo-
lution two units j and k are extracted randomly at ev-
ery time iteration and interchange something with value
ǫjxj and ǫkxk, respectively, where ǫj and ǫk are two in-
dependent uniform random numbers in the interval (0, 1],
different at each iteration. The random nature of these
quantities describes the situation in which each time when
somebody is trying to do a trade it can be of a different
object among all the things he owns and is willing to
exchange for something else. The model does not distin-
guish between different types of goods and focuses on the
amounts of wealth exchanged between the units. There-
fore one of the goods can be possibly understood as the
currency in use and the model can be reinterpreted as one
of a currency-based market. In the latter case the random
numbers describe intrinsic fluctuations of prices and cur-
rency values. Correspondingly, the delayed exchanges can
describe payments of services without immediate reward,
e.g., insurance business.

The dynamics of the proposed model can be defined by
the following equations:

x
′
j = (1 − ǫj)xj + ǫkxk ,

x
′
k = (1 − ǫk)xk + ǫjxj ,

(12)

which can be rewritten in the same form of Eqs. (1) with

∆xjk = ǫkxk − ǫjxj . (13)

Because ǫj , ǫk > 0 then from Eqs. (1) together with (13)
it is clear that a situation where xi = X (i.e., a unit
i owns all the wealth of the system) or xi = 0 (i.e., a
unit i is totally poor) is not possible at any moment of
time. Numerical simulations show that the equilibrium
distribution f(x) of wealth is a Γ-distribution (4) with
α = β = 2, i.e., f(x) = f2,2(x) = 4x exp(−2x). Thus,
f(0) = f2,2(0) = 0 and f(x) decays exponentially at large
x.

The dynamics described by Eqs. (12) is closer than
other kinetic exchange models to inter-molecular energy
exchanges, in which, according to kinetic theory, the en-
ergy exchanged in a collision between two molecules j and
k has the form given by Eq. (13) with ǫj and ǫk depend-
ing on the initial directions of the molecular velocities
and to be considered independent random numbers in the
hypothesis of molecular chaos [43].

The immediate-exchange model introduced above is
formally very similar to the model introduced by

Drăgulescu and Yakovenko [32] described above, in which,
however, only one random number ǫ is present, and that
can be re-obtained from the model introduced above set-
ting ǫ = ǫk and ǫj = 1 − ǫk. However, in the context
of wealth exchanges such a strong correlation between ǫj

and ǫk is difficult to understand. In fact, the dynamics of
the Drăgulescu and Yakovenko model can be better un-
derstood if rewriting it as a random reshuffling in a single
time of the total initial amount xj + xk between the two
interacting units, see Eq. (7).

The presence of two independent random numbers ǫj

and ǫk (instead of the single random number ǫ) implies
basically different interpretations of the models. In fact,
the model of Drăgulescu and Yakovenko leads to the ex-
ponential equilibrium wealth distribution describing a so-
ciety where most of the people are really poor and the
distribution mode is x̄ = 0. Instead, the model proposed
leads to the Γ-distribution with shape and rate param-
eters α = β = 2, which corresponds to a society where
most of the people have the wealth around the average
value 〈X〉 = 1 (assuming that initially each unit has a
wealth x = 1), with a mode x̄ = 1/2 and actually there
is nobody with x = 0, f(x=0) = 0.

Thus, the exponential shape of the equilibrium wealth
distribution of the Drăgulescu and Yakovenko model
arises from the possibility that during a given interac-
tion a unit can in principle lose all wealth that will go to
some other unit. Considering Eq. (8) this will happen to
unit j whenever the extracted value of the random num-
ber ǫ is close enough to zero. The model of Chakraborti
and Chakrabarti [33] is in this respect illuminating, since
it shows that due to the introduction of saving (through
a saving propensity λ > 0) such a situation never oc-
curs and there are no units for x → 0, leading not to
the exponential but to a Γ-distribution (4) with shape
parameter (10). Therefore, units carrying out immedi-
ate exchanges can be formally seen as equivalent to units
with a saving propensity. More precisely the immediate
exchange model leads to the same equilibrium wealth dis-
tribution as the model of Chakraborti and Chakrabarti
with λ = 1/4. The fundamental difference is that in the
model proposed here, the situation with xi = 0 is ex-
cluded naturally without further assumptions solely by
the fact that even if during an (actual) exchange a unit
j gives away everything, he always receives something in
exchange from the other unit k and thus, after the trans-
action always xi > 0 for each i. Considering Eqs. (12),
the probability that unit j loses all wealth during a single
interaction is definitely smaller, respect to the analogous
one, e.g., in the Drăgulescu-Yakovenko model, since here
this will happen only if ǫj is close enough to one and ǫk

to zero.

It is worth comparing this model with the first model
introduced by Angle [36, 20] that assumes a unidirectional
flow in which with probability p0 a random fraction ǫ of
the wealth xj of unit j is transferred to unit k, while with
probability 1 − p0 a random fraction ǫ of the wealth xk
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Figure 3: Log-Log (left) and Log (right) plot of the equilibrium distribution p(x) of wealth x for different values of
µ, i.e., for different fractions of unidirectional interactions. The value µ = 0 corresponds to immediate exchanges
only and µ = 1 to the situation when all the interactions are unidirectional. Dots represent results from numerical
simulations, while lines are a fitting using the Γ-distribution (4) with α = β and the values of α given by Eq. (14)
for different values of µ.

of unit k is transferred to unit j, and for the sake of sim-
plicity the particular the case of symmetrical interaction
p0 = 1/2, see Eq. (3) above. In this case the growth of
the fraction of poor units with wealth close to zero is even
more dramatic than in the Drăgulescu-Yakovenko reshuf-
fling dynamics considered above: in fact, the resulting
equilibrium wealth distribution of this model is found to
diverge at x → 0, signaling a wealth accumulation in the
hands of a very few units.

The value α = 2 of the immediate exchange model
introduced above is recovered for λ = 1/2.

One could expect that (at least in the case of symmet-
rical interactions) that the series of unidirectional wealth
flows of the Angle model provides results equivalent to
those produced by a superposition of immediate (bidirec-
tional) exchanges. However, the basically distinct shapes
of the equilibrium wealth distributions at x → 0 in the
model of Angle and in the immediate-exchange model
proposed here, reveal that this is not the case.

To better understand this issue, one can study a system
where a fraction µ of the interactions are unidirectional
flows while the remaining fraction 1 − µ are immediate
exchanges. Namely, at each time iteration the pair of
units extracted for a trade will carry out with probability
µ the unidirectional transaction and with probability 1−µ
the immediate exchange defined by Eq. (13).

If µ = 0, i.e., all interactions are immediate exchanges,
the equilibrium wealth distribution is a Γ-distribution
with α = 2. For any µ > 0 the equilibrium distribu-
tions are still well described for sufficiently large x by a
Γ-distribution, see Fig. 3. The dependence of α on µ is
given by

α(µ) = 2 exp[− ln(4)µ] = 21−2µ . (14)

For µ = 1/2, i.e., when half of the interactions are uni-
directional and half are immediate exchanges, α = 1

and the equilibrium wealth distribution is exponential,
f(x) = exp(−x). For x < 0.05 the distributions devi-
ate from the Γ-distributions, see Fig. 3 for x → 0; the
deviation is the larger the larger is the fraction of unidi-
rectional interactions, µ. For µ = 1 the model of Angle
is recovered. Also in this case, one can think of the effect
of immediate exchanges in terms of an effective saving
λ > 0. Putting together Eqs. (5) and (14) one can find
that

λ(µ) =
22(1−µ) − 1

22(1−µ) + 2
. (15)

From here we can see that to µ1 corresponds λ = 0, i.e.,
the units can lose everything. Instead, µ = 1/2 leads to
the same equilibrium distribution as the model of Angle
with saving propensity λ = 1/4, and µ = 0 to the equilib-
rium distribution with saving propensity λ = 1/2. Dis-
tributions corresponding to values of λ > 1/2 cannot be
obtained, since they would correspond to negative values
of µ.

4 Heterogeneous models

Here heterogeneity in kinetic exchange models is consid-
ered. For the sake of clarity we limit ourselves to con-
sider an example the generalization of the Chakraborti-
Chakrabarti model considered above. Heterogeneity is
introduced by assigning different values for each unit i to
the only system parameter, that is ωi (λi). The formula-
tion of the heterogeneous model is obtained straightfor-
wardly from that of the corresponding homogeneous ones
by replacing the generic term ω xi (λxi) with ωixi (λixi)
in the evolution law. Therefore Eqs. (9) become

x′
j = λjxj + ǫ [(1 − λj)xj + (1 − λk)xk] ,

x′
k = λkxk + ǭ [(1 − λj)xj + (1 − λk)xk] , (16)
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and the exchanged amount of wealth in Eqs. (10) is now

∆x = ǭ ωj xj −ǫ ωk xk = ǭ(1−λj)xj −ǫ(1−λk)xk . (17)

The set of parameters {ωi} ({λi}) is constant in time
and specifies the profiles of the agents. The values {ωi}
({λi}) are assumed to be distributed in the interval be-
tween 0 and 1 with probabilities hi (gi) and

∑
i hi = 1

(
∑

i gi =1). In the limit of an infinite number of agents,
one can introduce a probability distribution h(ω) [g(λ)],

with
∫ 1

0
dω h(ω)=1 [

∫ 1

0
dλ g(λ)=1].

Various analytical and numerical studies of this model
have been carried out [4, 19, 39, 24, 44, 45, 46, 47, 48, 49,
50, 51] and as a main result it has been found that the
exponential law remains limited to intermediate x-values,
while a Pareto power law appears at larger values of x.
Such a shape is prototypical for real wealth distributions.

A most interesting feature of the equilibrium state is
that the shape of the wealth distribution fi(x) of agent i
maintains the shape of a Γ-distribution, despite the sum
of the wealth distributions of the single agents, f(x) =∑

i fi(x), produces a power law tail. Vice versa, one
could say that the global wealth distribution f(x) can be
resolved as a mixture of partial wealth probability densi-
ties fi(x) with exponential tail, with different parameters.
For instance, the corresponding average wealth depends
on the saving parameter as 〈x〉i ∝ 1/(1 − λi) = 1/ωi; see
Refs. [52, 50, 53] for details.

5 Conclusions

We have briefly reviewed the kinetic wealth-exchange
models of closed economy systems.

The homogeneous models can describe realistically
wealth distributions at a small wealth scale, especially
within the immediate-exchange versions, as well as
the intermediate wealth region. The corresponding Γ-
distribution is known to be just the canonical energy dis-
tribution of a general statistical many-particle system,
where the number of degrees of freedom is related to the
shape parameter of the Γ-distribution. This suggests that
it is the same simple mechanism of exchange of a certain
quantity and the conservation of such exchanged quan-
tity is at the origin of the observed Γ-distribution both in
condensed matter and in economics.

The heterogeneous kinetic wealth exchange models
turn out to be particularly relevant in the study of real
wealth distributions in the large-wealth region, where the
Pareto power law tail is located. The reason s that in a
heterogeneous kinetic wealth exchange model an overlap
of the wealth distributions of all the single agents takes
place, that produces a power law tail. This mechanism
seems to be a quite general one and is completely within
the framework of canonical statistical mechanics.
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Abstract. In this paper, we study the structural properties of

the complex bus network of Chennai. We formulate this extensive

network structure by identifying each bus stop as a node, and a bus

which stops at any two adjacent bus stops as an edge connecting

the nodes. Rigorous statistical analysis of this data shows that the

Chennai bus network displays small-world properties and a scale-

free degree distribution with the power-law exponent, γ > 3.

Keywords. Chennai bus network, Scaling laws, Transportation

network

1 Introduction

1.1 Chennai Bus Network

Chennai is one of the metropolitan cities in India with
a structured and a close-knit bus transport network.
The Chennai bus network (CBN) is operated by the
Metropolitan Transport Corporation (MTC), a state gov-
ernment undertaking. Spanning an area of 3,929 sq. km
and with over 800 routes sprawling across entire Chen-
nai, this extensive network also boasts of the largest bus
terminus in Asia. With the population of the city being
the sixth largest in the country, this medium of transport
is most widely used for day-to-day commutation.

The reason that the bus network, in general, achieves
this favourable status lies primarily in two factors: (i)
cost, and (ii) penetration. With high volume of com-
muters flowing through this network each day, the cost of
travel per day, per person becomes significantly low. Al-
though, this is a parameter which is usually met by every
other public transport system, the penetration factor is
the one which significantly makes bus networks the prime
mode of transportation in cities. A high penetration ef-
fect exhibited by a bus network enables a person to travel
between any two points in the city very easily which is in
contrast to other public modes of transportation, where
geographical constraints associated with the network lay-
out are much higher in number. Thus, bus transportation
allows flexibility in travel. A natural question arises here;
what is the least number of buses one should change to
go from one place to another? Or more precisely, why do

∗Both the authors are affiliated with the Department of Civil
Engineering, Transportation Engineering Division, Indian Insti-
tute of Technology Madras, Chennai 600036, India. E-mails:
atanu@smail.iitm.ac.in, gitakrishnan@iitm.ac.in

we require changing buses at all? To answer these ques-
tions, we need to look at a more abstract and networked
structure of the bus routes, and argue based on its various
statistical properties.

1.2 Complex Networks: overview

The recent surge of interest in the field of network science
has caused researchers to formulate almost every physical
system as an interacting network (see [1 - 8]). We define a
network as a graph, G , consisting of links, L, and nodes,
N , in a tuple, G = (N,L) where, N = (n1, n2, ...) ∈ <
and L = N ×N ∈ <2. When such a network shows non-
trivial properties like the patterns in which the wiring
between the nodes occur, then such a network is usually
termed as a complex network [3 - 4]. The non-triviality in
the properties arises primarily from the varying degrees
of the strength of interaction between a pair of nodes,
which is non-uniform and irregular. In the light of the
success of recent investigations using a network science
approach, we formulate the CBN as a complex network,
and analyze its various statistical properties (see [9]).

The irregularity in the interaction patterns of nodes
have been found in many social, biological and technolog-
ical systems. Two prominent network models have been
proposed in order to understand these systems: (a) small-
world network model, and (b) scale-free network model.
Both the models are categorized by certain network met-
rics, which are many, namely degree-distribution, cluster-
ing coefficient, network diameter, average path length, be-
tweenness centrality, etc. The small-world network model
was proposed by Watts and Strogatz in 1998 (see [10]) and
included a novel modification of the Erdos-Renyi random
graph model which was proposed in 1959 (see [11]). The
small-world network is an interesting model that captures
our social interactions in a very promising way. The two
major characteristics of this model are: (i) short aver-
age path length between any pair of nodes, and (ii) high
clustering effect denoting strong-knit communities (see
[8, 12]). Small-world effects have been found in electric
power grids (see [7]), road maps (see [13]), protein-yeast
(metabolite) interaction networks (see [14]), etc. Also,
it is interesting to note that the Indian railway network
(IRN) shows small-world characteristics (see [5]). The
other model was proposed by Barabasi and Albert in
1999 when they mapped the topology of a portion of
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Figure 1: The Chennai Bus Network is plotted with nodes, N = 1009 and links, L = 1610. The layout is obtained
using force-directed algorithm with complexity O(n2)

the World Wide Web (see [2]). An interesting aspect
of their model is the scale-free degree distribution of the
nodes, marked by the presence of hubs (see [1, 2]). Social
networks (see [15]), movie actors collaboration networks
(see [16]), authors citation networks (see [17]), the World
Wide Web (see [2]), protein-protein interaction networks
(see [18]), mobile communication networks (see [19]) etc.
have been shown to follow a scale-free growth. With re-
spect to transportation networks, airline networks and
some subway networks have been observed to obey the
Barabasi-Albert scale-free model (see [9, 20, 28, 29, 31]).
However, it is worthwhile to note that the network topolo-
gies are not the absolute metrics that define strict classes
of physical systems, e.g., some researchers have proposed
a scale-free model for the rail-network of China (see [20]).

2 Methodology

Before creating an abstract model of the bus transport
network, one needs to clearly distinguish between the ge-
ographical placing of the actual bus stops and the placing
of the analogous nodes in a complex connected network.
We define a connected network as a graph, in which a
path traversal is possible between any pair of nodes. We
also define the two analogous spaces: the geographical
space and its topological equivalent, network space. In

the network space, every node pair (i − j) is separated
by a distance, lij of one unit. The actual significance of
defining an equivalent network space lies in the value of
this distance metric, lij . If lij = 1, there exists a bus that
takes a commuter from i to j directly whereas, if lij > 1,
then a person has to change buses at least once at some
intermediate stop between i and j.

The MTC website maintains a database of the entire
bus route of Chennai. In order to create our network
model, we identify every bus stop as a node and a bus
connecting any two adjacent bus stops as a link between
them. At this point, we assume that the bus network is
bi-directional in nature hence, the links connecting a pair
of nodes are undirected. In order to analyze this extensive
network, a node-node adjacency matrix, A (N,L) is gen-
erated. An element of this matrix, aij is either zero, one,
or some quantity greater than one. If two nodes,i − j
are not connected directly then, aij = 0. Since paral-
lel edges are possible, aij can take any integer positive
value; note that aii = 0. The summation of the row,
i.e., for all i and a fixed j, we have the total degree of
the jth node. The degree of a node implies the total
number of links that pass through a node. For a node
signifying a bus stop, as in this case, the degree of a bus
stop will signify the strategic importance that bus stop
manifests on the network. A bus stop with a high de-
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Figure 2: (a) A histogram plot showing the degree distribution and node count; (b) Rank-degree correlation plot on
a log-log scale showing weak Zipfian distribution; (c) Plot of log p(k) vs. log k, and the corresponding straight line
fit for the tail with slope γ > 3

gree will have a high number of routes crossing it. Nodes
with very high degrees in a network are often termed as
hubs. Since our network is undirected, we do not distin-
guish between out-degree and in-degree for a node thus,
deg(j) = outdeg(j)+indeg(j). In order to analyze various
properties of this complex network, we identify the metric
such as the clustering coefficient, which is a measure of
the degree to which the nodes have the tendency to cluster
together. For an undirected network, the local clustering
coefficient of node i is given by, Ci = 2× lij/ki × (ki − 1)
where, lij is a link connecting i to j, and ki are the neigh-
bours of node i. The neighbourhood, Ni, for a node, i is
defined the set of its immediately connected neighbours
as, Ni = {nj : lij ∈ L ∧ lji ∈ L}. For the complete
network, Watts and Strogatz defined a global clustering
coefficient, C =

∑
i Ci/n. The other important metric

of particular interest is the degree-distribution function,
p(ki), where p(ki) is the probability of degree, i, having a
degree count, k. It is a measure of the degree distribution
of nodes varying across the entire network. The shortest
path between any pair of nodes is computed using Dijk-
stra’s algorithm.

3 Results

We construct the network from the MTC database with
the number of nodes, N = 1009 and the number of edges,
L = 1610. The layout of the CBN in Figure 1 is obtained
by using force-directed algorithm, assuming every node is
connected by a spring. The prime idea is to minimize the
energy of the system as every node tends to repel every
other node (to which it is not connected directly) while
being attracted by the elastic force of the spring-like edge.
Using clustering algorithm, Chinese whispers (see [21]) we
find that the CBN has close-knit clusters. Although few
in number, they are located in those places of Chennai
where mostly residential areas and business centres have
conglomerated with time. Clusters represent a structure
of the node set such that node traversal is possible from
any one node to every other node in that set. Clusters in

social networks represent high density ties between groups
of people. In a transportation network, clusters represent
the density of inter-dependency between the nodes, e.g.,
commercial areas like market places will tend to cluster
with residential areas. But it is interesting to note that
the clustering coefficient, C = 0.068 for the CBN is sig-
nificantly higher than a random network generated on the
same edge set.

Another important metric that quantifies the topologi-
cal structure of a network is the degree distribution func-
tion, p(k). Figure 2(a) represents the degree distribution
of the CBN as a function of the number of nodes. It can
be clearly seen that the histogram decays very rapidly ini-
tially, for all degrees, di ≤ 2, but afterwards, the decay is
uniform for degrees, 2 < di ≤ 6. Henceforth, the decay is
again rapid for all degree, di > 6. It is also observed that
the majority of the nodes have a very low degree while a
very few nodes have significantly high degrees. The av-
erage degree, d̄i for the nodes in the CBN is found to be
3.19 with the median degree, D̄i being 2. The maximum
and minimum degrees for the CBN are dmax = 15 and
dmin = 1. When the degree-rank correlation is plotted
on a log-log scale, we get a weak Zipfian distribution,
as seen in Figure 2(b) (see [22]). From Figure 2(a) and
2(b), it is evident that the degree and rank of a node are
inversely related. Therefore, the CBN shows evidence for
a power − law degree distribution, p(k) ∼ k−γ . In order
to find the power law exponent, γ, the probability distri-
bution function for a degree, p(ki), is plotted with respect
to the degrees of nodes, ki, on a log-log scale. Since it is
presumed that the distribution follows a power-law curve,
the k − p(k) plot on a log-log scale should be a straight
line. Figure 2(c) shows a linear trend in the scatter of
points on the log-log plane. Although the trend is linear,
the slope initially follows the points smoothly, however,
towards the end it decays rather rapidly. It is also worth
noting that the distribution of the points is clustered at
the tail end of the line in the log-log plane. The slope of
the straight line that captures the fat-tail of the degree
distribution is the power-law exponent, γ. The slope of
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the straight line is found to be greater than 3 (see [30]).

Figure 3: (a) Figure showing the variation of shortest
path length for a single node to every other node with
the number of nodes encountered; (b) skewed Gaussian
distribution of the path length and number of nodes with
mean, l̄ij = 8.72

It is quite natural for a traveller to search for the short-
est path from his point of origin to his destination. The
shortest path between a pair of nodes is the one that
minimizes the number of node traversals between them.
In order to answer the above question, the shortest path
from a single source to every other node is plotted in
Figure 3(a). The curve resembles a S-pattern. An in-
teresting point to observe here is that more than 80% of
the paths require 8 or less nodes, and only about 20%
of the remaining paths require more than 8 nodes. This
process is repeated for all the

(
N
2

)
node pairs in the net-

work, and the sigmoid distribution is found to be similar
in all the cases. In Figure 3(b), we plot the normalized
sigmoid curves. It essentially reveals a skewed Gaussian
distribution of the shortest path lengths with the mean
path length l̄ij = 8.72, which implies that on an aver-
age, any random pair of nodes can be visited by at most
nine hops across this extensive bus network. Also, ob-
serve that the number of nodes steeply rises till 26 for the
remaining 20% nodes, accounting for the large diameter
of the CBN. Also, it is worth noting that the average path
length varies with number of nodes as l̄ij ∼ ln(N), which
is a characteristic feature of a small-world network (see
[23]).

4 Discussion

The diffusion of structural and statistical concepts of
network science has not been uniform in understanding
transportation networks in general. While networks such
as airlines, railways, and public transit networks have
been extensively studied (see [6, 24 - 28 ]), the quan-
tum of work done in understanding road transportation,
and in particular, the bus networks, has been relatively
less (see [29]). In this paper, we have rigorously analyzed
the topological structure of the bus network of Chennai.
It is quite interesting to see that the CBN shows various
remarkable characteristic properties.

The density of this extensive network is surprisingly
low, ρ ∼ 0.003, which gives us an idea of the spatial flow

of the network across the entire city from the core to
the extremities. As the CBN shows a scale-free degree
distribution, there are a significantly large numbers of
nodes that have a low degree when compared to the mean.
On the contrary, majority of the links are held by a very
few number of nodes, as we can see from Figure 2(a, b,
c). These set of nodes, which contribute towards majority
of the connections in the network are often termed as
hubs. Thus the CBN shows existence of hubs, which is
again an interesting result for a transportation network.
The core of the network, inclusive of the hubs, would
often tend to cluster around the regions in the city which
experience maximum flow of commuters. Also note that
the existence of bus depots, where buses from all routes
eventually converge to, can also be considered as hubs.

Another characteristic feature of this network that re-
quires focus is the power-law exponent, γ. The value of γ
is found to be greater than three, with the cutoff being at
k = 7. We do not claim an accurate value of gamma as its
determination demands a weighted plot that would nat-
urally evoke a heavier-tailed distribution than in Figure
2(c), with a much accurate straight line fit (see [30]). We
understand the dependence of γ on the topological struc-
ture of the network, and correlate networks with similar
characteristics. A critical observation of the histogram
plot in Figure 2(a) reveals before us the uniformity in
the degree distribution towards the end of the tail. A
high value of γ represents more spread in the degrees
amongst nodes, which is contrary to many real networks
where 2 < γ < 3, like the internet, power grids, social
networks, etc., which have numerous hubs. In case of
transportation networks, the value of γ has been found
to vary from 2 to 5.5 (see [28]) for some metro networks,
and 2 < γ < 3 for public transit networks. A special thing
to note here is that the networks for which 2 < γ < 3,
have been found to show ultra small-world characteris-
tics, l̄ij ∼ ln((ln(N)) whereas for γ > 3, the dependence
of the average path length on the number of nodes fol-
lows as, l̄ij ∼ ln(N), resembling small-world phenomenon
(see [23]). Some earlier works in bus networks of China
show linear to exponential degree distribution (see [29]).
For a public transport system, it is of immense impor-
tance that the travel times are reduced and people can
efficiently commute from one place to another by chang-
ing minimum number of buses.

In the Indian context, people have shown that the In-
dian railway network is a small-world network (see [5]).
However, they found that the degree distribution is not
scale-free. With respect to airline networks, some earlier
works have claimed that the Indian airline network follows
a scale-free growth with γ = 2.2 (see [31]). All of these
results claim universality in the structure of transporta-
tion networks. Being scale-free induces an additional ad-
vantage to the network by making it more robust and
resilient to random failures (see [1 - 3, 7 - 8, 32]). It is in-
deed good to have scale-free, small-world transportation
systems that would effectively reduce travelling time in
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cities, and preserve network connectivity in critical situ-
ations.

5 Conclusion

Although various concepts of network science are being
increasingly used as a tool for studying the underlying
topology of networks, it still remains an elusive tool to
visualize road transportation networks. In this paper, we
have formulated a network model for the sixth largest
city in India and understand its various structural at-
tributes. The remarkable features of this extensive net-
work include scale-free degree distribution, short average
path length and high clustering coefficient. It is being
claimed that it would require at most nine hops to tra-
verse any pair of random nodes in this network. Thus,
the CBN exhibits small-world phenomenon and a scale-
free growth with γ > 3. Based on the above attributes,
it can be claimed that the CBN is essentially an efficient
and a robust network.
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Abstract. Load balancing strategies determine when and how jobs

are migrated. The objective is to keep the system in an equilibrium

state, with the lowest overhead. In most DCS’s, load balancing

takes place only among a few neighbor nodes and, gradually, a

global equilibrium is reached. A new load balancing strategy is pro-

posed, tested and compared with two well known strategies. The

proposed strategy outperforms both others.
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1 Introduction

A distributed computing system DCS is a set of comput-
ing nodes connected by a communication network. They
are working together to carry out users tasks.

In a DCS, load balancing aims at enhancing the re-
source utilization. It tries to distribute load (that is, jobs
to process) evenly between system nodes and to minimize
the mean tasks response time. However, load balancing
methods add some overhead to the global system.

Load balancing strategies determine when and how
jobs are migrated. The objective is to keep the system
in an equilibrium state, with the lowest overhead. In
most DCS’s, load balancing takes place only among a
few neighbor nodes and, gradually, a global equilibrium
is reached.

The efficiency of load balancing depends on the amount
and accuracy of available information at each node. Some
information is acquired either by directly querying the
some partner node during the load balancing process
or provided by a more sophisticated knowledge discov-
ery method. Of course, acquiring some information
adds more overhead to the system, proportionally to the
amount of knowledge required, the size of the network and
its topology. Some algorithms require complete knowl-
edge of the network state while others perform well de-
pending on a few entries inside local repositories.

The accuracy of the available information depends
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ence and techniques, University of Le Havre, France. E-mails:
cyrille.bertelle@univ-lehavre.fr, eric.sanlaville@univ-lehavre.fr

on several parameters like update frequency or system
changing rate (arrival and departure of jobs). The net-
work topology is also playing an important role when
propagating valid information inside the network.

The main contribution of this study is to present a new
load balancing strategy and to compare its performances
with some other strategies from the literature.

The document is organized as follow: In section 2, a
short review of related works is given. Selected strategies
of load balancing are explained in section3 (knowledge
discovery is just sketched in this extended abstract). In
section 4, a simulation is made to validate our claims.
Section 5 provides some conclusions.

2 Related Works

Load balancing in DCS’s depends on many parameters
which make it a complex problem. It is difficult (if not
impossible) to take all parameters into account when de-
signing an algorithm for load balancing for a DCS.

Researchers are mainly taking two directions: resource
discovery and load movement (job migration). Literature
investigates both problems extensively, but resource dis-
covery is not detailed here. Many job migration strategies
exist, some of the most popular are presented below.

Willebeek-LeMair and Reeves [5] proposed five load
balancing schemes. However only Receiver Initiated Dif-
fusion RID and Sender Initiated Diffusion SID schemes
are using local knowledge that is global load balance is
obtained through local knowledge and decisions. In SID,
nodes frequently broadcast their current load status to
all of their direct neighbors. A node initiates a migration
towards another node whose load is below a threshold.
In RID, a node whose load drops below a threshold Tlow,
requests a migration from all its direct neighbors which
are overloaded.

Cao et al.[2] presented a load-balancing framework
called Mobile Agent based LoaD balancing (MALD) that
uses stationary agents that monitor the workload on local
servers and mobile agent to carry loads to under-loaded
server. Hence this is an SID scheme but controlled by
agents.

J.L.J Laredo et. al.[3] presented an on-line and decen-
tralized scheduler based on a Self-organized Criticality
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model classically called sandpile. The authors show that
a sandpile model[1] could yield a better performance if
the nodes are arranged as a small world network rather
than a lattice 2D grid.

Other models that are used to perform load balancing
depending on local available information are also appli-
cable.

We propose a new load balancing strategy based on
RID scheme(but that selects the migration source node).
A comparison of performances is made between the SID
model proposed in [5], the sandpile scheduler proposed in
[3], and the one proposed in this paper. The latter out-
performs the two other strategies for a given DCS model.
More precise descriptions for the three strategies are given
in section 3.

3 Chosen models and tested load
balancing strategies

Three main elements are important in a DCS load bal-
ancing model: network structure, load information, and
balancing strategy. The network is the base and it affects
everything else. It determines how information is broad-
casted and jobs are migrated. Network could be physical
or logical (depending on how a link is defined) static or
dynamic (depending on links stability).

Whatever resource discovery method is used, a suffi-
cient knowledge is considered present after several iter-
ations of system life. Usually, nodes cache information
about other nodes to use it for future communication.
An entry in a local cache can be defined as a link to an-
other node. Knowledge creates an overlay network above
the initial network. In peer-to-peer networks, an overlay
network is a logical network which is built from the in-
formation exchanged between peers using some diffusion
method. An overlay network is dynamic in term of lo-
cal knowledge content. It is modeled by a directed graph,
where an arc (i, j) means that node i has some knowledge
about node j (here about its load).

A balancing strategy is defined by an algorithm and by
the parameters that are used to take a migration decision.
Parameters include, but are not limited to, load metrics
for each node (especially for potential source and desti-
nation), bandwidth for the links between these nodes. In
this paper, the load is measured by the remaining time of
jobs being executed, plus the execution times of waiting
jobs.

Three strategies are tested in this paper. Note that
neighborhood is relative to the overlay network.

1. SID Strategy: some load is moved from current node
if it is overloaded to the under-loaded node that is
chosen from neighborhood uniformly at random[5].

2. SandPile strategy: The load of current node is
avalanched (dropped) down to the neighbor nodes,
if some criteria are met. For example in [?] load of

a node is avalanched, if it is greater than the sum-
mation of loads of two neighbor nodes selected at
random. Extra load is distributed among the three
nodes.

3. Proposed strategy: load is demanded by the cur-
rent node if it is under-loaded, and from a maximum
loaded node in its neighborhood.

A node is said to be overloaded or under-loaded according
to the load of neighbor nodes. A selected method used to
check the state of a node is given below:

• Let lj be the length (its execution time) of job j.

• Let Lv be the load of node v.

• Let Lmax be the maximum load in the neighborhood.

• Let Lmin be the minimum load in the neighborhood.

• Linterval ← (Lmax− Lmin).

• Let α ∈ (0, 0.5).

• Tunder ← Lmin + Linterval × α.

• Tover ← Lmin + Linterval × (1− α).

• A node v is overloaded if Lv > Tover, under-loaded
if Lv < Tunder.

A job j is migrated from overloaded node v to under-
loaded node u if and only if: v has more than one job and
migration of j does not change load inequality between
u and v i.e (Lu + lj) < (Lv − lj), where Lv and Lu are
computed before the migration.

4 Simulation

4.1 Parameter settings

A simulation program has been designed based on the
GraphStream package [4], to create a destination plat-
form. A node class has been extended to facilitate agents’
accommodation. Agents are autonomous objects that
take decisions according to their internal state and/or en-
vironment state. Environment may be represented by the
state of accommodating node in addition to available in-
formation about neighbor nodes. An agent interacts with
other agents to accomplish assigned tasks.

Several graphs are generated to reflect topology of dif-
ferent initial networks. Each graph is stored in a file.

Jobs are arriving according to local arrival rates (that
is, rates differ from one node to another). Arrival rates
are generated uniformly at random with respect to the
total network capacity. A job set contains a number of
jobs proportional to the network size and duration of sim-
ulation. Each job is characterized by its length and the
node it is submitted to.
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An experiment needs many parameters to be specified,
for example: Initial network file, job set file, knowledge
(cache) size, load balancing strategy and a maximum du-
ration for running simulation program.

Many initial networks have been generated. They are
of different size and typologies like Complete, Grid, Ran-
dom etc. Only small world network(see [?]) of order 1000
is presented here. Table 1 shows the features of the net-
work that has been tested on a laptop. Average clustering
coefficient of a graph is the mean value of the clustering
coefficient of all nodes in the graph. Clustering coeffi-
cient of the vertex v is the density of a sub-graph that is
composed only from v neighbors. Density is the rate of
number of edges to possible number of edges in a graph.

i.e. |E|
N(N−1) . E is the edges sets. N is the number of

nodes in the graph(network).

Table 1: Features of initial network graph

feature value

Generation Method Small World
Connected Components 1
Diameter 5.0
Density 0.016
Average clustering coefficient 0.3
Graph Order 1000
Edges Count 8000
Maximum node degree 26
Minimum node degree 11
Average Node degree 17

Two sets of jobs are used. One set contains identical
job lengths (5 units of time) while the other has different
job lengths (uniformly distributed ∈ [1, 9]). Features of
the two sets are shown in table 2.

All runs have duration of 1000 units of time. Migration
of one job from one node to another takes one unite of
time. All strategies are applied on the overlay network
that has been created by some resource discovery method
using mobile agents. 0.4 is chosen for α. The cache size
is 20, we obtained 20 is sufficient to do load balancing
efficiently.

Table 2: Features of sets of jobs

A B

Number of jobs 199431 199867
Job length identical Variable
Average job length(ms) 5.0 4.98
Average arrival rate 0.199 0.199
Total load per node
Mean 997.0 996.0
Standard deviation 565.79 568.90
Maximum 2050 2084
Minimum 0 0

4.2 Results

Table 3 shows features of a snapshot of overlay network
taken when system has reached the steady state. Figures
1 and 2 show the mean response time and the maximum
response time respectively calculated for each of the three
strategies on two job sets A and B. Response time is the
duration of time from job submission until the completion
of its execution. Maximum and mean response time at
time t is the maximum and mean response time of jobs
that have finished their execution in time t.

Table 3: Features of overlay network graph

feature graph 1

Type Small World
Connected Components 1
Diameter 4.0
Density 0.038
Average clustering coefficient 0.295
Graph Order 1000
Edges Count 19054
Maximum in-degree 192
Minimum in-degree 0
Average in-degree 19
Maximum out-degree 20
Minimum out-degree 19
Average out-degree 19
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Figure 1: Balancing strategies with job set A
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Figure 2: Balancing strategies with job set B

All Strategies reach steady state at same time. Steady
state is reached even with high average load near the max-
imum load capacity. The difference of maximum response
time between two sets is a result of the difference in max-
imum job size.

5 Conclusion

Dynamic Load balancing in distributed systems can be
achieved efficiently by local strategies, if the overlay net-
work obtained from resources discovery has small world
structure, and an average degree between 16 and 32. Our
strategy aims to eliminate any peak node (having a high
load with regards to its neighbors). Domain overlapping
feature of a small world network helps in rapid spreading
of peaks reduction procedure in the whole network. Many
nodes in their neighborhood try to decrease the load of
a peak node. After that the role of source node may be
relocated to another one. Proposed strategy outperforms
other two strategies in such type of networks. A sandpile
strategy is the worst in performance if the communica-
tion cost is disregarded. Both, the SID strategy and the
proposed one add same overheads with regard to the in-
formation acquired in case of static networks. Sandpile is
more sensitive to job granularity.
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DOES YOUR TRADING STRATEGY BEATS MINE ?
AN AGENT-BASED APPROACH TO EVALUATE TRADING EFFICIENCY

Philippe MATHIEU and Yann SECQ ∗

Abstract. Stock markets are complex systems whose price dy-

namics are driven strictly by traders behaviours. In such dynamic

context, how is it possible to evaluate concretely a trading strategy

? This paper is a first step to define several evaluation methods

that can be used to assess the performance of a trading strategy

in a heterogeneous context. We propose an evaluation hierarchy,

ranging from a simple approach to more complex settings involving

bio-inspired concepts like ecological competitions.

Keywords. agent-based computational economy, multi-agent sys-

tem, artificial stock markets, trading strategies, ecological compe-

titions.

1 Introduction

In this paper, we are concerned with the problematic of
the evaluation of a trading strategy in an order-based
market like EURONEXT-NYSE. More precisely, we iden-
tify several evaluation strategies that can be used in order
to compare trading behaviours in a dynamic environment
close to real stock markets mechanisms.

The section 2 introduces main concepts of order-based
markets and briefly presents the simulation platform that
we have used for our experimentations. The section 3 de-
tails previous works done to evaluate trading strategies
and emphasizes missing aspects of some studies. The
section 4 is the main contribution of this paper: a hierar-
chy of evaluations defined in order to benchmark trading
strategies performances in a stock market. The section
5 describes experimentations that have been done in or-
der to validate the proposed hierarchy. Finally, section 6
synthesizes the contribution of our work.

2 Artificial stock markets

Within the agent-based computational economy (ACE)
community several works ([1], [6]) have focused more
specifically on artificial stock markets to simulate differ-
ent aspects of real markets. Nevertheless, as detailed in
[6], even with an agent-based approach, market models
can be rather abstract and not so close to the actual rules
of real markets. More recently, some simulators like JASA

∗Laboratoire d’Informatique Fondamentale de Lille
(CNRS UMR 8022), Université Lille 1. E-mails:
philippe.mathieu@univ-lille1.fr, yann.secq@univ-lille1.fr

[10] or ATOM [8] have been developed to closely reproduce
existing market rules. In this section, we introduce the
main concepts of such frameworks that are particularly
fitted to study market micro-structures, individual per-
formances or even social welfares.

2.1 Orders and Prices

An order is the expression of an interest from a market
actor to buy or sell an asset. Real life markets have de-
veloped numerous kind of orders, some of them for really
specific purposes. In artificial markets, the more com-
monly found orders types are limit orders and market or-
ders. The simplest order is the market order which just
stipulates the quantity that the actor is willing to buy or
sell. It is called market order because the price used will
be the one currently holding when the order will be pro-
cessed. The limit order is more prudential as the actor
states both the quantity and the maximum (resp. mini-
mum) price that he is willing to concede in order to buy
(resp. sell). In this paper, we use only these two kind of
orders but our platform, ATOM, provides also more exotic
orders like update, cancel or even iceberg orders.

An order is thus a 4-tuple of: {Actor, Asset, Price,

Qty}, where Actor is the sender of this order, Asset is
the name of the traded asset, Price is the price the ac-
tor is willing to sell or buy (infinity for a market order)
and Quantity is expected number of assets that should
be exchanged. From an implementation point of view,
orders carry more information, for example, each order is
uniquely identified and prices reference orders that have
been involved in their creation, allowing to study finely
which actors have been trading together.

2.2 Traders

Traders are market actors that observe the market and in-
teract through the emission of orders to buy or sell assets.
Depending on market conditions and their own trading
behaviour, they send orders to the market to trade as-
sets in order to maximize their returns. The main criteria
used to assess the performance of a trader is the notion of
wealth. This criteria, when used in an individual context,
is defined through an evaluation of the trader portfolio
and available cash. More precisely, a trader’s wealth is
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generally defined by its available cash and the valuation
of its portfolio under current market prices.

2.3 Marketplace

The marketplace is the container allowing the aggregation
of orders and the pricing mechanism defines how the offer
and demand match. We are focused here on Continuous
Double Auction (CDA) markets. With the main stock
markets, a trading journey is structured in 3 periods: a
pre-opening period and a closing period that use a fix
pricing mechanism and the main period running through-
out the journey that use a continuous pricing mechanism.
This continuous pricing algorithm implies that every time
a new order enter the market for a given asset, the fix-
ing mechanism is executed and one or several prices can
be generated. This particular aspect is a distinctive fea-
ture of CDA simulation platforms as prices are computed
exactly as they are in a real market like NYSE Euronext.

2.4 ATOM: an artificial stock market
simulator

The platform we use for our experimentations is a multi-
agent platform called ATOM1 [3]. This simulator imple-
ments an order-driven market that reproduce the main
features of the microstructure of marketplaces like NYSE
Euronext, including its system of double book of orders for
each asset. In ATOM, agents rely on their own strategies
to send orders on different assets. Thus, unlike macro-
scopic market models, agents do not emit a simple signal
to buy or sell but can send real orders consistent with
those presented in the previous subsection.
ATOM is built on classic agent design-patterns [7] to al-

low the enforcement of equity between agents and to con-
duct experimentations at several scales: from an intra-
day level (intraday) by reasoning on each fixed price to
multi-day scale (extraday) by reasoning only on the clos-
ing prices. Although ATOM supports multi-assets negoti-
ation, this article focuses on the usage of a single order
book. Finally, ATOM can scale, for example 1000 agents
sending 1000 orders during 1000 trading days (thus 1 mil-
lion orders) can be evaluated in less than one hour on a
commodity computer.

2.5 Using the ATOM API

The aim of this section is not to provide a complete tech-
nical documentation of ATOM or even a survey of its
capabilities but to illustrate through two small code snip-
pets how to easily define an agent and an experimenta-
tion.

The figure 1 describes how to define a new trading
strategy. Because ATOM is developed in Java, an object-
oriented language, the user has to specialize the Agent

1ATOM can be tried and downloaded: http://atom.univ-lille1.
fr

import v13.*;

import v13.agents.*;

class MyAgent extends Agent {

public MyAgent(String name) {

super(name);

}

public Order decide(String obName, Day day) {

// Alterning ASK and BID orders

if (day.currentTick() % 2 == 0) {

// Log a message in the generated log file

market.log.info("ASK@"+day.currentTick());

return new LimitOrder(obName, "nop",

LimitOrder.ASK, 500, (long) 14000);

}

market.log.info("BID@"+day.currentTick());

return new LimitOrder(obName, "nop",

LimitOrder.BID, 500, (long) 14000);

}

}

Figure 1: Definition of a new trading strategy with
ATOM

class and to override the method decide to define what
the agent should do at a given point of the trading Day

on a given order book. The simple strategy implemented
in table 1 is just the alternance of an ASK then BID
limit orders with a fixed quantity (500) and a fixed price
(14000). Prices are specified in cents in order to use inte-
gers to represent prices which less problematic than the
use of real numbers.

When trading strategies are defined, the user can de-
scribe the market by specifying assets that will be traded
(which are represented as OrderBook and by defining a
specific day structure or using a predefined one. Once
the market is ready a Simulation can be launched as
illustrated in figure 2.

import v13.*;

import v13.agents.*;

public class SimpleSimulation {

public static void main(String[] args) {

Simulation sim = new MonothreadedSimulation();

// Sending all logs to standard output

sim.setLogger(new Logger(System.out));

sim.addNewOrderBook("AAPL");

sim.addNewAgent(new SimpleAgent("Alan"));

sim.run(Day.createSinglePeriod(

MarketPlace.CONTINUOUS, 10), 1);

sim.market.printState();

}

}

Figure 2: A simple simulation with ATOM
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Map<String, String> param = new HashMap<>();

// Trading day structure

param.put(Form.OPENING, "0");

param.put(Form.CONTINUOUS, "1000");

param.put(Form.CLOSING, "0");

// Trading strategies configuration (partial)

Agent a = new ZIT("Toto");

// Add a ZIT strategy, with 100 agents that talk

// at each turn (speed)

param.put(Form.FAMILY_NAME + idx, a.name);

param.put(Form.FAMILY_POPULATION + idx, "100");

param.put(Form.FAMILY_SPEED + idx, "1");

...

// Experimentation configuration

param.put(Form.COMPETITION_TYPE,

Form.ECOLOGICAL_COMPETITION);

param.put(Form.NB_DAYS, "3");

param.put(Form.NB_SIMULATIONS, "" + 10);

// Launching the simulation

Evaluation e = Evaluation.runEvaluation(params);

Figure 3: Configuration and execution of an experimen-
tation with ATOM

For experimentations presented in this paper, we have
developed the Evaluation class to ease the configura-
tion and execution of complex settings. The figure 3 il-
lustrates how experimentations done in section 5. One
static method is provided in order to launch with only
one line an experimentation that is configured through a
dictionary (or a CSV file). The parameters describe all
elements linked to the day structure, the trading strate-
gies involved and finally experimentation parameters on
the number of days, the number of iteration and the kind
of evaluation method.

3 State of the art

Lots of references can be found in the literature on trading
strategies evaluation but mainly in the context of back
testing approaches. Within non academic context, several
commercial products are available specifically to back test
trading strategies before using them on real markets2.

The principle of back testing consists in using static
prices series in order to estimate the return that would
have generated a given strategy within this context. Back
testing is a first approach that is useful but it generally
do not handle constraints like liquidity, slippage or fees.
Another important aspect is linked to the principle itself
of back testing: the evaluated strategy do not influences
prices dynamic because prices are statically fixed from
historical data.

An interesting and critical perspective of this approach

2For example, the open source testbed: CATSBF

and its abuse is detailed in Pseudo-Mathematics and Fi-
nancial Charlatanism: The Effects of Backtest Overfit-
ting on Out-of-Sample Performance[2]. To borrow one
citation of their conclusion that capture the main idea of
their paper: “I remember my friend John von Neumann
used to say, with four parameters I can fit an elephant,
and with five I can make him wiggle his trunk”.

Given the fact that we do not trust back testing eval-
uations, we have found few relevant works in the context
of trading strategies evaluation. Nevertheless, two pa-
pers provides interesting studies on this subject and are
detailed below.

In Evaluation of automated-trading strategies using an
artificial market, K. Izumi, F. Toriumi and H. Matsui
have developed an artificial stock market to evaluate au-
tomated trading strategies in the context of the Kaburobo
competition [12]. After showing that back testing eval-
uations lead to different ranking with the same strate-
gies tested on two datasets from consecutive years (over-
fitting issue), they use their simulator to compare trading
strategies in a dynamical context (ie. where prices are the
consequence of order emission and not fixed from static
series).

Experiments have been done from the following setup:

• 8 trading strategies3 with 3 variations for each
(short/long and narrow/wide), so a total of 24
agents,

• trading days were defined with 100 time steps,

• each simulation has been repeated 10 times and re-
sults were averaged.

The authors have ranked trading strategies against their
final returns and have produced an interesting visualiza-
tion through a 2D-graph showing strategies relative posi-
tions against average final returns and risk.

Despite an interesting setting, it remains unclear if
these results still holds with a higher number of agents or
if the initial proportion of strategies is not uniform. This
question is crucial because the definition of initial con-
figurations in such a complex system is not easy: there
is the number of trading strategies that are involved, for
each strategy, there is the number of agents that use it
in the simulation, and finally, there is the total number
of agents in the simulation. It should be stressed that
this problematic of the ”right” number of agents to be
used in a given simulation in order to reach the intended
macroscopic emergent behaviour is an open question.

The second work that sparked our interest is titled
Using Evolutionnary Game-Theory to analyze the perfor-
mance of trading strategies in a continuous double auction
market by Kai Cai, Jinzhong Niu and Simon Parsons.
Authors are interested in the evaluation of heterogenous

3GoldenCross, HLBand, MACD, Enveloppe, PsychologicalLine,
RSI, TechnicalKun and Bayesian whose definitions are given in
their annexes
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trading strategies and rely on an interesting evolutionary
game theory approach. As detailed by the authors, most
studies that have been done on CDA markets were fo-
cused on market efficiency. The focus being on the global
market efficiency and not on trading strategies efficiency,
experimentations mainly involve only one strategy (ZI-U,
ZI-C, ZIP ...).This paper also identifies the fact that lots
of experiments are done on a one-to-many context, i.e.
two trading strategies are confronted with one instance of
the first strategy against n instances of the second strat-
egy [11]. This approach can be seen as stability analysis
in an homogenous traders population.

In their study, the authors have selected 6 classi-
cal strategies: Zero-Intelligence with Constraint, Zero-
Intelligence Plus, Truth-Telling, Pure-Simple, Roth-Erev
[4] and Gjerstad-Dickhaut [5]. They add two variations to
this set: Linear Gjerstad-Dickhaut, a faster implementa-
tion of GD, and Estimated Equilibrium Price. The exper-
iments have been done with the JASA Simulator4 with a
more complex setting than the previous paper:

• 20 agents splitted in 10 buyers and 10 sellers,

• a trading session defined on 5 days made of 300 time
steps,

• each simulation has been repeated 100 times.

One important hypothesis, that we also share, is that an
agent during the simulation cannot change its strategy. It
does not mean that trading strategies are not adaptative,
but it means that we do not study meta strategies that
would select different trading strategies during a day.

For their first experiment, the authors use a one-to-
many method where there is only one buyer and the oth-
ers agents share the same strategy and act as sellers. The
criteria used to ranked these two strategies is the aver-
age profit. A extensive table synthesizes the tournament
between the 8 strategies where each cell hold the average
profit of the seller versus the average profit of buyers and
also the standard deviation of profit. Then, authors do
a game theory analysis to identify dominant strategies.
Their conclusion is that even if some strategies are ef-
fectively dominated, for the dominant strategies it is not
clear to determine which one is the best.

To further their study the authors use an heuristic
strategy analysis first proposed by Walsh [14]. This model
is used to analyze complex games with repeated inter-
actions, for which a full game-theoretic analysis is in-
tractable. This approach treats exogenously specified
heuristic strategies as primitive, rather than the atomic
actions, and computes a heuristic-payoff table specifying
the expected payoffs of the joint heuristic strategy space.

Even with their approach, authors conclude that results
are of course highly dependent on the set of strategies that
are used during simulations ...

4 http://jasa.sourceforge.net

4 Towards a taxonomy of trading
strategies evaluations

In this section, we introduce a set of evaluation mech-
anisms that can be used to rank the relative efficiency
of trading strategies in a many-to-many context. These
evaluation mechanisms range from the simplest approach
which is similar to the one used by K. Izumi (iterated
simulation), to more complex mechanisms close to the
evolutionary approach from K. Cai. Before detailing each
mechanism, we introduce the main concepts that we use
to build our evaluation methods.

4.1 How to aggregate traders scores ?

Even if this question seems to be obvious, we want to
address it because lots of papers make a distinction be-
tween homogenous and heterogenous agent populations.
The issue that we have with this dichotomy is how to
classify a parametrized strategy ? Let’s take for example
a simple periodical strategy that alternate buy and sell
orders on a given period (every turn, every 5 turns ...).
Should we consider that Periodic(1) is the same strat-
egy as Periodic(100) ? If we have an existing set of n
strategies and that we introduce a new strategy that just
use successively each strategies every n turn, is it a new
strategy or should it be considered as a variation of the
n initial strategies ?

This question is not rhetorical and has to be taken into
account. Indeed, evaluating a strategy involving several
instances induces a choice on the aggregation of the score
of strategies based on the same algorithm but using dif-
ferent initial parameters. In the Kai Cai study detailed
in section 3, this issue do not appears as their strategies
are not parametrized and so it is clear that GD and RE
are distinct strategies. But in the study of K. Izumi, for
each strategy we have 3 different parametrization based
on the temporal window used to generate aggregated mar-
ket criteria. From an intensional point of view these three
variations are the same strategy but from an extension-
ality5 point of view they must be distinct because their
observable properties differs.

To tackle this question of the definition of a strategy,
we propose to define the notion of strategy from an in-
tensional point of view. Thus parametrized strategies are
considered as a single strategy. We also exclude the use
of meta strategies, ie. a strategy built from other strate-
gies that are dynamically selected during the simulation.
Or to be more precise, one can use a meta-strategy in
a simulation, but this strategy’s score cannot be merged
with the strategies that constitutes it. For example, a
meta-strategy that switch between two periodical strate-
gies which sends alternatively a sell and a buy order every
n ticks, with n = 2 and n = 6 will not be merged with the
equivalent strategy Periodic(2). These assumptions are

5http://en.wikipedia.org/wiki/Extensionality
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necessary in order to clearly define the population update
mechanism that is involved with ecological competition
evaluations.

4.2 Generic evaluation algorithm

As we want to appreciate the relative efficiency of trad-
ing strategies, we have to define some efficiency criteria
to quantify their performances. The classical criteria is
generally the wealth (as defined before) or sometime more
simply the rank of strategies.

We define an evaluation as a 5-tuple {S, I, C, P, T}
where:

• S is the set of trading strategies,

• I is the population initialization mechanism,

• C is the set of efficiency criteria,

• P is the population update mechanism.

• T is the evaluation termination condition,

With these characteristics the general evaluation algo-
rithm can be sketched as follows:

while(T is not satisfied) {

instantiate a new population with I

launch a simulation for n days

evaluate all evaluation criteria from C

update population families with P

save prices history for all order books

}

This algorithm allows us to instantiate the two evaluation
mechanisms that defines our initial evaluation taxonomy:
iterated simulations and ecological competitions. A third
transversal aspect that can be used by both evaluations
is subclasses computations that are linked with the pop-
ulation initialization stage. This aspect is not detailed in
this paper, but some elements on its importance to avoid
some kind of cheating are presented below.

4.3 Iterated simulations

This approach repeats a simulation for a given number
of times and averages the scores obtained on all crite-
ria. Rankings are then based on sorted set on criteria
values. This approach is highly dependent on the initial
configuration of the simulation in terms of strategies that
are present and in their repartition amongst traders (ie.
initial numbers of instances for each strategy).

More precisely, with iterated simulations evaluation
method, the evaluation tuple is instantiated as:

• S is the set of all strategies involved in the simulation,

• I, the population initialization mechanism, is an in-
stanciation of each strategies with a given number
nbAgents of instances ,

• C, the set of efficiency criteria, is made of the wealth
criteria and the rank criteria,

• P , the population update mechanism, is the identify
function,

• T , the termination criteria, is the number of itera-
tions, ie. how many times should a simulation be
repeated.

4.4 Ecological competitions

This approach is also based on iterated simulations but at
the end of each simulation the proportion of each strategy
within the agent population is re-evaluated with respect
to its performance during the simulation. Thus, from
simulation to simulation, proportions between strategies
evolve and can lead after several iterations to stable (ie.
little variations in strategies repartition) or cyclic situa-
tions [13].

4.4.1 Direct ecological competition

This approach is interesting but can lead to the extinction
of some strategies if they perform too poorly. One could
think it should not be critical, but if the disappearing
strategies are those that act as liquidity providers (typ-
ically Zero Intelligence strategies), then the simulation
dynamic can be deeply affected. Indeed, if all adaptive
agents are waiting for their orders to be matched while no
new orders are emitted to add some liquidity, no more ac-
tivity happens in the market. Thus, it can be interesting
to exclude some strategies from the population evolution
update mechanism.

More precisely, with direct ecological competition eval-
uation method, the evaluation tuple is instantiated as:

• S is the set of all strategies involved in the simulation,

• I, the population initialization mechanism, is an in-
stanciation of each strategies with a given number
nbAgents of instances that evolves in function of the
strategy performance in the previous simulation. In
our experimentations, the criteria used to determine
nbAgents is the aggregated wealth of all agents using
the same trading strategy and their relative propor-
tion with respect to the global wealth of all strategies.

• C, the set of efficiency criteria, is made of the wealth
criteria and the rank criteria,

• P , the population update mechanism,

• T , the termination criteria, is the number of itera-
tions, ie. how many times should a simulation be re-
peated. Another criteria could be used by detecting
stable or cyclic outcomes but it has not been imple-
mented yet. With this criteria, computation costs
could be lowered by stopping the experimentation as
soon as the population evolution has stabilized.
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4.4.2 Ecological competition with fixed subset

As hinted before, when using direct ecological simulation,
all trading strategies population evolves and some strate-
gies can be totally removed from the simulation. If liq-
uidity providers are excluded, we could reach a market
where no more trading activity exist. The variation that
we propose defines a subset of the initial trading strate-
gies that should not be involved in the population update
mechanism P . Thus, these preserved strategies keeps a
constant number of instances during all simulations and
their scores are not taken into account. Generally, strate-
gies that are preserved act as liquidity providers (ZIT in
our experimentations).

4.5 Subclasses

When evaluating a set of strategies, one can find situa-
tions were one strategy exploits another one. These situa-
tions are generally referred as master-slave contexts where
one strategy (the slave) sacrifices itself to favorise another
strategy (the master). In order to detect this situation
that can be assimilated to a kind of cheating, the notion
of subclasses has been developed.

Subclasses are used to change the initial choice of
strategies that are allowed to participate in a tournament.
Thus, instead of selecting the whole set of strategies, only
subsets (ie. subclasses) are selected. More precisely, the
principle is to explore all possible strategy selection by
excluding n strategies.

For example, if we suppose that we have n strategies,
there are n − 1 initial configurations where 1 strategy is
excluded. If we compute subclasses with 2 strategies, we
then have (n − 1) ∗ (n − 2) initial configurations. If we
have 30 strategies, computing subclasses becomes rapidly
intractable. Nevertheless, subclasses initializations are in-
teresting because they allow the detection of master-slave
situations.

Even if it is not straightforward to build such master-
slave strategies in the context of a stock market where
agent scheduling is stochastic, subclasses are useful to
detect this kind of biases.

5 Experimentations

This section illustrates the evaluation of some classical
trading strategies and demonstrates the significant dif-
ferences obtained with respect to the evaluation method
that is used. It should be noted that the results presented
below do not integrate subclasses as their computations
are high with 13 families6.

6And the set of trading strategies do not contain strategies that
have been designed to induce a master-slave scheme.

5.1 Trading strategies

The trading strategies that we have used for these exper-
iments are based on simple behaviours:

• chartist agents (moving average, RSI, momentum,
variation, indicators and mixed moving average):
these agents use simple conditions on the prices to
forecast their future variation and decide to buy or
sell

• periodic agents : periodically buy and sell

• Zero Intelligence Traders (ZIT) : these agents send
orders in a random direction with a random limit
price

Two more complex trading strategies are also added to
this pool whose principle is based on learning classifiers
that focus on information based on prices (PriceLCS) or
on order book information (OrderLCS). A detailed pre-
sentation of these strategies can be found in [9].

5.1.1 Evaluation of these strategies

To evaluate this set of strategies, we have executed several
experimentations with both iterated simulations and eco-
logical competitions without preservation. As the number
of agents for each trading strategy is high (one hundred),
we do not have included here the results for ecological
competitions excluding liquidity providers. For all these
experiments, we used thirteen trading strategies instan-
tiated through one hundred agents and a day structure
with only one continuous session of 1000 ticks. This set-
ting imply that each trading day involve 13∗100∗1000 =
1.300.000 orders.

5.1.2 Iterated simulations

This first experiment consists in the comparison of the
same initial configuration (13 families, 100 agents per
family) with a varying number of iterations (respectively
10, 20 and 30). The two criteria used to sort families are
the cumulated wealth of agents using the same strategy,
and the rank achieved by a family based on its cumulated
wealth.

Even if stochasticity is present in trading strategies and
also in the scheduler that execute the round of talks be-
tween agents, results are very stable and are independent
from the number of iterations as illustrated by table 1.

When two trading days instead of one are used, some
permutations in the middle of the ranking are observed,
but the four best and worst strategies are stable.

One interesting observation from this experimentation
is that complex strategies that involve learning from
prices (PriceLCS) or from orders within the order book
(OrderLCS) have the best results.
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Rank Wealth

1 OrderLCS OrderLCS
2 PriceLCS PriceLCS
3 Momentum1 Momentum1
4 MixedMA1 MixedMA1
5 MinorityAgent MinorityAgent
6 MajorityAgent MajorityAgent
7 Variation1 Variation1
8 MovingAv1 MovingAv1
9 Indic1 Indic1
10 Periodic1 Periodic1
11 Zit1 Zit1
12 Rsi1 Rsi1
13 BBand BBand

Table 1: Iterated simulations with 10, 20 and 30 iterations

5.1.3 Ecological competitions with fixed subset

This second experimentation use the same initial config-
uration as iterated simulations but a reconfiguration of
the initial population is done after each iteration by tak-
ing into account the family cumulated wealth. The ZIT
strategy is excluded from this evolution process in order
to always keep liquidity providers in the market.

Rank Wealth

1 Momentum1 OrderLCS
2 PriceLCS Zit1
3 MixedMA1 Variation1
4 OrderLCS Periodic1
5 MinorityAgent Rsi1
6 MajorityAgent MinorityAgent
7 MovingAv1 MajorityAgent
8 Indic1 BBand
9 BBand Indic1
10 Periodic1 MixedMA1
11 Variation1 MovingAv1
12 Rsi1 PriceLCS
13 Zit1 Momentum1

Table 2: Ecological competitions with 30 iterations

As illustrated by tables 2 and 3 results are less stable
than iterated simulations. One explanation is that small
differences in the first rankings can rapidly lead to a sig-
nificant advantage or disadvantage in agent instances.

The figures 4, 5, 6, 7, and 8 illustrate that when the
number of agents for each trading strategy evolve from
5 to 1000, the best strategies change. This aspect is de-
ceiving but could be fixed by executing each competitions
several times. Nevertheless, others populations update
algorithms could be used to limit population growth be-
tween two generations. Thus, population evolution would
be more interesting in the first generations.

Figure 4: Ecological competition with 5 agents per family

Figure 5: Ecological competition with 25 agents per fam-
ily

Figure 6: Ecological competition with 50 agents per fam-
ily
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Figure 7: Ecological competition with 100 agents per fam-
ily

Figure 8: Ecological competition with 1000 agents per
family

Rank Wealth

1 Momentum1 OrderLCS
2 BBand PriceLCS
3 MinorityAgent Zit1
4 MajorityAgent Indic1
5 MixedMA1 MixedMA1
6 MovingAv1 Variation1
7 Variation1 MinorityAgent
8 Indic1 Periodic1
9 Periodic1 Rsi1
10 Rsi1 MajorityAgent
11 Zit1 MovingAv1
12 OrderLCS BBand
13 PriceLCS Momentum1

Table 3: Ecological competitions with 50 iterations

6 Conclusion

Comparing trading strategies efficiency in a stock market
is not an easy task. In this paper, we focused our prob-
lematic to the evaluation of trading strategies in an order-
based stock market simulator implemented in an agent-
based approach. We also assume the fact that a trader
activity has a direct impact on the price curve (thanks to
the agent-based implementation), which is generally not
the case in classical evaluation models like back-testing
methods.

To assess the performance of a given trading strategy,
we propose in this paper to use a taxonomy of evalu-
ations models, ranging from simple iterated simulations
with aggregated and averaged results to a more complex
approach that computes a large space of possible initial
populations configurations. This initial taxonomy pro-
poses some pertinent evaluation models, but should of
course be augmented and refined.

This evaluation taxonomy has been used to evaluate
some classical trading strategies to illustrate the fact that
depending on the evaluation method used, results can be
significantly different. These examples demonstrate that
one can always find a context which are favorable to a
given trading strategy (as clearly demonstrated in [2]).
Thus, great care should be taken before claiming that a
given strategy outperforms another one.

It should be noted that in this paper, constraints linked
to computational equity between agents have not been
taken into account. That is to say that agents whose
behaviour implies higher computing costs than simpler
agents are not penalized. This orthogonal aspects should
be further studied to take into account the intuitive idea
that reactive agents (rule-based) can be faster on the mar-
ket than more cognitive agents (learning agents) and so
they should be able to interact more regularly with the
market.

This notion can also be linked to the trading frequency
that should be integrated to the evaluation framework
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in order to be able to assess the performance of trading
strategies with significative trading frequencies differences
(for examples high frequency trading vs. extra day trad-
ing). One way to take into account this aspect could be
to define a new evaluation criteria that divide the wealth
by the number of orders executed to achieve this wealth.
Another way could be to introduce fees on orders that
are sent, thus agent that flood the market with a small
percentage of orders executed would be penalized directly
on their wealth.
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INTERACTION CAPTURING MODEL IN A DISTRIBUTED
COMPUTING SYSTEM
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Abstract. A model for the representations of interaction in dis-

tributed computing systems is proposed, simulated and discussed.

Keywords. Distributed System, Complex System, Load balanc-

ing, Multi-agents, Interaction modeling

1 Introduction

A distributed computing system DCS is a set of comput-
ing nodes connected by a communication network. They
are working together to carry out user tasks. In fully dis-
tributed systems, where there is no central point, com-
munications between nodes are made through message
passing i.e. there is no shared memory.

A node may host many agents that have been designed
to do specific tasks. An agent is an autonomous software
entity. It has a working environment. It is able to take
decisions depending on its internal state or/and environ-
ments state. It communicates with other local or remote
agents to request or report information. An agent changes
its state or responds to a request depending on receiving
information.

Building a DCS needs to consider many parameters.
The list starts from network topology. For each topol-
ogy a suitable information broadcasting method should
be specified. Then, comes the size of local knowledge
that makes load balancing methods perform effectively.
A load balancing scheme and for each scheme a suitable
load balancing strategy that determines when and how
an extra load is transferred are also needed, and the list
does not end.

Dealing with many parameters makes the study of a
DCS difficult. Furthermore DCS’s may be considered as
complex system. In complex system theory[3], a system is
composed of many subsystems. Relations between sub-
systems and inside subsystems are present. The global
behavior of a complex system emerges from the interac-
tion between agents that reside the different subsystems
and can never be expressed by the features of single indi-
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viduals.
Some kind of long term relations may be created

between agents according to frequent request-respond
communication[2]. A relation may combine more than
two agents that are hosted in different nodes.

In this study, we try to investigate how relations are
created in some realistic model of a distributed system.
A description is given for these relations and the role of
its participants.

The remaining of this document is organized as follow:
In section 2, a description of the selected model of a dis-
tributed computing system is given. In section 3, a model
of interaction between agents is presented. Then, in sec-
tion 4, experiments and discussion of results are given.
Section 5 concludes the study.

2 DCS model

A distributed system is modeled by a graph. The type of
the graph is usually small world[8] or scale free[1] network.

The undirected graph is denoted by G = (V,E) where
V is the set of vertices (nodes) and E is the set of links
(edges). Information flows in the network according to
those graphs structure. We call them Initial graphs.

A node is capable of receiving jobs from users, schedul-
ing jobs for execution, sending/receiving information
to/from its neighbors, and moving jobs to/from other
nodes to balance load in the system. Most of nowadays
computers are multitasks and equipped with multi-core
processors which allow them to run many programs si-
multaneously. It is preferable to have some agents to
manage some of these tasks independently.

In our model, each node v is occupied by two station-
ary agents: information agent and balancing agent. The
information agent, denoted by I, is responsible to com-
municate with neighbor nodes and exchanges load infor-
mation with them. The load is measured (In this paper)
by the remaining time of jobs being executed, plus the
execution times of waiting jobs. Cached information at
nodes forms what is called ”overlay” network. In peer-
to-peer networks, an overlay network is a logical network
which is built from the information exchanged between
peers using some diffusion method. An overlay network
is dynamic in term of local knowledge content. It is mod-

ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014 157



Mahdi Abed Salman

eled by a directed graph, where an arc (i, j) means that
node i has some knowledge about node j (here about its
load).

The balancing agent, denoted by B, is responsible to
keep load level of its node near the average of load levels
of the known set of nodes called ”node view”. This view
represents a partial knowledge of global system state. I
maintains the partial view.

Many methods of information diffusion could be used
for this purpose, for example: mobile agent or rumor
spreading. If mobile agent is used, I communicates with
visiting mobile agents[4][6] to exchange available up to
date load information.

If rumor spreading[7][5] is selected, I chooses one of
neighbor nodes at random and exchanges information
with that node.

Mobile agent based information diffusion is used in
this study because it uses less communication bandwidth.
Whatever the selected method of information diffusion is,
a balancing agent should have ”enough” information to
do its assigned task correctly.

A node looks at its view. Using one of possible load
balancing strategies[9], It determines its role as sender or
receiver initiator of load balancing. It searches for source
or destination of load migration according to its specified
role. In this study, a new load balancing strategy is used.
The strategy is summarized as follow.

For a node u, balancing agent Bu searches inside its
view for the maximum loaded node v, compares its load
level Luwith that of Lv, if Lu ≤ Lv

2 then Bu contacts the
corresponding balancing agent Bv to send it a job.

A job j is migrated from overloaded node v to under-
loaded node u if and only if: v has more than one job and
migration of j does not change load inequality between
u and v i.e (Lu + lj) < (Lv − lj), where Lv and Lu are
computed before the migration and lj is the length (its
execution time) of job j.

3 Interaction model

To capture interaction in a distributed system, the model
below is proposed. In this model three elements must be
specified. They are:

1. Event : Interactions mean exchanging messages be-
tween actors that may concern many events or sub-
jects. For clarity, it is better to focus on one type
and omit non related messages. An event may be a
simple message passing or a job migration.

2. An indicator : To determine how to sense or calcu-
late traffic rate of an event on a selected connection.
In this study, the simplest indicator is a counter of
the number of events concerning a given arc. The
counter is incremented by one for each occurrence of
the event (job migration) through a given arc.

3. The threshold : During running of the model, a node
creates many relations (arcs) with other nodes. Ac-
cordingly, a highly connected high density graph is
expected to appear. To investigate the behavior of
the system, only arcs that have their indicator val-
ues satisfying specific criteria are kept. All other arcs
are removed. In this study, two type of threshold are
tested.

• local threshold: for each node, only one out arcs
with maximum weight value is kept. All other
arcs are removed.

• global threshold: All arcs that have weight
value less than T are removed, where T is global
threshold and computed from weight distribu-
tion vector.

The resulting graph is considered as a representation of
the event under investigation.

4 The implementation

4.1 Parameters and configuration

A simplified model is simulated and the simulation runs
for a specific duration. During running of the simulation,
A directed graph G′ = (V,A) is maintained, where A is
the set of arcs that represent job flows from overloaded
to under-loaded nodes in the network. We call this graph
the migration graph. It is initialized as V (G′) = V (G)
and A(G′) = φ.

The event here is the migration process. For each mi-
gration, if arc (v, u) 6∈ A then it is added A← A ∪ (v, u).

(v, u) has an attribute called ”weight”. w(v, u) equals
the number of jobs migrated from v to u. Weight is the
indicator of migration event.

A node v ∈ G′(V ) has an attribute called energy e.
e← (Jin−Jout), where Jin is the number of jobs brought
to v and Jout is number of jobs taken from v.

When the experiment is terminated, each node v ∈
V (G′) is called :

� source and shaped by a rectangle: if ev ≤ p1,

4 bridge and shaped by a triangle: if p1 < ev ≤ p2,

© sink and shaped by a circle: if ev > p2.

where:
p1← mine + 1

3 (maxe −mine),
p2← maxe − 1

3 (maxe −mine),
maxe, mine are the maximum and minimum energy
values respectively.

A threshold is applied onG′ as explained before. Global
threshold T is computed by the following formula:
T ← whigh + 1

3 (wmax − whigh),
where whigh is the highest frequent weight, wmax is the

maximum weight. This is empirically chosen to break
migration graph into a significant number of components.
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Common features of resulting components are calcu-
lated , for example: number of nodes, number of arcs,
average node degree, diameter, number of loops, strongly
connected components, weakly connected components
etc. A component is a set of nodes (graph or sub-graph)
and it is called connected when there exists a path (with-
out considering the direction of the edges) between any
two nodes belong to that set. In a directed graph, a com-
ponent is called weakly connected if a connected (undi-
rected) graph is resulting from replacing all of its directed
edges with undirected edges. A component is strongly
connected SCC if there is a path in each direction be-
tween each pair of nodes of the component.

4.2 Tests and results

Many initial networks are generated and tested. They
are of different size. For simplicity reasons, one small size
network is presented here. It is generated according to
Watts-Strogatz[8] algorithm. A submitted study showed
that it is sufficient to do load balancing effectively using
knowledge size between 16 and 32 entries for this network
type. In this study, size of 16 entries is used. Table 2
shows the features of the network that has been tested on
laptop.

Two sets of jobs are used. One set contains identical
job lengths (5 units of time) while the other has different
job lengths (uniformly distributed in [1, 9]). Features of
the two sets are shown in table 1.

All runs have duration of 1000 units of time. A job
is migrated if unbalance of load is detected between two
nodes that are neighbors in term of knowledge represen-
tation graph(overlay network). Job movements form the
migration graph. Table 2 shows graph features of ini-
tial network, a snapshot of overlay network and resulting
migration graph (before applying a threshold). The snap-
shot of overly network is taken when the network reaches
the steady state.

Migration graph is updated as mentioned above. Re-
sults are similar for both job sets. Results of only one set
are presented here. Weight values are ranged from 1 to
13. The mean weight value is 1.33. The most frequent

Table 1: Features of sets of jobs

A B

Number of jobs 199431 199867
Job length identical Variable
Average job length(ms) 5.0 4.98
Average arrival rate 0.199 0.199
Total load per node
Mean 997.0 996.0
Standard deviation 565.79 568.90
Maximum 2050 2084
Minimum 0 0

Table 2: Features of graphs

Feature Initial Overlay Migration

Components Count 1 1 1
Diameter 5 5 8
Density 0.016 0.030 0.106
Ave. clustering coeff. 0.5 0.11 0.070
Graph Order 1000 1000 1000
Edges count 8000 15294 60250
Maximum (out) degree 21 16 151
Minimum (out) degree 12 15 0
Average (out) degree 16 15 53
Maximum in degree - 35 143
Minimum in degree - 3 3
Average in degree - 15 53

weight is 1 repeated 39527. For energy: the maximum
and minimum values are 180 and −197 respectively. All
resulting components are weakly connected, however, one
small strongly connected component appears in the re-
sults of local threshold only. Details of obtained results
are summarized in tables 3 and 4.

Table 3: Local Threshold: all resulting components

C. NodesArcs DiameterSources Bridges Sinks SCC
count

max
Size

0 387 387 15 229 144 14 1 2
1 181 181 19 97 73 11 1 5
2 162 162 9 90 63 9 0 0
3 127 127 17 73 50 4 0 0
4 119 119 13 76 36 7 1 4
5 16 15 3 11 3 2 0 0
6 6 5 2 4 1 1 0 0
7 2 2 1 0 2 0 1 2

Table 4: Global Threshold: largest 10 out of 62 connected
components

C. Nodes Arcs Diameter Sources Bridges Sinks

1 57 72 1 31 0 26
2 28 29 2 10 1 17
3 24 34 1 13 0 11
4 23 24 1 10 0 13
5 23 25 1 9 0 14
6 20 21 1 9 0 11
7 19 19 1 8 0 11
8 18 19 1 8 0 10
9 17 19 1 9 0 8
10 16 16 1 8 0 8
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4.3 Discussion

In the migration graph, an arc between two nodes is a sign
of occurrence of interaction event. High weight value of
an arc means frequent communication. Energy value ex-
presses impact of a node in load balancing process. The
large difference between maximum weight value and max-
imum energy value is due to high out degree of nodes.

The large average of out-degree and in-degree in mi-
gration graph belongs to the dynamicity of the overlay
network and the variation in job arrival rates.

A node with very high job arrival rate acts as source of
jobs. In migration graph, it has high out-degree and zero
in-degree.

A node with very low arrival rate acts as sink for jobs.
It has high in-degree and zero out-degree.

Nodes with arrival rate near the average play bridges
role. They have in-degree and out-degree near the average
also. These nodes make the migration graph strongly con-
nected. Hence, it has small diameter, see table 2. Nodes
are classified as source, bridge or sink before applying a
threshold.

Local threshold produces few components. Keeping
one out-edge of nodes makes components have large di-
ameter. Most components take tree structure. Some of
resulting components have one strongly connected com-
ponent. See table 3.

Global threshold breaks migration graph into many
small components. A node in these components is either
a source or a sink and rarely a bridge. Bridges in these
components may result from sharp classification of nodes
i.e. they are more likely sources or sinks. No strongly
connected component is noticed, Hence, last two columns
are dropped from table 4 because they are all zeros.

5 Conclusion

In this study, a simple model of agent based distributed
computing system is built, simulated and interaction
among thousands of agents is analyzed.

Setting an indicator to count occurrence of an event is
an important step in interaction modeling. The value of
an indicator is updated for each occurrence of the event.
Weighting edge between nodes according to number of
communications made over it is an example of an indica-
tor.

Threshold is used to emphasize ”hot” edges in the
graph or hide interactions that seldom occur. A more
thorough study is mandatory for a deeper understanding
of the system behavior. Further work will be made to see
the effect of selected load balancing strategy on structure
of the obtained interaction.
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COLORED NOISE EFFECTS ON GHOST STOCHASTIC
RESONANCE

M. Bordet∗†, S. Morfu∗‡ and M. Rossé ∗

Abstract. We analyze the Ghost Stochastic Resonance (GSR) ef-

fect in an electronic circuit exactly ruled by the FitzHugh-Nagumo

(FHN) equations, both numerically and experimentally. When the

circuit is excited with a bichromatic driving with two close frequen-

cies, we show that for an appropriate noise intensity the circuit

response exhibits a ghost frequency which is not present in the bi-

harmonic input signal. In this paper, we highlight the effects of

colored noise on GSR.

Keywords. Ghost stochastic resonance - nonlinear dynamics -

FitzHugh-Nagumo - electronic circuit - colored noise.

1 Introduction

During the past decades, the investigation of nonlinear
systems have attracted a large amount of work taking
into account different input excitations. These studies
have revealed various nonlinear effects in numerous as-
sorted fields, such as electronics, optics, biology and neu-
roscience [1, 2, 3, 4]. Note that these examples constitute
a non exhaustive list of concerned domains where nonlin-
ear signatures have allowed to account for the behavior
of natural systems.

Among the highlighted nonlinear phenomena, Coher-
ence Resonance (CR) which may occur under certain con-
ditions when the system is only excited by noise, shows
that the system response can achieve a maximum of reg-
ularity for an optimum noise intensity [5]. CR has pro-
vided a better understanding of neurons activity in the
absence of stimuli [6]. Moreover, CR has also been stud-
ied in electronic circuits for both white and colored noises
[1, 7, 8, 9].

Beside this CR effect, the interaction between a deter-
ministic signal and a random fluctuation has led to an-
other phenomenon, called Stochastic Resonance (SR). SR
results in a system response enhancement to an applied
stimulus for an optimum noise intensity [10]. Like CR,
SR brings natural phenomena comprehension in biology
and neuroscience. For instance, thanks to SR, climate dy-
namics and the neurons response to subthreshold stimuli
are now better known [3, 11]. Likewise in the CR case, a

∗M. Bordet, S. Morfu and M. Rossé are with Laboratoire Elec-
tronique Informatique et Image (LE2I) UMR CNRS 6306, université
de Bourgogne, France. E-mails: † maxime.bordet@u-bourgogne.fr
and ‡ smorfu@u-bourgogne.fr

great deal of work have been devoted to SR in electronic
circuits [12, 13].

Next, considering two-frequency driving has revealed
two major phenomena. On the first hand, Landa and Mc-
Clintock have shown the occurrence of Vibrational Reso-
nance (VR) in nonlinear systems [14]. On the other hand,
Chialvo & al. have found a resonance at a frequency miss-
ing in the input excitation [15]. Since this ghost frequency
is not sent at the system input and since noise is essential
to reveal the resonance, this effect is now better known
as Ghost Stochastic Resonance (GSR) in literature. Al-
though similarities exist between VR and GSR, note that
some differences remain. First, two conditions which are
not necessary to exhibit VR are required to reveal GSR:
(1) a linear interference of the individual tones, which
naturally leads to signal peaks at the fundamental fre-
quency and (2) a nonlinear threshold that detects these
peaks thanks to the noisy term. Second, for GSR the
two considered frequencies need to be of the same order,
whereas for VR the two frequencies could be very distinct.
Among the other differences, VR is studied when the high
frequency component amplitude is tuned in order to ob-
serve the resonant behavior, while GSR is inspected by
tuning the noise intensity. The last but not least differ-
ence appears in the analyse of the system responses which
are respectively estimated at the low frequency compo-
nent and at the ghost frequency in the VR and GSR cases.
GSR has been introduced first to explain the missing fun-
damental illusion in pitch perception [4, 16] and next has
been used for modelling Dansgaard-Oeschger events in cli-
matic changes [17, 18]. Other studies have been carried
out in optics [19, 20, 21] and visual perception [22]. Fur-
thermore, as we have previously seen in the cases of CR,
SR and VR which have been widely studied in electronics
and neuroscience [1, 6, 7, 8, 9, 11, 12, 13, 23, 24, 25, 26],
GSR have also motivated a great deal of work in these
domains [27, 28, 29, 30, 31, 32, 33]. The intensive inter-
est devoted to GSR in electronics and neuroscience can
be explained with two main reasons. In a first time by
the issues due to the biophysical aspect of GSR with the
pitch perception of complex sounds by the auditory sys-
tem [34] and in a second time with the significance of
electronic circuits in the development of new bio-inspired
applications [35, 36, 37].
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In this paper, we propose to study GSR in presence of
colored noise in an electronic neural circuit exactly ruled
by the FHN equations. To that end, we analyse the circuit
output magnitude spectrum and the rate of spike firing
in the circuit voltage output. The paper is organized as
follows: in the next section, we present our experimental
setup. The third section is devoted to the white and col-
ored noise effects on GSR in the harmonic case. The last
section provides concluding remarks.

2 Experimental system and meth-
ods

2.1 The nonlinear circuit
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Figure 1: The FitzHugh-Nagumo circuit excited by a
stimulus consisting of an offset voltage E0, a signal E(t)
obtained by adding two sine waves with close frequen-
cies and either an additive white noise source ηw(t) or an
additive colored noise source ηc(t). a and b are two ex-
ternal voltage sources which tune the roots of the cubic
nonlinearity. The voltage V constitutes the circuit out-
put. AD633JN and TL081CN are analog multipliers and
classical operational amplifiers.

To carry out our experiments on GSR, we use an
electronic circuit which has already exhibited CR, VR
and GSR in presence of a white noise source exclusively
[9, 25, 26, 33]. This electronic system is exactly ruled by
the FHN equations. Indeed, by applying the Kirchhoff’s
laws to the device of Figure 1, it can be shown that the
dynamics of the voltage V is governed by the following
set of normalized equations:

dV

dt
= −V (V − a)(V − b)−W + E0 + E(t) + ηw,c(t),

dW

dt
= ε(V − γW ). (1)

In Eq. (1), t and W which represent the normalized time
and the slow variable of the FHN model respectively de-
pend on the experimental time texp and the voltage X

according to the transformation:

t =
texp
R0.C

, W =
R0.X

R
. (2)

Moreover, the two normalized parameters ε and γ are set
with the components values as follows:

ε =
R0

2.C

L
, γ =

R

R0
, (3)

where R0, R, C and L have been chosen such that
ε = 3.6358 and γ = 0.2367. Two external DC genera-
tors tune the roots of the cubic nonlinearity to a = 2 V
and b = −2.6 V . The offset voltage E0 has been set to
-1V such that without noise, and when there is no ex-
citation, namely E(texp) = 0 V and ηw,c(texp) = 0 V ,
the voltage V doesn’t trigger spikes. The input forcing
E(texp) has been obtained by adding two sine waves with
the same amplitude A but with different frequencies f1
and f2 which obey to:

f1 = 2.f0 + ∆f,

f2 = 3.f0 + ∆f. (4)

In Eq. (4), f0 represents the ghost frequency and is set
to 300 Hz in the whole article, whereas ∆f corresponds
to a frequency shift. ∆f = 0 refers to the harmonic case
and ∆f 6= 0 denotes the inharmonic case. Throughout
this paper, ∆f = 0 since we focus our study on the har-
monic case. Lastly, either the additive white noise source
ηw(texp) or the additive Ornstein-Uhlenbeck random fluc-
tuation ηc(texp) will be subsequently added to the deter-
ministic excitation E(texp). Their respective correlation
functions fulfill:

< ηw(texp), ηw(texp − t′exp) > = σ2δ(texp − t′exp), (5)

< ηc(texp), ηc(texp − t′exp) >=
σ2

2.τ
.exp−

|texp−t′exp|
τ . (6)

In Eq. (5), σ denotes the Root Mean Square (RMS) am-
plitude of the gaussian white noise. The colored noise of
correlation function provided by Eq. (6) is obtained with
the following Ornstein-Uhlenbeck process:

dηc(texp)

dtexp
=
ψ(texp)

τ
− ηc(texp)

τ
, (7)

where τ represents the correlation time, while ψ(texp) is
a gaussian white noise with a RMS amplitude equal to σ
and a correlation function defined by:

< ψ(texp), ψ(texp − t′exp) > = σ2δ(texp − t′exp). (8)

2.2 Modus operandi

The white random fluctuations ηw(texp) and ψ(texp) are
generated by executing a Matlab routine which in a first
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time generates random samples with a gaussian distribu-
tion and then converts them in an analog signal available
on the computer audio output [26, 28, 38, 39]. Whereas
the colored noise ηc(texp) is experimentally obtained by
filtering the white noise ψ(texp) with a classical first-order
low-pass filter as represented in Figure 2 [26]. The cutoff
frequency is adjusted with a fixed capacitor C′ and a po-
tentiometer P which allows to adjust the correlation time
to τ=P.C′ and so, to more or less color the random fluc-
tuation ηc(texp). It is worth noting that the white noise
limit is achieved when τ tends towards 0.

Note that in the whole article, the acquisitions of our
experimental data have been performed by means of a
LeCroy Waverunner oscilloscope by averaging the results
on 200 realizations. Note also that to obtain our numer-
ical data, we have computed Eq. (1) with a fourth-order
Runge-Kutta algorithm with 220 samples and an integra-
tion time dt = 100/[220(f ×R0 × C)].

C'

Pψ (texp)  (texp)ηc 

Figure 2: First-order low-pass filter used to color the
white noise ψ(texp). With C′ = 2.2 nF and P is a po-
tentiometer which set the correlation time of the colored
noise ηc(texp) to τ=PC′.

3 Noise effects in the harmonic
case

In this section we propose to investigate GSR in the har-
monic case, that is when ∆f = 0. Therefore, according
to Eq. (4) the two frequencies f1 and f2 are set to 600 Hz
and 900 Hz respectively.

3.1 Frequency analysis

To appraise the GSR phenomenon, we have computed
the magnitude spectrum of the voltage V (texp) against
the noise RMS value σ. The amplitudes obtained at the
frequencies f0, f1 and f2 are noted Q0, Q1 and Q2. Nu-
merical and experimental results are respectively plotted
on the left and on the right in Figure 3 for both the white
(solid lines) and colored noise cases. Note that four cor-
relation times have been considered: τ = 20 µs (dashed
lines), τ = 72 µs (dash-dotted lines), τ = 145 µs (dotted
lines), τ = 218 µs (vertical dashed lines). The spectrum
has displayed resonances at the two input components f1
and f2, but it has also revealed a convex-shaped curve at
the ghost frequency f0. Whatever the correlation time,

both our simulations and our experimentations show res-
onant curves versus the noise RMS intensity σ. So, there
exists an optimum amount of noise which can provide an
enhancement for the ghost frequency detection. Based
upon the results presented in Figure 3, white noise allows
to reach higher amplitudes for Q0, Q1 and Q2 than the
colored noise. Moreover, it can be raised that a stronger
noise intensity is required to optimize the detection of the
three frequencies f0, f1 and f2 when the correlation time
τ of the colored noise ηc(texp) increases.

3.2 Statistical study of the voltage out-
put time series

Another way to highlight the presence of the ghost fre-
quency f0 consists in studying the time series of the volt-
age V (texp) and to analyse the rate of spikes firing. In
our case, a spike is considered when the voltage out-
put V (texp) crosses a fixed threshold Vth set to 0V [33].
To characterize this effect in the FHN circuit, we have
taken into account three specific probabilities P0, P1 and
P2. These quantities stand for the respective probabili-
ties that the output voltage V triggers spikes within the
ranges given by f0±5%, f1±5% and f2±5%. Figure 4 dis-
plays our numerical data (left) and our experimental data
(right) when the probabilities are plotted versus the noise
amplitude σ. The white noise case (solid lines) but also
the four previous correlation times in the colored noise
case have been considered: that is τ = 20 µs (dashed
lines), τ = 72 µs (dash-dotted lines), τ = 145 µs (dotted
lines), τ = 218 µs (vertical dashed lines). Analogously
to the study of the output magnitude spectrum opera-
tion, we have obtained a resonant behavior versus the
RMS noise intensity σ. Once again, both our simulations
and our experiments show that whatever the correlation
time studied, there exists an appropriate noise amplitude
which provides an enhancement for the detection of the
frequencies f0, f1 and f2. Note that when the probability
P0 reaches its maximum, the probability that the voltage
V responds with a frequency present in the input excita-
tion is null. Moreover, the impact of the correlation time
on the results is the same that in the study of the magni-
tude spectrum behavior. Indeed, the white noise provides
the higher values in the estimation of P0, P1 and P2. Af-
terwards, as τ grows, an higher RMS noise intensity is
necessary to attain the maximum probabilities that the
system triggers spikes with frequencies approximatively
equal to f0, f1 or f2. This effect can be explained by the
properties of the Ornstein-Uhlenbeck process described in
Eq. (6). In fact, the total noise power intensity according
to Eq. (6) is equal to σ2/(2.τ). It involves that increasing
τ for a fixed white noise intensity σ2 leads to a diminution
of the total noise power supplied in the circuit.
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Figure 3: Effect of the noise correlation time τ on the magnitude spectrum of the voltage V estimated for the three
frequencies: f0 (a and d), f1 (b and e) and f2 (c and f). The simulation results are presented on the left (a, b and
c) while the experimental data are available on the right (d, e and f). Circuit parameters: a = 2 V , b = −2.6 V ,
E = −1 V , ε = 3.6358, γ = 0.2367, A = 0.3 V , f0 = 300 Hz, f1 = 600 Hz, f2 = 900 Hz, ∆f = 0 Hz and Vth = 0 V .
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Figure 4: Effect of the noise correlation time τ on the probability that the voltage V triggers spikes with a rate in
the ranges defined by f0± 5% (a and d), f1± 5% (b and e) and f2± 5% (c and f). The simulation results are plotted
on the left (a, b and c) while the experimental results are provided on the right (d, e and f). Circuit parameters:
a = 2 V , b = −2.6 V , E = −1 V , ε = 3.6358, γ = 0.2367, A = 0.3 V , f0 = 300 Hz, f1 = 600 Hz, f2 = 900 Hz and
∆f = 0 Hz. The threshold to detect spikes triggering in the time series is set to Vth = 0 V .

4 Conclusion and discussions

We have analyzed both experimentally and numerically
the response of an electronic circuit governed by the set
of FitzHugh-Nagumo equations. This circuit has been
excited with a stimulus composed by the second- and
third-order harmonics of a given fundamental frequency
and subsequently corrupted by either a white or colored
noise source. Two different studies have been carried out
to show that the circuit response exhibits resonant be-
haviors at distinct frequencies. The first one takes into
consideration the magnitude spectrum of the circuit out-
put signal and the second one is based on the statistical
analysis of the voltage output time series.

First, the magnitude spectrum of the circuit voltage
output V has presented bell-shaped response at the two
frequencies applied in the circuit (f1 and f2) when it was

plotted against the noise RMS amplitude σ. In a coun-
terintuitive manner, the magnitude spectrum has also re-
vealed a nonlinear signature with a resonant behavior at
a frequency absent of the input excitation (f0). That is
another way to retrieve the ghost frequency in the cir-
cuit. We have shown that the resonant behaviors of the
magnitude spectrum at the three frequencies f0, f1 and
f2, exist in the white and colored noise cases. Even if the
bell-shaped responses subsist in a colored noisy medium
at the three distinct frequencies, it is worth noting that
when the correlation time grows, the detection of these
frequencies is reduced.

Second, as it is common in literature the statistical
analysis of the voltage output time series have also dis-
played resonances at the three frequencies f0, f1 and f2.
Moreover, in this paper, we have taken into account the
noise correlation time. Indeed, we have shown that for
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each rate of spikes firing within the ranges f0±5%, f1±5%
and f2 ± 5% an optimum noise intensity allows to reach
a maximum for the probabilities P0, P1 and P2 whatever
the correlation time considered. Based upon the results
presented in this paper, it is clear that the white noise
provides a better detection of the frequencies f0, f1 and
f2 than the colored noise.

To conclude, considering the close link between bio-
physical and engineering aspects of GSR, we expect that
our work on an electronic device could be of significance
for new potential bio-inspired applications in the human
auditory system. Some others aspects of GSR could be
studied in presence of colored noises in order to better
know the phenomenon. For instance, the harmonic case
when more than two frequencies composed the input stim-
ulus, the inharmonic case, that is when ∆f 6= 0 or also
GSR in coupled structures of such elementary circuits.

Acknowledgements

The research for this work was supported, in part, by the
Regional Council of Burgundy.

References
[1] D. E. Postnov, S. K. Han, T. G. Yim and O. V. Sosnovtseva,

“Experimental observation of coherence resonance in cascaded
excitable systems,” Phys. Rev. E, vol. 59, R3791, 1999.

[2] V. N. Chizhevsky, E. Smeu and G. Giacomelli, “Experimental
evidence of Vibrational Resonance in an optical system,” Phys.
Rev. Lett., vol. 91, 220602, 2003.

[3] C. Nicolis and G. Nicolis, “Stochastic aspects of climatic
transitions-Additive fluctuations,” Tellus, vol. 33, pp. 225-234,
1981.

[4] D. R. Chialvo, “How we hear what is not there: A neural mecha-
nism for the missing fundamental illusion,” Chaos, vol. 13, 1226,
2003.

[5] A. S. Pikovsky and J. Kurths, “Coherence resonance in a noise-
driven excitable system,” Phys. Rev. Lett., vol. 78, pp. 775-778,
1997.
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A COMPARATIVE STUDY OF NOISE EFFECTS IN A
FITZHUGH-NAGUMO CIRCUIT
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Abstract. This paper focuses on the behaviour of a nonlinear

FitzHugh-Nagumo circuit in the stochastic case that is in presence

of noise and without deterministic driving. When the circuit is

tuned below the Andronov-Hopf bifurcation, classical coherence res-

onance signature is revealed. We compare the stochastic response

of the system when the noise acts on two different parameters of

the system. It is experimentally shown that an enhancement of the

system response can be achieved when the noise is directly added

into the nonlinearity.

Keywords. Coherence resonance - nonlinear circuit- white noise -

nonlinear dynamics - neural circuit.

1 Introduction

In linear systems, it is commonly admitted that noise
has a negative effect since the signal to noise ratio at
the system output monotonously decreases. As engineers
use linear approximation, noise is usually removed rather
than added in the system. However, if the nonlinearity is
taken into account, the behavior of the system in presence
of noise is completely different. Indeed, it has been shown
that noise can enhance the response of a nonlinear system
to a deterministic signal via the well known Stochastic
Resonance effect (S.R.). Since the introduction of S.R. to
explain the recurrence of ice ages in the context of climate
dynamics [1], this paradoxical effect has been reported in
different fields such as physics [2], chemistry [3], signal
processing [4, 5, 6, 7] and electrical engineering [8]. Even
if some limitations of the applications of the S.R. effect in
the information processing area have been discussed [9], it
has been clearly shown that noise enhances the detection
of weak amplitude signals through nonlinear circuits [10,
11, 12].

At the same time, these electronic elements exhibiting
S.R. have been coupled in lattices of stochastic resonators
to reveal that noise also assists the propagation of a de-
terministic signal [13, 14, 15, 16]. For instance, in the
context of neural sciences, it has been demonstrated that
noise can sustain action potential propagation in myeli-
nated neurons [17, 18].

∗S. Morfu, P. Marquié, G. Lassere and M. Bordet are with Lab-
oratoire Electronique Informatique et Image (LE2I) UMR CNRS
6306, université de Bourgogne, France. E-mails: † smorfu@u-
bourgogne.fr and ‡ maxime.bordet@u-bourgogne.fr

More specifically, the S.R. effect was introduced to ex-
plain how noise can improve the detection of weak stim-
uli by mechanoreceptors such those of the crayfish [19].
However, neurons also respond even in absence of exter-
nal stimuli via another effect known as Coherence Reso-
nance (C.R.) [20, 21]. C.R. usually occurs without exter-
nal forcing when the parameters of the system are set near
a Hopf-bifurcation [22]. Without noise, the system does
not display a limit cycle and remains in the rest state,
whereas noise can induce a stochastic limit cycle. There-
fore, there exists an optimum value of noise for which the
regularity of the system response is the best. It means
that the coherence of the system response achieve an op-
timum for a critical noise value.

This C.R. phenomenon allows to account for the ac-
tivity of neurons even in absence of external stimuli and
could provide insight into disturbance in control mech-
anisms that cause apnea in clinical diseases states [23].
Therefore, like S.R., C.R. has rapidly become an inter-
disciplinary paradigm which has been widely investigated
both numerically and theoretically.

Experimental evidence of this nonlinear effect has been
observed in excitable optical system [24], in chemical me-
dia and in electronic circuits [25, 26].

Concerning electronic devices exhibiting Coherence
Resonance, very few experimental realizations have been
proposed. For instance, Chua circuits in a chaotic regime
have revealed a C.R. signature in presence of noise [25].
Moreover, in most studies, noise often appears to be ad-
ditive and directly added to one hand of the equation
that rules the system response [26]. One might wonder
how noise can affect the system response if it is directly
included in the nonlinearity. This paper experimentally
addresses this question. Indeed, we consider the effects
of these two kinds of noise in a nonlinear circuit ruled by
the set of FitzHugh-Nagumo equations.
We first detail the nonlinear circuit and briefly establish
its deterministic response. In the third section, two noise
sources are considered and their effects on the systems
response is compared. The last section is devoted to con-
cluding remarks.
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Figure 1: The nonlinear circuit. E is delivered by a DC
generator while ηE(t) and ηb(t) correspond to additive
noise sources. AD633JNZ are analog multipliers, while
TL081CN operational amplifiers are used. R = 320Ω,
R0 = 1.33kΩ, L = 10mH, C = 22nF , a = 2.0V , b =
−2.6V .

2 The nonlinear circuit

Our experiments are carried out using the circuit of Fig.
1 which includes classical TL081 operational amplifiers,
AD633JNZ analog multipliers, additional constant volt-
age sources a, b, E and two noise sources ηE(t), ηb(t).
L is a linear inductor, R and R0 represent linear resis-
tors. In the whole article, we focus on the analysis of the
voltage V . Using the datasheet of analog multipliers and
expressing the current through each branch of the circuit
of Fig. 1, the voltages V and X are ruled by:

R0C
dV

dtexp
= −V

(
V − a

)(
V − b − ηb(texp)

)

−R0X

R
+ E + ηE(texp)

L

R

dX

dtexp
= V − X. (1)

Next, introducing the transformations

γ =
R

R0
, W =

R0X

R
, ϵ =

R2
0C

L
, t =

texp

R0C
, (2)

yields the following set of equations in normalized time
units:

dV

dt
= −V

(
V − a

)(
V − b − ηb(t)

)

−W + E + ηE(t)

dW

dt
= ϵ(V − γW ). (3)
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Figure 2: Response of the nonlinear circuit without noise.
the voltage V has been recorded when E = −0.24V >
Einf . Parameters of the experimental system: a = 2V ,
b = −2.6V , γ = 0.24, ϵ = 3.9, R0 = 1.33kΩ, C = 22nF ,
R = 320Ω, L = 10mH.

Therefore, our circuit corresponds to a FitzHugh-Nagumo
system submitted to noise. The components values have
been adjusted to R = 320Ω, R0 = 1.33kΩ, L = 10mH,
C = 22nF to set the parameters γ and ϵ to:

γ = 0.24 and ϵ = 3.9. (4)

Moreover, in the whole article, the external voltage
sources a and b will remain constant and equal to a = 2V
and b = −2.6V .

The deterministic response of the circuit is obtained in
absence of noise, that is when ηE(t) = 0 and ηb(t) = 0. In
this case, the behaviour of system (3) can be interpreted
with its nullclines. Indeed, when the derivative of eqs.
(3) are set to 0, we deduce the equations of the system
nullclines under the following form

W = −V (V − a)(V − b) + E and W =
V

γ
. (5)

The first nullcline corresponds to a cubic function verti-
cally shifted by the external DC voltage source E, while
the second one is a straight line which intersects the first
nullcline. A limit cycle occurs when the parameter E
is such that the linear nullcline intersects the cubic one
between its two extrema [22].

In our case, this situation occurs if the voltage E is
set in a range defined by two critical values Einf and
Esup, namely [Einf = −0.25 V ; Esup = 0.60 V ]. The be-
haviour of the circuit is then oscillatory and the voltage
V corresponds to a periodic train of spikes. (see Fig. 2
obtained for E = −0.24V > Einf ) In this article, we con-
sider the case where the parameter E is chosen below the
Andronov-Hopf bifurcation, that is E < Einf . Namely,
we choose E = −0.3V which involves that no oscillation
occurs without noise.

3 Influence of noise

In all the following, we investigate the behaviour of
our experimental device versus the Root Mean Square
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Figure 3: Experimental evidence of C.R. for two differ-
ent noise sources. The time series and the correspond-
ing phase portraits are presented for three different noise
amplitudes. At the left, an additive noise corrupting the
parameter E is used, while at the right, noise acts in
the nonlinearity. Noise level added in parameter E: (a)
σ = 350mVrms, (c) σ = 700mVrms, (e) σ = 1050mVrms.
Noise amplitude considered in the nonlinearity: (b) σ =
50mVrms, (d) σ = 200mVrms, (f) σ = 660mVrms. Param-
eters of the experimental system: a = 2V , b = −2.6V ,
γ = 0.24, ϵ = 3.9, E = −0.3V , R0 = 1.33kΩ, C = 22nF ,
R = 320Ω, L = 10mH.

(R.M.S.) amplitude σ of the gaussian noise sources ηE(t)
and ηb(t) when the system is tuned below the Andronov-
hopf bifurcation, namely when E = −0.3 V .

Typical chronograms of the fast variable are available in
Fig. 3 with the corresponding phase portraits. At the left
of Fig. 3, noise was only added on the parameter E, while
at the right, noise was only considered on the nonlinearity
root b, which will be refered as a nonlinearity noise in the
following.

For both noise sources, weak noise amplitudes induce
an irregular response of the system. Indeed, as repre-
sented in Fig. 3 (a) and (b), very few spikes are produced.
For strong RMS noise amplitudes, like in Fig. 3 (e) and
(f), even if more spikes are induced by noise, the regular-
ity of the system is not the best since the spike triggering
is mainly ruled by noise. In fact, as shown in Fig. 3 (c)

s [ V ]rms

10
-2

10
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10
0

10
110

-1

10
0

R
p

Figure 4: Coefficient of variation Rp versus the noise
R.M.S. amplitude σ. The curve in solid line is ob-
tained for a noise included in the nonlinearity while the
dashed line corresponds to a noise corrupting the parame-
ter E. Parameters of the experimental system: a = 2.0V ,
b = −2.6V , γ = 0.24, ϵ = 3.9, E = −0.3V , R0 = 1.33KΩ,
C = 22nF , R = 320Ω, L = 10mH.

and (d), it is for an intermediate value of noise that the
system regularity seems enhanced.

For each of the two noise sources, there exists an opti-
mum value of noise which enhances the coherence of the
system response. In the case of a noise source directly
added to the nonlinearity root b, the optimum value is
200 mVRMS , whereas for a noise corrupting the parame-
ter E, the optimum value is 700 mVRMS . It shows that a
weaker intensity of noise is required to enhance the system
response when noise directly interacts into the nonlinear-
ity.

Concerning the phase portraits, note that a noise in-
cluded in the nonlinearity involves a phase portrait with
a thinner trajectory in the upper right corner than in
the bottom left corner. This means that the nonlinearity
noise mainly acts when the system is near its rest state,
that is before a pulse is triggered. Moreover, as shown
by the chronograms of Fig. 3 (c) and (d), another con-
sequence is that the peak amplitude and the temporal
length of the triggered pulse is less affected by a nonlin-
earity noise. Therefore, we can expect a better regularity
when noise acts on the nonlinearity.

To show this gain of efficiency, a relevant quantity usu-
ally computed in C.R. context is the time between two
consecutive pulses. Owing to the addition of noise, this
spike timing tp is a random variable with a given mean

⟨tp⟩ and a standard deviation
√

var(tp). Therefore, the
variability of spike timing can be quantified by the coef-
ficient of variation defined by [20, 22]:

Rp =

√
var(tp)

⟨tp⟩
. (6)

Noting that a null coefficient of variation Rp would cor-
respond to a strictly periodic spiking, a good coherence
in the system involves a weak value of Rp and vice versa.
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Figure 5: Normalized autocorrelations of the fast variable
for each of the two noise source when the optimum of
regularity is achieved. Solid line: nonlinearity noise of
intensity σ = 200mVRMS . Dashed line: noise corrupting
the parameter E with intensity σ = 700mVRMS

Hence, this quantity can be also interpreted as a noise
to signal ratio in stochastic resonance context [22]. To
determine the spike timing tp, we consider that a pulse in
the temporal sequence of the fast variable V (t) is defined
when V (t) exceeds the threshold value Vth = 0V .
Under these conditions, as shown in Fig. 4, for each of
the two additive noise sources, there exists an appropri-
ate amount of noise which minimizes the coefficient of
variation. Note that the best performance is achieved
with a noise source included in the nonlinearity. In-
deed, the minimum achieved in this case is weaker than
in the more classical case where noise corrupts the pa-
rameter E. Moreover, the minimum of Rp is reached for
σ = 200 mVRMS when noise is included in the nonlin-
earity, whereas the noise intensity must be increased up
to σ = 700 mVRMS in the other case. Therefore, we can
conclude that it is advantageous to consider noise into
the nonlinearity since a weaker RMS amplitude of noise
is required to optimize the system regularity.

Owing to the fact that neurons encode information in
the time interval between two consecutive pulses, the coef-
ficient of variation seems suitable in neural context. How-
ever, this quantity is defined with a threshold crossing
which does not take into account the shape of the sys-
tem response. From a signal processing point of view, it
is more appropriate to consider the following normalized
autocorrelation

C(τ) =
⟨Ṽ (texp)Ṽ (texp + τ)⟩

⟨Ṽ (texp)2⟩
, (7)

where Ṽ (texp) = V (texp)−⟨V (texp)⟩ and where the brack-
ets ⟨.⟩ denote a standard averaging. This normalized au-
tocorrelation allows to compute the correlation time de-
fined by [22]

τC =

∫ ∞

0

C2(texp)dtexp. (8)
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Figure 6: Correlation time τC versus the noise R.M.S.
amplitude σ. The solid line corresponds to a noise in-
cluded in the nonlinearity while the dashed line is obtain
with an additive noise corrupting the parameter E. Pa-
rameters of the experimental device: a = 2V , b = −2.6V ,
γ = 0.24, ϵ = 3.9, E = −0.3V .

The normalized autocorrelation corresponding to the op-
timum value of noise which provides the maximum of
regularity is plotted at Fig. 5 for each of the two noise
sources. The decrease of the extrema reached by the au-
tocorrelation is much more pronounced when noise acts
on the parameters E. It results that the correlation time
defined by expression (8) will be greater when noise is
included in the nonlinearity. As shown in Fig. 6, this
correlation time exhibits a resonant behaviour versus the
RMS noise amplitude σ for both noise sources. As ex-
pected by the autocorrelations presented in Fig. 5, the
optimum of regularity in the systems response is better
when noise acts in the nonlinearity. Indeed, the max-
imum reached by the correlation time is 0.152, that is
much more than in the standard scenario of C.R. which
provides a correlation time around 0.1.

4 Conclusion

In this paper, we have used a nonlinear circuit to compare
the effects of two additive noise sources in a FitzHugh-
Nagumo oscillator. Especially, we have shown that clas-
sical Coherence Resonance can be observed when the sys-
tem is perturbed by a noise directly added in the first
equation ruling the system. Beside this well known ef-
fect, we have shown that a greater benefit of noise can
be achieved if noise interacts in the nonlinearity. This re-
sult suggests that systems ruled by the set of FitzHugh-
Nagumo equations, such as neurons, could adopt a strat-
egy to enhance their response. Moreover, this work on
nonlinearity noise could be of crucial interest to better
understand how noise may enhance information propaga-
tion in lattices of coupled circuits modeling for instance
myelinated nerve fibers [17, 18, 27].
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HermaDEB AN EVOLUTIONARY INDIVIDUAL BASED MODEL FOR THE
ENERGY ALLOCATION IN HERMAPHRODITE

Dorra Louati Maâroufi Slimane Ben Miled Narjès Bellamine Ben Saoud ∗†‡§¶

Abstract.
Sex change in hermaphrodite species is one of the most interesting phe-

nomenon from an evolutionary perspective. In this work, we model the en-
ergetic and sexual behaviour of hermaphrodite species to determine the opti-
mal size of sex change in this hermaphrodite species. We developed an evo-
lutionary model that couples two theories, Dynamic Energy Budget (DEB)
and Sexual Allocation theory, dealing with the use of energy (food uptake)
for the physiological organization of an organism. Our approach is based
on the study of the optimal sex change size as an emergent parameter from
individuals behaviour. We develop an evolutionary individual-based model
implementing these two theories with a simple genetic algorithm to deter-
mine the optimal sex change size. The model description follows the ODD
(Overview, Design concepts, Details) protocol, it is simulated with NetLogo
platform and it is parametrized for Dusky grouper (Epinephelus marginatus).
For this hermaphrodite species, both growth and maturation predicted by the
model fit well with field observations.
Keywords. modelling, evolutionary IBM, DEB, sex-ratio,
simulation, ABM, sex change.

1 Introduction

Sequential hermaphrodites are species able to produce sequen-
tially male and female gametes. We call it protandrous if the
transition is from male to female, and protogynous if it is from
female to male. One of the major evolutionary questions about
sequential hermaphrodite is to determine where the direction
and the timing of sex change are viewed as responses to demo-
graphic and environmental parameters [3].

The first answer was provided with Size Advantage Hypoth-
esis models introduced by [8, 33, 21, 35]. Their models are
based on direct relationships between individual fitness and
both, sexual resource allocation (to either male or female role)
and absolute [8, 33, 3] or relative [28] individual size. Size
advantage is generally caused by a direct effect - mating pref-
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erences - or caused by an indirect effect or budget effect [17]
- larger individuals will generally have more resources allo-
cated to reproduction and produce more gametes. The size of
sex change appears as an evolutionary stable strategy, ESS, of
the population dynamics [14, 35].

However, these models are unable to describe the time of
sex change when resource fluctuates and especially in case
of starvation. This gap can be filled by coupling sex alloca-
tion models with models describing the use of food resources
for metabolic and physiological processes as Dynamic Energy
Budget (DEB) theory [20].

DEB theory presents simple mechanistic rules that describe
the uptake and use of energy and nutriments (substrates, food,
light) and the consequences for physiological organization
throughout an organism’s life cycle, including the relation-
ships of energetic with ageing [20]. This theory attempts to
put in equations quantitative aspects of metabolism at the in-
dividual level [18, 19, 20, 29].

Although, knowing the properties and behaviour of isolated
individual is insufficient to predict the entire population be-
haviour (needed to introduce sex allocation models). Individ-
ual based models [13, 11, 30] are developed and used in or-
der to account the variability of phenotype (e.g. fitness) and
behavioural characteristics (e.g foraging efficiency), and the
interactions between individuals [5].

The main objective of this study is to introduce an individ-
ual based model (IBM) as a generic modelling approach that
represents the physiological complexities of these species and
that will be used for investigating the effect of social control on
population dynamics. Our motivations is, first, to investigate
the energy fluctuation effect on the optimal size of sex change
by comparing observed dynamics for different scenarios and,
second to analyse the Evolutionarily Stable Strategies (ESS).

Our model uses data linked to the sequential protogynous
hermaphrodite dusky grouper, (Epinephelus marginatus). This
fish is a sequential hermaphrodite in which sex allocation is
sensitive to the immediate social environment, such as the size
of an individual relative to others in the social group [22], the
sex-ratio of the social group [31, 27] and local density [22, 23].
Moreover, the grouper occupies an important position in fish
lineages because of their population size, the large number
of different species, and their geographical distribution. Al-
though, it should be noted that the dusky grouper was indexed
in the red list of The World Conservation Union (IUCN) as
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endangered species (http://www.iucn.org).
The model description follows the ODD protocol for de-

scribing individual and agent based models [11, 12] and con-
sists of seven elements. The first three elements provide an
overview, the fourth element explains general concepts under-
lying the model’s design, and the remaining three elements
provide details.

2 Materials and Methods

2.1 Overview of used Models and model cou-
pling

The goal of DEB theory is the study of the metabolism orga-
nization described by the mass and energy flows (see figure 1)
inside the organisms. This theory attempts to put in equations
quantitative aspects of metabolism at the individual scale. It
also allows to connect different organization scales, from the
cell to the ecosystem [18, 19, 20] and [29]. Our model is based
on the DEB standard model, which considers an isomorphic
organism, with one reserve and one structure feeding on one
type of food and for which only food is limiting. This model
is assumed to be appropriate for animals [20].

DEB theory does not take into account the issues of sexual
allocation, all individuals are modelled in the same way, pro-
ducing eggs, this choice is due to DEB generic formulation.
To consider issues of sex change in hermaphrodite, we need
to couple it with, assumptions and models from theory of sex
allocation.

By models coupling, we mean models interoperation. The
coupling may be weak, in this case the models remain indepen-
dent, and interact via an interface. Coupling can also be strong,
in this case the designer must write a super model and mod-
ify integrated models to adapt them to each other [7]. In our
model, we have extended the standard model of DEB theory,
incorporating a simple model of sex allocation. This strong
coupling has lead to HermaDEB model.

The sex allocation theory explains for successive
hermaphrodite species, the optimal time when individu-
als change sex. In summary, the change of sex in successive
hermaphrodites, occurs when the reproductive value is related
to the age or size and when this relationship is not the same
for both sexes [3, 35].

Sex allocation theory and size-advantage models, assumes
that sex change occurs at a fixed size [34]. The size at which
individual should change sex Schangecorresponds to the in-
tersection of males and females reproductive success curves.
Schange is estimated, in several works [4], by optimizing re-
productive success.

Our approach consists in modelling the energy allocation by
DEB theory model and Schange optimization by a simple ge-
netic algorithm [26]. In this genetic algorithm, we consider the
size of sex change as ”‘genotype”’ and reproductive success as
”‘fitness”’ function.

We check if by the energetic behaviour described by DEB
theory and sex allocation’s assumptions, we can find an invari-

ant sex change size and whether the relationship between the
size of sex change and the maximum size, predicted by [4, 1],
remains true.

Reserve

Structure Reproduction buffer
Maturation or

Growth

Somatic
Maintenance

Maturity
Maintenance

Assimilation

Food Feces

Kooijman’s DEB model

Reproduction

Eggs or Sperm

Figure 1: Energy fluxes in the standard deb model. A frac-
tion κ of the mobilised reserve is used for somatic mainte-
nance plus growth, the rest 1−κ for maturity maintenance plus
maturation (in juveniles) or reproduction (in adults). Somatic
maintenance has priority over growth and maturity mainte-
nance has priority over maturation or reproduction. Reserve
that is allocated to reproduction is first collected in a buffer;
the reproduction buffer has species-specific handling rules for
transformation into eggs. The birth is marked by the beginning
of feeding (the dashed line corresponds to juvenile and adult
stages) before birth, the embryo relies on its reserves to satisfy
its energy needs. (figure from http://www.cein.ucla.
edu/new/p156.php?pageID=367)

2.2 Model Description
2.2.1 Overview

Purpose We develop an agent based model which simulates
the hermaphrodites behaviour as they use uptake food from the
environment using and extending the DEB-IBM implementa-
tion realized by (Martin et al.) [25]. We use the standard DEB
theory model with the ageing module [20] for the energy al-
location and we extend it to describe the sexual allocation in
the hermaphrodite case. Our main goal is to understand the
emergent first change size for this species.

Entities, state variables, and scales In our model, we have
two types of agents, (1) individuals : fishes from the dusky
grouper species and (2) environment.

the environment is characterized by a constant food density
X , in time and space, (see table (1) for entire state variables
and table (2) for entire DEB parameters).
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Symbol Dimension Description
V L3 Structural volume of the in-

dividual.
X e Available food density.
E e Non-allocated energy in re-

serve
EH e Accumulated energy in-

vested into maturation.
ḣ t−1 Specific death probability

rate.
q̈ t−2 Damage inducing com-

pounds
sex Individual sex-role
age years Individual age
lchange Sex change size

Table 1: Model state variables with definitions. In the descrip-
tion of the dimension the following symbols are used, − stand
for no dimension, t for time, L for length and e for energy.

From DEB theory view, the state of an organism is com-
pletely described by : the structural volume, V , (or the struc-
tural length, L = V 1/3) of the individual, reserve energy E
and maturity EH seen as a cumulative energy allocated to the
maturation. Two additional state variables : damage inducing
compounds (acceleration) (q̈ ) and damage (hazard)(ḣ ) are
specific to the ageing process [20]. As we are interested by the
individual sexual choice and the population sex-ratio, we add
supplementary state variables : sex, age and sex change size.

Process overview and scheduling Each time step, individu-
als feed and use this uptake energy to run their metabolic pro-
cesses (somatic maintenance, growth, maturity maintenance,
maturity or reproduction).

The individual DEB state variables (V ,E,EH ) are then up-
dated following the DEB standard model differential equa-
tions. If the individual can no longer pay maintenance somatic
costs he dies [25]. If the individual survives and if he reaches
a maturity level that allows him to move to the next life stage,
he goes (see fig: 3).

During adulthood, the individuals accumulate energy in the
reproduction buffer until the pre-reproduction period. During
this period each individual checks if he can change sex de-
pending on his size. Breeding season lasts about four months
(from June to September) [24]. Males try to mate with as many
females as possible. Females mate only once during the entire
breeding period and all their eggs are fertilized by a single
male. Thus, females are more selective in choosing partners
and mate only with males of their size or bigger.

To simulate the reproductive pattern, a year is divided
into three periods, breeding period (mating season), pre-
reproductive period and free period (period without reproduc-
tion). To follow the evolution of our individual we choose a
time step of one week.

During the free period individuals do not interact and share
only food resources, which are abundant and constant.

During the pre-reproductive Individuals, asexual before pu-
berty, become first females until reaching the sex change size
and then play the males role.

For each time step, the following algorithm is run.

Feeding 

Assimilation

Ageing moduleReserve dynamics

Reach the threshold
 of damage?

Yes

Death

NoYes

Enough reserves
 for maint. ?

Somatic maint.

Enough reserves
 for growth ?

No

Growth Mat. maint.

Yes

Mat or Reproduction

No

Birth

Figure 2: Energy behaviour of an individual : juvenile individ-
ual manages its energy budget as following: at each timestep
he feeds, then the energy is stored in the reserve by the assim-
ilation process.Damages related to assimilation is estimated.
These damages result from oxidation which is supposed, in
DEB model, to cause the age-related physiological decline. If
the damages reach the value which leads the death either if
the reserves do not any more cover the somatic maintenance
costs, the individual dies. If he survives the other processes
are supplied with energy according to their priorities. At the
juvenile stage, the individual accumulates energy in the matu-
rity buffer. This accumulated energy will be redirected to the
reproduction at puberty.

For each individual
[

Calculate processes rates
Update DEB state variables
if (mobilized energy <
maintenance energy)
[Die]
if (random number <

probability of ageing related death)
[Die]
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randomly move
if (female or asexual adult ) and
(pre-reproduction period)
[Choose a sexual role
update sex state variable]

if (female) and (reproduction period)
[if (Find partner)
lay-eggs
ask partner [lay sperm]
Become sexually inactive

]
]

2.2.2 Design Concepts

Basic principles We implement an individual-based model,
in which individuals are governed by the previous theoreti-
cal model (coupling DEB theory and the theory of sex allo-
cation). This is done on NetLogo [36, 32] using and extending
the DEB-IBM implementation realized by (Martin et al.)[25].
Each individual perceives the sex and size (L) of individuals
in the surrounding area.

Emergence In our model, individuals sex change size, pop-
ulation dynamics, population structure and sex-ratio emerge
from the individual metabolic organization and from individu-
als interaction via meeting.

Adaptation The model does not include adaptation pro-
cesses.

Fitness We define the fitness of an individual, i, as the per
capita birth rate of i. It depends on the produced gametes quan-
tity and on the probability to be fertilized or to fertilize. Thus,
for an individual, i:

f(i) = ėγi F (i, j) (1)

with ėγi is the produced gametes number per unit of mating,
(if we consider the female gametes ėγi becomes ė~i otherwise
ė|i for males ) and F (i, j) the fitness return the probability
for a gamete produced by i to be or to fertilized and to gives
an offspring with individual j. Some authors call F marriage
function [16].

This probability, F , takes also into account the probability
to meet the partner j and to accept to reproduce with it. This
implies that sexual competition acts via F . So, the fitness re-
turn of a mating of two individuals of the same sex is equals to
0. I our case we suppose that for female, matting occur only
with larger male.

This hypothesis was introduced by several authors [34], it
assumes harem type reproduction due to sexual competition,
where large individuals are males. This hypothesis is verified
in some groupers [37, 22].

In this case, if a female meets a bigger male than her, they
will reproduce with probability 1, if not they will not repro-
duce and probability is 0.

We note that, we suppose for the individual i, the produced
gametes quantity depends only on individual reserve energy
allocated to reproduction and not on the partner.

The male’s fitness, of a mating, is equal to the number of
eggs produced by its partner. While for female, fitness is equal
to its own produced eggs.

Embryo Juvenile Adult

Fertilization Deathb p Schange

~ |

Figure 3: For DEB theory the transition from one life stage
to another is related to the maturity, birth (b) marks the tran-
sition from embryo to juvenile stage and happens when the
maturity UH reached maturity birth UH = U bh. Likewise pu-
berty (p) that occurs when the maturity reached maturity pu-
berty UH = UpH . In our model, we add two other stages,
female (~) and male (|).The switch from female to male, hap-
pens if the individual’s length L corresponds to sex change
size L = Schanges. This size also corresponds to maturity and
sex change could be seen as a second puberty.

Interaction Individuals interact only during the breeding
season to give birth to offspring. A female chooses (see 2.2.3)
the male with which she mates during a time-step. The fe-
male invests all her eggs during this encounter and becomes
sexually inactive until the next breeding season. Male man-
ages to re-create his sperm capital, sperm is of low energy cost
compared to the eggs, and then continues to fertilize available
females .

Stochasticity In the DEB Standard model there is no
stochasticity : DEB parameters are defined for the entire
species and individual are all of the same sex. The variation
between individuals in the DEB model, depends on the envi-
ronment and mortality. We add a random deviation from DEB
parameters for each individual.

Observations At the individual level: individuals annually
report the following data : age, size (L), size at the sexual
change , age at the sexual change and the annual offspring
count.

At the population level: a monitor for sex-ratio observation,
in the graphical interface, as a world grid where individuals
move.

2.2.3 Details

Initialization At the beginning of the year, 100 individual
are introduced in the models in the embryo stage, with DEB
parameters state variables with some deviation. Indeed DEB
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S D Description Value
κ − fraction of mobilized energy

allocated to soma.
0.8

κR − fraction of reproduction en-
ergy fixed in eggs.

0.8

k̇M t−1 somatic maintenance rate
coefficient: [ṗS ]

[EG]

0.0029

k̇J t−1 maturity maintenance rate
coefficient: [ṗJ ]

[ER]

0.0025

g − energy investment ratio:
[EG]/κ[Em]

2.89

v̇ Lt−1 energy conductance (veloc-
ity).

0.0178

u0E − initial scaled reserve 0.001
upE − scaled maturity at puberty 4.4
ubE − scaled maturity at birth 5.22E − 7
ha 1/d2 Weibull aging acceleration 1.0E − 7
sG − Gompertz stress coefficient 2.0E − 4
s−
cost

− the cost of a sperm clutch, a
proportion of the egg ener-
getic cost.

0.1

Table 2: Model inputs, Model DEB parameters with defini-
tions. In the description of the dimension the following sym-
bols are used, − stands for no dimension, t for time, L for
length and e for energy.

parameters are multiplied by a log-Normally distributed ran-
dom number (lower than 0.1) specific to each individual in
order to provide inter-individual variability.

Inputs The model is parametrised for Epinephelus margina-
tus species, and the input parameters are those of the
DEB model parameters estimated using the freely available
package DEBtool http://www.bio.vu.nl/thb/deb/
deblab/debtool/ (see table 2).

Submodels

DEB theory model The model, represented in the figure
(fig: 1) describes the allocation of energy to various body func-
tion: the different processes (powers) are described by the fol-
lowing equations : The organism assimilates the intake food.
Free energy is then fixed into reserves, ṗA = {ṗAm} fL2 with
scaled functional response f = X

K+X with X is food density
and K is saturation constant. The reserve change is written as
difference between assimilation rate and mobilization rate ṗC
: d
dtE = ṗA − ṗC . A fraction κ of the mobilized energy is

used for somatic maintenance and growth κṗC = ṗS + ṗG,
the rest 1− κ is allocated to maturity maintenance of maturity
and maturity (before puberty) or reproduction (after puberty)
(1−κ)ṗC = ṗR+ṗJ . We keep the same dimensionless formu-
lation is used in model of (Martin et al.) [25] in order to sim-
plify the equations. For more details on the implementation
please see http://cream-itn.eu/projects/wp-1/

P embryo juvenile adult
ṗA 0 fl2 fl2

ṗC el2 g+l
g+e el2 g+l

g+e el2 g+l
g+e

ṗS κl3 κl3 κl3

ṗG κl2 e−l
1+e/g

κl2 e−l
1+e/g

κl2 e−l
1+e/g

ṗM.
R (1−κ)l2 e−l

1+e/g
(1−κ)l2 e−l

1+e/g
0

ṗR.
R 0 0 (1−κ)(l2 e−l

1+e/g
+l3−l3p)

Table 3: The scaled powers expressions ṗ∗/ {ṗAm}L2
m as

specified by the standard deb model.This dimensionless for-
mulation uses scaled length l and scaled reserve density e at
scaled functional response f = X

K+X with food density X
and K saturation constant. κ stands for allocation fraction, g
stands for investment ratio and K̇M . The dot ” ˙ ” stands for a
rate : 1

t .

daphnia-2/deb-ibm. The scaled formulation of DEB
standard model is used in our model, (see table 3). The equa-
tions governing the dynamics of the scaled length and scaled
reserve are : d

dte = f−e
l K̇Mg and d

dt l =
e−l−lT
l+e/g

K̇M

3 with g

stands for investment ratio and K̇M .

Find partner At each time step during the mating pe-
riod, a no fertilized female, seeks for a bigger male than her
for breeding. As she has information on the individual group
around her ,she randomly takes a male among those who fulfil
the size criteria and who is not engaged with another female
at the same time step. Once chosen, the male and female re-
produce. The female becomes sexually inactive, as a female,
and the male continues to seek opportunities for reproduction
at the next time step till the end of the reproduction period.

Reproduce Reproduction involves the slope of eggs and
their fertilization by sperm. We assume that all the eggs of
a female are fertilized by the same male and that a cloud of
sperm is necessary for the egg fertilization. This is because
the probability of encounter between one sperm and one egg
differs from 1.

2.3 Simulation experiments

Our simulation was carried out as a simple genetic algorithm
[26] , applying the process of natural selection to find the sex
change size that is more likely to persist throughout the gen-
erations. This algorithm considers the size of sex change as
genotype and reproductive success as fitness function.

The first generation (of 100 individual ) was introduced in
the simulation with a random distribution of size change of
sex, the average size of between puberty and the maximum
size. Then individuals feed and manage their energy using
DEB model equations. During the breeding season, individ-
uals reproduce by reproduction module (see 2.2.3). The off-
spring inherit the average sex change size from both parents
and have the DEB parameters with a statistical variation as that
of the first generation. This reproductive cycle was simulated
for 355 years. We then run the simulations so designed 100
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Figure 4: The average size at puberty of individuals (in 100
simulation) is represented in this box-plot. The figure, shows
that the average puberty size is 0.5081 cm with a standard de-
viation of 0.00045 cm.

times. The simulation time was chosen to ensure that the aver-
age size of sex change Schanges has stabilized. In fact we per-
formed 10 simulation for 1200 years. We then calculated for
each year j the following ratio: rj =

Smax
changes−Smax

changes

Lm−Lp
, with

Smaxchanges, S
min
changes, respectively, the maximum sex change

size and the minimum sex change size, Lm the maximum in-
dividual length and Lp the length at puberty. Then we take the
simulation time as year j for witch rj = 0.05, thus j = 355
years .

Each year, to avoid problems of population density in the
fixed environment, individuals are randomly removed from the
adults class and juvenile class to ensure a constant population
of 100 adults and 100 Juveniles.

3 Results and discussion

3.1 Results
3.1.1 Growth and maturation fit well with field observa-

tions

The grouper is a protogynous species relatively long-lived (50
years) and can reach a length (1.5 m) [15]. In our simulations,
Grouper reaches puberty at about 50 cm (fig: 4). Individuals
have a maximum size (average of 100 simulation), between
1.93 and 2 meters ( fig: 5).

In the litterature, according to the data of fishbase http:
//www.fishbase.org/summary/6470, the grouper
reaches the puberty around 47 cms.

These results are rather close to the reality what proves that
model DEB is effective for the prediction of the growth and
the maturity.
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Figure 5: At constant food density, grouper growth curve fol-
lows the curve of Bertalanffy, the implementation of DEB-
IBM [25] with the parameters calculated with DEBTool are
consistent with the of Bertalanffy growth curve.

3.1.2 Constant relative age and size at sex change

Our model predicts a constant proportion of Schange/Lm. In-
deed, the ratio of the average size of sex change and the max-
imum average size of 100 simulation varies between 0.78 and
0.81, with size sex change average = 1.56 m.

Statistical analysis of the data of 52 species hermaphrodite
fish suggest that fish change sex at a constant proportion (0.79)
of their maximum size [1].

3.2 Discussion
In our work, we fill up the gap between sex allocation and en-
vironmental resources by coupling standard DEB model [20]
with sex allocation ones [3]. In one side, our approach, de-
scribes the energy budget allocation of a hermaphrodite, taking
into account the male and female gametes energy, which is not
considered in the standard DEB model. In the other side, our
model links food availability to sexual allocation and thus ex-
plicitly expresses sex change to environmental resources. This
link, enable us to explore the effects of fluctuating food on
the sex change in hermaphrodites and to predict optimal sex
change size. We were able to confirm the predicted -done by
theoretical model [4] and by statistical observations [1]- that
ratio between size at sex change and the maximum size re-
mains constant across species. This result shows that our ap-
proach could be a good method to answer sex change issues.

Although, DEB and sex allocation models act at different
time and population scales [9]. Similarly to [6], we distinguish
two main states : individual states ( e.g.individual size or sex)
and population states ( e.g.population age or size distribution,
population sex-ratio). Generally, population states are seen as
an emergent phenomenon of individual states through inter-
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individual models (ecological interactions) acting at ecological
or population time scale. However, individual variables are the
result of intra-individual physiological mechanism (modelled
by DEB theory) at their own time scale.

This multi-level coupling, leads to the following difficulty:
from the evolutionary point of view, life history characteris-
tics are traits that affect organism life table, as reproduction,
and survivor-ship. These characters are individual characters
changing by mutations (at individual time scale ) and selec-
tions (emergence phenomenons due to, among other, ecologi-
cal mechanisms). However at the physiological scale life his-
tory traits are equilibrium point of physiological process. One
way to solve this difficulty is to consider DEB parameters as
an evolutionary parameters and that life history traits are ob-
servers (i.e.an easy accessed values that measure the system
evolution). In the particular case of sex allocation model,
age/size at sex change or individual gamete sex-ratio should
no longer be seen as a life history traits, but a measure of strat-
egy success related to physiological mechanism of energy al-
location. The evolution acting on fraction of catabolic energy
powers spent on maintenance and growth ,κ, or on the repro-
duction energy fraction fixed in gametes, κR.

Our model leads to a discussion on the relationship between
complex system levels. Nevertheless it stays at experiment
stage, and should be completed by population dynamics anal-
ysis tools. Indeed, according to the Grimm classification [10]
our model is based on a bottom-up approach, which starts from
the individual to understand the mechanisms and emergent
properties in population level. Our approach, must be com-
plemented by top-down approach that defines the properties at
the population level [10, 2].

Thus, according to Grimm [10], it is imperative to refer to
framework of theoretical ecology, and to analyse the IBM with
tools that offered by variable states models. Resilience, Per-
sistence and Stability of our model should be analysed to un-
derstand the emergent population dynamics that emerge in our
model . Without this effort further analysis , simulations of our
models will remain as experiments without leading to general
theories on the dynamics of hermaphrodite populations.
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Abstract.  Modeling has become one key approach to better understand and respond complex problems in many fields including 
public health. For this reason, different modeling approaches exist which handle on different facets of a problem’s complexity. 
One of the most important problems of latest decades is the obesity disease and its implications in public health. Many research 
tend to understand this phenomena using mathematical, statistical and simulation models. The purpose of this paper is to present 
an overview of some of these models using ODD (Overview, Design concepts, Detail) protocol. 
Keywords.  Obesity, simulation models, ODD, literature review

ODD  protocol  (see  Fig.1)  aims  to  make  model 
descriptions  more  understandable  and  complete, 
thereby  making  ABMs easy  to  duplicate.  We will 
generalize  the  use  of  ODD  protocol  for  all  these 
models  in  order  to  present  the  different 
mathematical,  statistical,  network  and  individual-
based models studied to highlight the environmental 
contributors to obesity.

   

3. Review of some current obesity 
models

We selected to review papers [4-15]  published or 
presented at international conferences. We will 
classify them according to their scale (population, 
individual or both) to emphasize similarities and 
differences between them (see Fig.2).

3.1   Population scale 
A scale represents a level in which phenomena 

happens. At population level, interactions represent 
average of individuals' interactions.
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MODELING THE OBESITY : A SHORT REVIEW OF 
LITERATURE

1. Introduction
In 1997, World Health Organization (WHO) declared 
obesity as a global epidemic thereby becoming  the 
first non infectious disease categorized as an 
epidemic. Many research have been conducted using 
different modeling ways (mathematical, statistical, 
simulations,...) [1], in order to understand the obesity 
spread and to find out best prevention policies. The 
purpose of this paper is to present an overview of 
some models using ODD [2] (Overview, Design 
concepts, Detail) protocol.  The  choice  of  these 
models  was  made  according  to  the  scale  studied 
(population,  individuals,  multi-scale),  the  kind  of 
model  (mathematical,  statistical,  network-based, 
agent-based) and the state variables used. There is a 
lot  of  research  on  obesity  [1]  depending  on  the 
question that researchers want to answer (economic 
consequence, trends in BMI, intervention policy...). 
In  our  case,  we  are  interested  in  the  social  and 
environmental  determinants  of  obesity.  For  this 
reason, the selected models presented here deal with 
various  state  variables  (obesity  state,  age,  sex, 
ethnicity,  income,  eating  habits,…)  at  different 
scales.  A  background section will  introduce ODD 
protocol. We then present  the different models, 
summarize and compare them. At  the  end  of  the 
paper we suggest a direction for our future works. 

2. Background: ODD
The  ‘ODD’  (Overview,  Design  concepts,  and 

Details)  protocol  was  published  in  2006  to 
standardize the descriptions of individual-based and 
agent-based models (ABMs) [2]. 
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 This  study  also  showed  that  the  immediate 
geographic location, ie corpulence neighbors, has no 
effect on this probability, and a person of the same 
sex have relatively more influence on obesity that a 
person  of  the  opposite  sex.  They  found  also  that 
smoking cessation and obesity are not correlated. [8] 
justified  their  results  by  three  explanations  : 
homophily, induction and confounding.

3.2.1. Network-based model

Bahr et  al.  [9] realized network-based interaction 
models, using different topologies, to simulate obesity 
spread  along  social  networks  and  predict  effective 
weight management interventions. They showed that 
regardless of the network topology and the interaction 
rule, individuals are grouped according to their BMI 
and  social  forces  drive  these  groups  towards 
increasing obesity.

3.2.2. Agent-based model

Hammond et al. [10] realized an agent-based 
model (ABM) on which they analyze of two
 non-price mechanisms for obesity: the physiology of 
dieting, and socially influenced
 weight changes.
 They found that the concept of ideal weight norms 
alone can increase the incidence of overweight and 
obesity, even if the initial population is predominantly 
of healthy weight. 

Burke et al. [11] constructed an agent-based model 
to explore factors that could explain the increase of 
obesity prevalence.  They  considered  falling food 
prices and metabolic heterogeneity, and they deduced 
that changing food prices have greater effects on 
heavier individuals.

Bourisly [12] used also an agent-based model with 
agents for individuals (obese or not) and agents for 
environment  (food  healthy  or  not,  health  advocate 
and  antagonist  and  exercise  facilities)  dispatched 
randomly in the space. He found that managing food 
prices is the most effective strategy to reduce obesity, 
which seems consistent with the explanation of [11], 
which  define  falling  food  prices  as  a  reason  for 
obesity.

3.1.1 Ordinary Differential Equations
Evangelista et  al.  [4] studied the effect  of peer-

pressure in fast food consumtion and its effects on an 
individual's  weight.   They used an epidemiological 
deterministic  ODE  structured  by  BMI  (body  mass 
index).  They  showed  that  demographic  age,  race, 
education  and  income  variables  are  positively 
correlated to the weight while sex is not. It appears 
that social pressure induced by fast food eaters has 
more  effect  on  obesity  than  media,  social  and 
economic status. Therefore, they deduce that  policies 
should focus on incrementing the peer pressure  to 
stop  eating  at  fast food. 

Ejima  et  al.  [5]  have  created  an  age  structured 
deterministic epidemiological model to describe the 
risk  of  obesity  and  to  compare  the  interventions 
effectiveness of primary (never obese individual) and 
secondary  (obese  and  ex-obese  individuals) 
interventions.  They conclude  that  the  optimality  of 
intervention programs depends on the contagiousness 
of obesity.

González-Parra et al. [6] realized a stochastic 
ODE to investigate the dynamics of a mathematical 
obesity model within fluctuating social environment 
due to factors as advertising and  educative 
compaigns.  They  found  that  there  is  a  close 
relationship between amplitude of social environment 
parameters fluctuation and variability of forecasts for 
the incidence of obesity in the population.

3.1.2 Partial Differential Equations
González-Parra et al. [7] constructed an age 

structured PDE  to  predict  the  dynamic  of  the 
correlation between the development of obesity in a 
population and age in Valencia.
 They found that an increasing trend of obesity in the
 following years  in  well  accordance with the trend 
observed in several countries.

3.2   Individual scale 
In  this  section,  we  present  some  statistical, 

network and agent-based models of obesity spread.

3.2.1  Statistical model
Christakis et al. [8] used a  longitudinal statistical 
models to examine whether individual weight gain is 
associated to weight gain of a person's environment 
(friends, siblings, spouse or neighbors). This study 
was performed on data from the multigenerational 
Framingham over 32 years. Results showed that the 
probability of becoming obese  increase by 57% if a 
friend become obese, by 40% in the case of one adult 
siblings and 37% in the case of spouse.
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3.3   Multi-scale
Taramasco [13] studied the obesity spread in a social 
structure considering endogenous forces defined as 
the co-influence individual-individual and exogenous 
forces defined as the co-influence individual-
environment, and she found that individuals are 
divided into groups according the their obesity state. 
In her approach, Taramasco studied the population 
scale by using a compartmental mathematical model 
and individual scale by using network-based model 
to represent the influence of individuals on each 
others. 

1. Discussion and conclusion
 Many studies were conducted to understand which 
environmental  elements or  individual  states are the 
most  important  in  the  obesity  spread.  At  the 
population scale, EDO and PDE enable us to prove 
the main role of age and sex.   But these models are 
based on the assumption that all individuals behave 
the same when they are exposed to a same external 
force and reject  the existence of behavior  diversity 
inside population.  

Models presented in this paper, except [8], 
considered social influences as static effects and 
relationships type independent. But social effects can 
be divided into endogenous  (inductive effects or 
social network effects) and contextual (exogenous/ 
environmental) effects [15]. In this context, 
Christakis et al.[8] consider that individuals have 
different effects depending on relationship types 
(friends, siblings, spouse or neighbors). For that, they 
introduce multi-edges network representing the 
relationships. The idea is that network topology, as 
data, can inform us about obesity's spread. A main 
point is the topological measure definition of social 
effect considered in [8] as the degree centrality 
index- representing how connected a node is- and do 
not his degree of influence. Its seems to us that a 
more powerful approach reflecting the influence of a 
node instead of its connectivity could be done using 
eigenvector centrality. We have to note that [9] and 
[13] introduced dynamics into network but they 
considered just static endogenous effects.

We conclude by thinking that a model mixing [8] 
and [13] is a good way to evaluate the spread of the 
disease into a population. 

.

[15],  but  like  [8]  we  will  consider  the  fact  that 
endogenous forces are heterogenous. And a second 
point  that  we  want  to  study  is  the  sensibility  of 
results to the choice we make to analyze a network, 
especially the choice of centrality to model obesity 
spread.
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                     Model 
Description 

Evangelista (2004)1 Christakis (2007)2 González- Parra (2010)3
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   Deterministic ordinary differential equations Statistical study of a static network Stochastic ordinary differential equation model 

O
ve

rv
ie

w
   

   
   

   
   

   
   

  

P
u

rp
os

e 
 

Study the role of peer pressure on becoming fast food eater 
and its effect on the weight of an individual

Study whether weight gain of an individual 
is associated with weight gain of a person's 
environment (friends, siblings, spouse or 
neighbors).

Investigate the dynamics of a mathematical model of obesity 
population within fluctuating social environment. 
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s Sex, age, race / ethnicity, education, income Age, sex, education and body mass of all 
individuals of the different generations and 
their friends, families and neighbors who are 
also part of the study.
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s Population Individuals Population 
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   Several Epidemiological models based on the BMI (Body 

Mass Index)  have been discussed in this article by 
considering the following compartments:
* N : individuals with normal weight (BMI between 18.5 and 
24.5)
* O1 : overweight individuals (BMI between 24.5 and 29.9)
* O2 : obese individuals (BMI greater than 29.9) 
* Q1 : individuals from O1  who stop eating at fast food
* Q2 : individuals from O2  who stop eating at fast food

Christakis et al. conducted a longitudinal 
statistical analysis by drawing the social 
network formed by the data in a general 
undirected graph, then analyzing it.

The basic model of Jodar et al4. is divided in six subpopulations: 
* N(t) :children with normal weight; 
* L(t) : latent children ; children with habit of BFS consumption but 
still normal weight; 
* S(t) : children with overweight; 
* O(t) : obese children; 
* DS (t) : overweight children on diet;
* DO (t) : obese children on diet. 
Based on this model, a stochastic differential equation model is 
constructed by perturbing two of its social related parameters with 
white noise terms characterized by Gaussian distribution having 
zero mean and unit spectral density.

1   Evangelista, Arlene M., et al. "USA the fast food nation: obesity as an epidemic." T-7, MS B 284 (2004).
2 Christakis, N., Fowler, J. The spread of obesity in a large social network over 32 years. New England Journal of Medicine 357(4), 370–379. (2007)
3 Gonzalez-Parra, Gilberto, ARENAS, Abraham J., et SANTONJA, F.-J. Stochastic modeling with Monte Carlo of obesity population. Journal of Biological Systems, 2010, vol. 18, 

no 01, p. 93-108.
4 Jodar L, Santonja F, Gonz ĺez-Parra G, Modeling dynamics of infant obesity in the region of Valencia, Spain, Comp Math Appl 56(3):679–689, 2008. 

Fig.2 Obesity Models
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Basic principles : 
            * The weight of individual eating in fast food
                increases.
            * The time it takes for an overweight individual to
                become obese is de7.5 months.
Interaction: peers5 of an individual can interact with him and 
get him to eat in fast food.
Collective : individuals of the population are grouped 
according to their class membership  (N, O1 , O2 , Q1 , Q2 ).

Interaction: Different relationships are 
defines between individuals in the population 
(friends, siblings, spouse or neighbors).
Observation : the likelihood of becoming 
obese increase by 57% if a friend become 
obese, by 40% in the case of one adult 
siblings and 37% in the case of spouse.

Basic principles : 
      *  Unhealthy eating habits is positively correlated to 
          obesity. 
      *  Social environment has fluctuations over the time due to 
factors as advertising and educative campaigns, 
and this affects the social peer pressure to unhealthy eating habits.
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  * Population of the United States(about 300 million people):
 33% of normal weight, 34% overweight and 30% obese. 
* 33% of the population is on diet, of which 16.5% break the 
diet .

Framingham6 multigenerational 
epidemiological study : 12,067 individuals 
evaluated in 32 years, from 1971 to 2003.

Children population (3-5 years old) in the Spanish region of 
Valencia
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  Once an individual begins to eat in fast food, he becomes a 
fast food eater and starts progress towards the state 
"overweight" O1(t) due to its high consumption. And if he 
continues to eat fast food, then he may become obese O2(t). 
An individual in one of these two states can stop eating fast 
food and going on a diet and therefore proceed to state Qi (t), 
for i = 1 , 2 for O1 and O2  respectively.
Evangelista made three models:
* Model (N, O1 , O2 , Q1 , Q2 ) with a non-linear probability of 
moving to Q1 , Q2 .
* Model (N, O1 , O2 , Q1 , Q2 ) with a linear probability to 
move to Q1 , Q2 .
* Model (N, O1 , O2 , Q) with a non-linear probability ti move 
to Q passage but without probability to return from Q  to O1 , 
O2 .

* Graphical representation of the network 
using the Kamada-Kawai algorithm in Pajek 
software.
* Generating video network by means of 
the Social Network Image Animator ( known 
as Sonia ).
* Checking if the data are conformed to 
theoretical network models such as small-
world networks, scale-free, hierarchical, etc.

The basic model is divided in six subpopulations: 
* N(t) :children with normal weight; 
* L(t) : latent children ; children with habit of BFS consumption but 
still normal weight; 
* S(t) : children with overweight; 
* O(t) : obese children; 
 * DS (t) : overweight children on diet;
 * DO (t) : obese children on diet. 
Three models are introduced using stochastic perturbations :
   * The first one considers perturbations on the transmission 
parameter (social transmission rate to unhealthy eating habits due to 
social environment pressure )
   * The second one on the rate at which a latent children become 
overweighted child 
   * The third one considers the two previous parameters jointly by a 
two-dimensional Wiener process. 
- Confidence intervals for the stochastic solutions for overweight 
and obese populations are given using Monte Carlo method .
Then they  applied Euler-Maruyama stochastic numerical scheme to 
those three stochastic differential systems.

5  Set of people with common elements with an individual (age, social background, concerns, aspirations, etc..) and may influence him (source: Dictionary of Psychiatry of CILF 
editions).

6  Long-term study, whose initial purpose was cardiovascular disease. Dawber TR. The Framingham Study: the epidemiology of atherosclerotic disease. Cambridge, MA: Harvard 
University Press, 1980.
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                  Model 
Description 

González-Parra (2010)7 Taramasco (2011)8 Bourisly (2013)9
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    Partial differential equation model Individual-based model (IBM) Agent-based model (ABM)
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Model the correlation between the development of 
obesity in a population and age and time to predict its 
dynamics.

Study the spread of obesity in a given static or dynamic 
social structure considering the co-influence individual-
individual (endogenous forces) and the co-influence 
individual-environment (exogenous forces).

Model for the obesity epidemic and create  a decision 
support system to reduce obesity in a given population. 
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   González-Parra constructed an age structured 

mathematical model to describe the future dynamics of 
obesity prevalence for different ages  considering only 
overweight and obese populations 

Carla's work is based on 2 parallel stochastic models : 
- The first one is an epidemiological compartment model 
based on the obesity state : 
 * S : susceptible, normal individual who may be exposed to 
risk behaviors. 
 * E : exposed, normal individual with risk behaviors. 
 * W: overweight individual, who can reduce or increase its 
dietary imbalance. 
 * O: obese individual.
- The second model is an individual-based model (IBM) that 
takes into account the co-influence individual-individual 
(endogenous forces) and the co-influence individual-
environment (exogenous forces).

Using Netlogo tool, Bourisly created an agent based model 
containing different agents including individuals (obese or 
not), food (healthy or not), health advocate and antagonist, 
exercise facilities. All these agents are distributed 
randomly in the grid, and depending on the neighborhood 
of an individual 
 * Obese individual 
 * Non-obese individual
 * Healthy food 
 * Non-healthy food 
 * Health advocate 
 * Health antagonist 
 * Fee-based exercise facility 
 * Free exercise facility 

7 González-Parra, Gilberto, Rafael J. Villanueva, and Abraham J. Arenas. "An age structured model for obesity prevalence dynamics in populations." Revista MVZ Córdoba 15.2 
(2010).

8 C. Taramasco - Impact de l’obésité sur les structures sociales et impact  des structures sociales  sur  l'obésité. Thèse, Ecole Polytechnique X (2011).
9 Bourisly, Ali K. "An Obesity Agent Based Model: A New Decision Support System for the Obesity Epidemic." AsiaSim 2013. Springer Berlin Heidelberg, 2013. 37-48.
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Interaction : individuals of different ages can interact 
with each others and contribute in the peer pressure.
Observation : this model is considered as suitable to 
forecast the obesity in each age group for different 
countries. 

Basic principles : individuals can influence each other to 
become obese.
Emergence : individuals are divided into groups according to 
their obesity state.
Sensing : individuals sense the obesity state of others 
according to their own homophily variable to create/break 
links in the network.
Interaction : direct interaction exists between individuals to 
reprensent the influence between them.
Stochasticity : the transition between the different 
compartments (N, E, W, O) is partly random.
Collectives  : as a result of individuals behavior, collectives 
appear according to the obesity state of individuals.
Observation : the tolerance of individuals is important to the 
social collectives creation.

Basic principles : individuals are sorrounded by different 
environmental parameters including healthy and non-
healthy food, health advocate and health antagonist agents, 
free and fee-based exercise facilities, and connections to 
obese and non-obese individuals.
Sensing : individuals sense the other agents and depending 
on that, they can change their obesity status.
Stochasticity: all agents are placed randomly in the space.
Interaction :obese and non-obese agents (individuals) 
interact with each other and with other environmental 
agents. 
Observation : managing food prices is an effective strategy 
to reduce obesity compared to exercise, individual 
encounter, number of food source allocations, and 
advertisements.
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   Health Survey of the Region of Valencia 2000 (4.319 
interviews) and Health Survey of the Region of 
Valencia 2005 (4.012 interviews) considering only 
overweight and obese populations.

From the 2009 ObEpi  survey (France), Taramasco 
considered 1000 individuals whose 14,5% obeses and 31,9% 
overweight.

In-silico population with 35.7% obese individuals.
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This model is structured in age and time  and contains 
two compartments :
* S (a, t) : the number of overweight individuals at the 
age of 'a' and 't' time.
* O (a, t) : the number of obese individuals at the age 
of 'a' and 't' time.

Carla's model contains two different processes :
* The first one is related to the network dynamic, which 
means that it manages the creation/breaking links within the 
network, based on individuals' tolerance.
* The second one is related to the transition between the 
different obesity states that individuals can have.

- A non-obese agent can become obese if he is in close 
proximity to other obese agents, non-healthy food, health 
antagonist, and with limited exposure to exercise facilities. 
- An obese agent can become non-obese if he is in close 
proximity to other non-obese agents, healthy food, 
health advocates, and exercise facilities. 
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                  Model 
Description 

Bahr (2009)10 Burke (2007)11 Hammond (2007)12
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   Network-based interaction models Agent-based model (ABM) Agent-based model (ABM)

O
ve

rv
ie

w
   

   
   

   
   

   
   

  

P
u

rp
os

e 
 

Simulate obesity spread along social networks and 
predict effective weight management interventions. 

Explore factors that could explain the increase of obesity 
prevalence by considering falling food prices and metabolic 
heterogeneity.

show how a few simple, individual-based, non-price 
mechanisms (including norms, social influences, and 
physiology) can provide insight into the obesity epidemic.
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   Bahr et al used network simulation, with individuals 

can have four possible states: underweight, normal, 
overweight and obese. The model updates all 
individuals BMI simultaneously.

Burke et al. considered the effect of reducing food prices in 
the context of a model involving endogenous body weight 
norms and an explicit, empirically grounded description of 
human metabolism.

Hammond and al. combined the Harris-Benedict equations 
which explain core facts of individual obesity and dieting 
(such as the familiar pattern of recidivism), and the simple 
“follow the average” social adjustment mechanism which 
produces a powerful, and counter-intuitive upward BMI 
dynamic in the population.

10 González-Parra, Gilberto, Rafael J. Villanueva, and Abraham J. Arenas. "An age structured model for obesity prevalence dynamics in populations." Revista MVZ Córdoba 15.2 
(2010).

11 Burke, Mary; Heiland, Frank (2006) : Social dynamics of obesity, Public policy Discussion Papers, Federal Reserve Bank of Boston, No. 06,5
12  Hammond, Ross A., and Joshua M. Epstein. Exploring price-independent mechanisms in the obesity epidemic. Brookings Institution Center on Social and Economic Dynamics, 

2007.
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Interaction : individuals interact with each others 
inside the social network.
Observation : 
    * Collectives are created according to BMI 
individuals. And social forces drive these collectives 
towards increasing obesity.
    * interventions should target well-connected and/or 
normal weight individuals at the edges of a cluster 
which may quickly halt the spread of obesity.
Collectives : In all simulations, regardless of the 
network topology and the interaction rule, individuals 
are grouped according to their BMI
Stochasticity : each individual can react to the same 
stimuli in different ways even if every individual used 
the same rule.

Basic principles : 
   *  Thinness (up to a point) is prized
   *  Individuals assess themselves in relation to others rather
       than against an absolute scale.
Sensing : individuals sense the norm weight and the 
environmental features as food prices.
Observation : changing food prices have greater effects on 
heavier individuals because of the shape of the metabolic 
rate curve.

Sensing : individuals sense the norm weight and price-
independant environmental features as media, public 
health mechanisms...
Observation : core equations reflecting the physiology of 
weight change could reproduce many observed 
phenomena.
Emergence : There is a Social conformity toward the group 
ideal weight.
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   Simulations count 1000 to 1000000 individuals with 
different topologies : Square lattices, Random 
Networks, Small-world networks, Scale free 
Networks, and empirical one based on Framingham 
study.

NHANES surveys spanning (intermittently) the period from
1976 through 2000

U.S. obesity data
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In the beginning, individuals are initialized with a state 
of BMI. they identified four possible states: 
underweight, normal, overweight, obese. At each time 
step, the model updates all BMI of individuals 
simultaneously.

There is a group’s commonly-held norm or “desired” weight 
that each individual wants to have and compares her own 
weight to that value. Each individual tends to maximize a 
myopic utility function over short-term food and nonfood
consumption, taking the reference weight and prices into 
account.

They started with core equations known to govern the 
physiology of human energy balance (weight loss and 
weight gain). Then they explored a model of social 
influence in decision-making about eating and weight, and 
demonstrate a mechanism through which ideal weight 
norms  alone can drive a sharp increase in incidence of 
overweight and obesity—even beginning in a population 
which is predominantly of healthy weight. 
They considered different types of diet. Then they showed 
the BMI trajectories; the Temptation trajectories, broken 
out by gender. 
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QUALITATIVE PROPERTIES IN TWO-PATCHES OF
PREDATOR-PREY SYSTEM WITH UNIDIRECTIONAL
MIGRATION OF PREY AND EFFECT OF MIGRATED

POPULATION

Radouane Yafia, M. A. Aziz Alaoui ∗†‡

Abstract. In this paper, we consider a model describing the dy-

namics of predator-prey populations living in two patches. The two

patches follow the Lotka-Volterra type and are coupled through

prey migration. Our purpose in this work is to study the effect of

migration rate on the behavior of the coupled systems. We prove

the positivity of solutions and find the upper and lower bounds

with respect to the migration rate of prey. Also we show the sta-

bility/instability of the possible steady states and we establish the

global stability of the positive steady state by giving a candidate

lyapunov function.

Keywords. Predator-prey model, boundedness, coupled system,

ordinary differential equations, local and global stability.

1 Introduction

In the current paper we consider two symmetric (identi-
cal) patch given by Lotka-Volterra system as follows (be-
fore migration):





dxi

dt = axi(1− xi)− bxiyi
dyi

dt = cxiyi − dyi
i ∈ {1, 2}

(1)

and we take into account the migration of the prey popu-
lation from the first patch to the second patch only (in one
direction only) with a migration rate k and we consider
the contribution of the migrated (refuged) prey popula-
tion in the growth of the predator population of the refuge
patch (second patch). The model is given by a system of
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B.P:638, Ouarzazate, Morocco. yafia1@yahoo.fr

†Laboratoire de Mathmatiques Appliques du Havre 25 rue
Philippe Lebon, 76600 Le Havre, France, aziz.alaoui@univ-
lehavre.fr

‡Manuscript received ; revised January .

four ordinary differential equations as follows:





dx1

dt = ax1(1− x1)− bx1y1 − kx1︸︷︷︸
migrated prey population

dy1

dt = cx1y1 − dy1
dx2

dt = ax2(1− x2)− bx2y2 + kx1︸︷︷︸
refuged prey population

dy2

dt = c(x2 + kx1︸︷︷︸
contribution in the growth

)y2 − dy2

(2)
Where xi(t) and yi(t) are the total numbers of prey and
predator at time t respectively and all the constants a, b, c
and d are nonnegative and the rate c

d is related to the con-
version of prey biomass into predator biomass.
The Lotka-Volterra model have been studied in various
forms by many authors (see,[4, 5, 6]) by changing the
functional response, by taking into account the effect of
diffusion terms or by including the time delay in order
to better understanding the dynamics of population in-
teraction or studying the model with different form of
functional response (see, [1, 2, 3, 18, 19]. Other authors
consider some models which describing the interaction be-
tween two patches or more by taking into account the ef-
fect of the migration of one or two species from one patch
to another (see, [8, 9, 10, 11, 14, 15] ) and references
therein.
In [13], Kuang et al. introduce a model in which a single
specie disperse between two patches of a heterogenous en-
vironment with barriers between patches and a predator
for which the dispersal between patches involve a barrier.
In [12], the author introduced a two diffusively coupled
predator prey populations. The coupled system is com-
posed of four differential equations that is modelling the
interaction of two identical patches in which dynam-
ics are coupled through the migration of individuals of
predator population only. This interaction between the
predator and prey populations takes the form given by
Rosenzweig-MacArthur (1963) [16] in which the prey pop-
ulation grows logistically and the predator has a Holling
type II functional response. In [7], Feng et al. consider
the same model by taking into account the migration of
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both prey and predator population and studied the sta-
bility/instability of the possible steady states.
Recently, Quaglia et al. (2012) [17] consider a model of
two patches coupling by the migration of both species.
The model given by two identical patch with the same re-
production rate and different carrying capacities in each
patch. The authors studied the existence and stability of
the possible equilibrium points.
At now all the presented coupled patches of predator prey
models take into account the migration of one species in
one direction (from one patch to another patch only) or
in the two directions (mutual migration) and the migra-
tion of both species in one direction or in two directions
without considering the effect of the migrated (refuged)
population on the refuge patch.
In this work, we take into account the migration of the
prey population from the first patch to the second patch
only (in one direction only) with a migration rate k and
we consider the contribution of the migrated (refuged)
prey population in the growth of the predator population
of the refuge patch (second patch). We study the posi-
tivity and boundedness of solutions. Therefore we give
the conditions of the existence of possible steady states
and their local and global stability with respect to the
migration rate.

2 Positivity an boundedness

Consider now the uncoupled systems (1) which corre-
spond to the case when k = 0. By integrating from
0 to t, from the equation (1)1 and for any initial data
xi0 > 0, i = 1, 2 and yi0 > 0, i = 1, 2, we have

xi(t) = xi0e
R t
0
(a(1−xi(s))−byi(s))ds > 0, i = 1, 2 (3)

From the equation (1)2, we have

yi(t) = yi0e
R t
0
(cxi(s)−d)ds > 0, i = 1, 2 (4)

Then we deduce that for k = 0 the uncoupled systems
has a positive solution for any positive initial data.
Let us now consider the case when the migration rate is
positive (k > 0) which corresponds to the coupled system
(2). From equations (2)1 and (2)2, we have

x1(t) = x10e
R t
0
(a(1−x1(s))−by1(s)−k)ds > 0 (5)

and
y1(t) = y10e

R t
0
(cx1(s)−d)ds > 0

From equation (2)3,

x2(t) = x20e
R t
0
(a(1−x2(s))−by2(s))ds

+k

∫ t

0

e
R t
s
(a(1−x2(u))−by2(u))dux1(s)ds

from equation (5), we have x1(t) > 0, ∀t > 0. Then we
deduce that x2(t) > 0, ∀t > 0.
From equation (2)4,

Theorem 2.1. Let X(t) = x1(t)+x2(t) the total number
of the prey population of the two patches and X0 = x10 +
x20. X(t) satisfies the following inequality

0 ≤ X(t) ≤
((

1

X0
− 1

2

)
e−at +

1

2

)−1

and
lim sup
t−→+∞

X(t) ≤ 2,∀t ∈]0,+∞[

for X0 < 2.

Theorem 2.2. Let Y (t) = y1(t) + y2(t) the total popula-
tion of the predator specie of the two patches. Then, we
have

Y0e
−dt ≤ Y (t) ≤

(
Y0 −

2ck

2c− d

)
e−(2c−d)t +

2ck

2c− d

and for 2c > d and for Y0 ≥ 2ck
2c−d we have

lim sup
t−→+∞

Y (t) ≤ 2ck

2c− d
Where Y0 = y10 + y20.

3 Steady states and stability

Proposition 3.1. Under some conditions, system (2)
has seven equilibrium points.
The following table summarize the existence of the steady
states : Where D = a2 + am and D1 = a2 + 4ak d

c and

m = k(1− k
a ).

Definition 3.1. Let Pr1(x1, y1, x2, y2) = (x1, y1) the
projection of the point (x1, y1, x2, y2) on the equa-
tions (2)1-(2)2 describing the first patch (x1, y1) and
Pr2(x1, y1, x2, y2) = (x2, y2) the projection of the point
(x1, y1, x2, y2) on the equations (2)3-(2)4 describing the
second patch (x2, y2)

Theorem 3.1. Consider that E∗ = (x∗1, y
∗
1 , x

∗
2, y

∗
2) is a

steady state of system (2). The stability of E∗ is de-
duced from the stability of Pr1E∗ = (x∗1, y

∗
1) and Pr2E∗ =

(x∗2, y
∗
2).

1)- If Pr1E∗ and Pr2E∗ are asymptotically stable, then
E∗ is also asymptotically stable.
2)- If Pr1E∗ or Pr2E∗ is unstable, then E∗ is also un-
stable

Let Vi the lyapunov function associated to the patch i
with i = 1, 2 defined by:

Vi(xi, yi) = (xi − x∗i )−
d

c
ln

(
xi
x∗i

)

+
b

c

{
(yi − y∗i )− y∗i ln

(
yi
y∗i

)}
, i = 1, 2

This functions are defined and continuous on Int(R2
+).

We are interested in constructing lyapunov function for
the coupled system (2).
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Table 1: Existence of possible steady states of system (2)

Equilibrium point Conditions of

existence

E0 = (x10, y10, x20, y20)
= (0, 0, 0, 0)

No conditions

E1 = (x11, y11, x21, y21)
= (0, 0, 1, 0)

No conditions

E2 = (x12, y12, x22, y22)

= (0, 0, dc ,
a(1− d

c )

b )

c > d

E3 = (x13, y13, x23, y23)

= (1− k
a , 0,

a+
√
a2+am
2a , 0)

a > k

E4 = (x14, y14, x24, y24)
=

(
1− k

a , 0,
d−cm

c , ax24(1−x24)+m
bx24

)
cm < d < cm +
c
2a

(
a+
√
D
)

and a > k

where m = k(1 − k
a ) > 0

and D = a2 + am > 0

E5 = (x15, y15, x25, y25)
=

(
d
c ,

a
b

(
1− k

a − d
c

)
,

a+
√
D1

2a , 0
)

1 > k
a − d

c

E6 = (x16, y16, x26, y26)
=

(
d
c ,

a
b

(
1− k

a − d
c

)
,

d
c (1− k), ax26(1−x26)+k d

c

bx26

)
k < 1 < c

d

(
a+

√
D1

2a

)
+

k and 1 > k
a − d

c where

D1 = a2 + 4ak d
c > 0

Theorem 3.2. Let

V (x1, y1, x2, y2) =
2∑

i=1

Vi(xi, yi)

For a > 0 and k sufficientlly small, the steady state E∗ =
(x∗1, y

∗
1 , x

∗
2, y

∗
2) is globally asymptotically stable.
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QUALITATIVE PROPERTIES AND TURING BIFURCATION IN A
TWO SPECIES PREDATOR-PREY SYSTEM WITH DIFFUSION

ON A CIRCULAR DOMAIN

Walid Abid∗ R. Yafia †‡ M. A. Aziz-Alaoui§ H. Bouhafa¶ A. Abichou‖

Abstract. In this paper we consider a predator-prey model given

by a system of differential equations with diffusion terms defined on

a disc domain {(x, y) ∈ R2/x2+y2 < R2}. This model incorporates

the Holling-type II and a modified Leslie-Gower functional response,

we study the local and global stability of the positive equilibrium

point of the system. The existence of Hopf and Turing bifurcations

and patterns formation are theoretically proved. In the end, we

carry out some numerical simulations in order to illustrate how

biological processes afect spatio-temporal pattern formation in a

spatial domain.

Keywords. Predator-prey model, local and global stability, Hopf

and Turing bifurcation, pattern formation, chaos, disc domain.
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‡Université Ibn Zohr, Faculté Polydisciplinaire de Ouarzazate,

B.P:638, Ouarzazate, Morocco. yafia1@yahoo.fr
§Laboratoire de Mathmatiques Appliques du Havre 25 rue

Philippe Lebon, 76600 Le Havre, France, aziz.alaoui@univ-
lehavre.fr
¶Laboratoire d’ingenierie Mathmatique de l’ecole polytechnique

de Tunis, HabibBouhafa@yahoo.fr
‖Laboratoire d’ingenierie Mathmatique de l’ecole polytechnique

de Tunis, azgal.abichou@ept.rnu.tn

[7] O. M. Daher and M.A. Aziz-Alaoui, On the dynamics of a
predator-prey model with the Holling-Tanner functional re-
sponse, MIRIAM Editions, Editor V. Capasso, Proc. ESMTB
conf., (2002) 270-278.

[8] J. D. Murray, Mathematical biology : II. Spatial Models
and Biomedical Applications, Springer-Verlag Berlin Heidelberg
(2003).

[9] R. Yafia and M. A. Aziz Alaoui, Existence of periodic travelling
waves solutions in predator prey model with diffusion, Applied
Mathematical Modelling, Vol. 37(6), 2013, pp: 3635-3644.

ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014 197





Proceedings of ICCSA 2014
Normandie University, Le Havre, France - June 23-26, 2014

COMPARISON OF ODE-BASED MODELS FOR REACTIVE
OXYGEN SPECIES REGULATION SYSTEM

Andrew Ignatenko∗, Alexey Kolodkin†, Nathan Brady‡, Bernhard Peters and Rudi Balling

Abstract. Reactive oxygen species (ROS) play important role in

the functioning of any cell and especially in the lifecycle of mito-

chondria. Since the action of ROS can be both positive and negative

then the remarkable role can be played by ROS regulation system.

We constructed three different ODE based kinetic models of differ-

ent complexity for the ROS management system and shown the dif-

ference in the dynamics of these systems under different conditions.

Using results of numerical simulation we showed that extraction of

some subsystems can make the model more unstable. We also in-

troduced the objective function for comparison of the models with

structure of different complexity.

Nonlinear system, ODE-based model, reactive oxigen

species, biological model simulation.

1 Introduction

Biological systems are typically complex and demonstrate
nonlinear behavior. It is a non-trivial task to provide a
comprehensive description of such systems because in or-
der to obtain the most complete information we should
know and properly describe every object and link inside
the system. Even small biological system may contain
hundreds of objects and links and can be governed by
hundreds of chemical reactions. Another problem is that
we can’t consider different subsystems of the bigger sys-
tem as standalone ones since they are tightly connected
with each other. However sometimes it’s possible to re-
duce dimension of the task and to develop a model con-
taining the most important subsystems with the greatest
impact on the whole system.

Neurodegenerative diseases are highly complex in na-
ture and involve various physiological processes but some
evidences require to pay more attention on the activity
of reactive oxygen species (ROS) – chemically reactive
molecules containing oxygen (e.g. oxygen ions, perox-
ide, hydroxyl ions, etc.). ROS are formed as a natu-
ral byproduct of the normal metabolism of oxygen and

∗Andrew Ignatenko and Bernhard Peters are with Faculty of Sci-
ence, Technology and Communication, University of Luxembourg,
Luxembourg. E-mail: andrew.ignatenko@uni.lu

†Alexey Kolodkin and Rudi Balling are with Luxembourg Centre
for Systems Biomedicine, University of Luxembourg, Luxembourg.
E-mails: alexey.kolodkin@uni.lu

‡Nathan Brady is with German Cancer Research Center, Hei-
delberg, Germany

play important role in exchange of the signals inside the
cell and homeostasis [1, 2]. During the normal condi-
tions there is always some concentration of ROS inside
the cell controlled by the complex ROS management sys-
tem. However because of various external and internal
impacts (e.g. UV-radiation, heat exposure, diseases) the
concentration of ROS may increase dramatically and re-
sult in significant damage to cell structures and in par-
ticular to mithochondria (which provides the energy for
the normal cell functioning). This effect is known as ox-
idative stress and thought to be involved in the devel-
opment of different diseases. Indeed, it has been shown
that mitochondrial dysfunction and excessive ROS gener-
ation play an important role in the neurons death e.g. in
the death of dopaminergic neurons in Parkinsons disease
[3, 4, 5, 6], high concentrations of ROS can damage DNA
and proteins and induce cancerogenic mutations [7, 8],
ROS also plays important role in the aging process [9].
Very high concentrations of ROS may lead to the cell
death. That’s why the functioning of ROS regulation
system is extremely important.

In the current article we compared several models of
the ROS management system of different complexity. The
development of models was carried out using diagram edi-
tor CellDesigner (www.celldesigner.org) and software ap-
plication for simulation and analysis of biochemical net-
works COPASI (www.copasi.org). All simulations were
performed with MATLAB.

2 Models of ROS management
system

Real ROS management system contains a huge number
of subsystems playing their own role and influencing the
overall dynamic of the management system. We built the
model using only main subsystems which are supposed to
have the greatest impact on the ROS management (see
Figure 1). We assumed that the main source of ROS gen-
eration are damaged mitochondria. The more mitochon-
dria are damaged the more ROS can be produced. We
also considered several cell protection mechanisms sup-
pressing ROS level:

• mitophagy – process of programmable death of dam-
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ROS level

Mitochondria aging

+

Antioxidant machinery

NfkB regulation

----
Mitophagy

Nrf2Keap1 regulation

Figure 1: Scheme of the ROS management system. There
is one main source of increasing ROS-concentration in
normal conditions: aging (damaging) of mitochondria
(sign “+”). There are several main mechanisms suppress-
ing ROS level: mitophagy, antioxidant machinery, NFkB
regulation and Nrf2Keap regulation (signs “−”).

aged mitochondria and as a result, the elimination of
the source of ROS production [10];

• antioxidant machinery – mechanisms that inhibit ox-
idation of other molecules therefore decreasing con-
centration of ROS [11];

• Nrf2Keap regulation – key oxidative stress response
mechanism which regulates the expression of several
antioxidants, activated by increasing the ROS level
[12, 13];

• NfkB regulation – process, tunes the expression of
genes which play an important role in ROS level con-
trol [14].

In normal situation when the ROS level is not changed
all subsystems are in the equilibrium but if for some rea-
sons ROS level rises the above mentioned mechanisms are
switched on and try to suppress rising of the ROS con-
centration. If protection subsystem manages to stabilize
the increasing of ROS concentration then the cell stays
alive. If the rate of ROS generation is too high and can’t
be stopped by protection mechanisms then the cell dies.

3 Mathematical description of the
model of ROS management sys-
tem

Using special software every subsystem of ROS man-
agement system can be presented as a set of reactions
(see Figure 2) and the reaction laws and parameters can
be defined.

Figure 2: Example of the block describing Nrf2Keap reg-
ulation subsystem. Done in CellDesigner and COPASI.

ROS regulation system can be described by the system
of nonlinear ODEs:

ẋi(t) = fi(x1(t)...xi(t)...xm(t), pi), xi(0) = x0i, (1)

where xi - corresponds to concentration of certain species
in the system (e.g. ROS concentration, proteins concen-
trations), pi are the parameters of the reactions between
different species, xi(0) is an initial state of the system.

The above ODE system has several features. Firstly it’s
autonomous system, i.e. there’s no explicit dependency
on t so it makes the analysis easier. Secondly as a rule this
ODE system contains only polynomial equations or, at
the worst case, can contain some rational functions. This
feature is defined by the laws of used reactions. Typical
equation has the following form:

ẋi(t) =
∑

m

∑

n

amnxα
mxβ

n, (2)

where α and β are integer numbers, anm - are real coef-
ficients. Typically most of the coefficients amn are equal
to zero, i.e. system can be considered as “sparsed”.

Another important characteristic of the model is the
steady state. The system is assumed to be in a steady
state if it is unchanging in time. Steady state can be
calculated by solving the system of algebraic equations

ẋi(t) = 0. (3)

Since we are considering a real biological system not any
solution of Eq. (3) can be suitable for analysis as xi(t)
correspond to the concentrations of certain species and
therefore xi(t) ≥ 0 for any moment t. Those solutions of
Eq. (3) which satisfy the above mentioned condition can
be considered and might present either stable or unstable
steady state [15].

If we disturb the system in the stable steady state then
there is always a certain area of disturbance which allows
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to the system go back into the steady state. Sometimes
“sparseness” and polynomial nature of equations of con-
sidered ODE system allow to obtain even analytical or
quasianalytical solutions for the steady state. Usually
considered systems have two steady states: one stable
and one unstable. During further analysis we will dis-
card steady states sets containing negative values which
are meaningless from the biological point of view (species
concentrations xi(t) can’t be negative). Also we’ll discard
oscillatory steady states.

4 Comparison of the different de-
signs of the ROS management
system models

ROS management system can use different mechanisms
for regulation of ROS level. The very important question
is how to estimate the effectiveness of different mecha-
nisms. Should we construct our model using the maxi-
mal possible number of regulation subsystems or we can
choose only couple of them? To answer this question we
constructed three models of different complexity for ROS
management system. The only difference between these
models is a number of used ROS regulation subsystems
(see Table 1).

Table 1: Subsystems included in different models of ROS-
management system (see also Fig. 1)

Model 1 Model 2 Model 3
Mithoh. aging + + +
Mitophagy + + +
Antioxidants + + +
Nfr2Keap - + +
NfkB - - +
ODE-system dim. 3 8 10

According to the table Model 1 has a very basic de-
sign including only main ROS-regulating subsystems (mi-
tophagy and antioxidants). Models 2 and 3 have step by
step increasing complexity with adding new regulating
subsystem (Nrf2Keap and NfkB correspondingly). Mod-
els 1, 2 and 3 are described by ODE-systems with dimen-
sions 3, 8 and 10 correspondingly.

The main problem in defining better design is to con-
struct a criteria allowing us to compare the models in-
cluding different number of blocks, equations and even
species. To do that we developed the following criteria.

First of them would be a fraction of healthy mito-
chondria in the total mitochondria number (or the frac-
tion healthy/damaged mitochondria). Indeed the main
source of ROS-generation is the pool of damaged mito-
chondria so we expect the better characteristics from the
system containing more healthy mitochondria than dam-

aged ones. But this criterion doesn’t include ROS con-
centration. So we suggest to use improved version of this
criterion, specific ROS concentration Rsp:

Rsp =
R

D + H
, (4)

where H - number of healthy mitochondria, D - number of
damaged mitochondria, R - current ROS concentration.

Second criteria is some kind of objective function: the
less value it has the better the model is. We constructed
it in the following way:

F =
1

H
+

D

H
+

R

D + H
. (5)

In the best situation when D and R are relatively small
and H is very high then F should be very close zero and
corresponds to the “good” system with large fraction of
healthy mitochondria and low ROS concentration.

Since the ODE-systems describing different models
have different number of equations, parameters and vari-
ables then we should choose some common characteristic
to use during the following comparison. According to
our two criteria of comparison the following characteris-
tics should be considered for all three models: specific
ROS concentration Rsp and objective function F . Also
we choose set of important reaction parameters P which
is common for all three models: rate of new mitochon-
dria generation (low ROS production), mitophagy level
(the rate of “killing” of damaged mitochondria) and ROS
production rate.

Now to compare three models we can disturb every
model in respect to parameter set P and to analyse
models’ response to this disturbance. To do this we
constructed 250000 different combinations of parameters
from the set P , simulated three models with these param-
eters combinations and compared the results.
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Figure 3: Specific ROS concentration Rsp. There are
250000 simulations for every model using different com-
binations of parameters from the set P . Only simulations
with reaching the steady state are taken into account. All
values (R, H, D) are measured in steady state.
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During the first simulation we analyzed the changing
of the steady state specific ROS concentration. Of course
not every set of parameters P allows to reach the steady
state so we put into consideration only those ones which
allow to do that.

It’s easy to see that the most complex Model 3 demon-
strates higher level of stability in respect to parameters
variation. At the same time Model 1 with the same pa-
rameters variation shows changing of specific ROS-level
in up to 7 times. Model 2 takes an intermediate position
between Models 1 and 2.

Very similar behavior of the models is demonstrated on
the Figure 4. Model 3 again demonstrates great stability

No of simulations, x105
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Figure 4: Objective function F for three models and
250000 simulations using different combinations of pa-
rameters from the set P . Only simulations with reaching
the steady state are taken into account. All values (R,
H, D) are measured in steady state.

in respect to variation of the parameters set. Model 2
gives a little bit worse but acceptable results. The sim-
plest Model 1 demonstrates very bad results as objective
function is changed in very large range in respect to pa-
rameters variation. So these two simulations show that
Model 3 is the most stable one with changes in common
parameters from the set P .

We also estimated the quality of developed models us-
ing another approach: we start the simulation of the mod-
els with one given set of parameters (which gives the good
results for values of Rsp and F for all three models) and
then in predefined moments of time we increased the rate
of ROS-generation and monitored the model response.
The results are given on Figure 5. Model 3 demonstrates
the great ability to overcome the increasing of ROS gen-
eration rate. Even step-by-step increasing of ROS gener-
ation rate could not unbalance the Model 3. Surprisingly
Model 1 acts better than Model 2 which demonstrates
very unstable response to ROS generation rate increas-
ing.

Time, a.u.

O
b

je
c
ti
v
e

 f
u

n
c
ti
o

n
 F

0 1.0 4.0 5.0
0

200

2.0 3.0

Model 1

Model 2

Model 3

100

Figure 5: Changing the objective function F for three
models with increasing of the ROS generation rate in pre-
defined moments of time (dotted line). All values (R, H,
D) are measured in steady state.

5 Conclusion

During this investigation we developed three models of
different complexity for the ROS management system.
These models have different combinations of mechanisms
for decreasing ROS concentration.

We made some analysis to compare developed mod-
els and to answer a question about the importance of
different protection mechanisms against ROS concentra-
tion increasing. We showed that the simplest Model 1
using one most general combined mechanism of both mi-
tophagy and antioxidants machinery has only one advan-
tage – simplicity that allows us to get very general ideas
about functioning of ROS management system. Unfortu-
nately this model can’t demonstrate stable behavior when
some important reaction parameters are changed.

Model 2 has an additional block of Nrf2Keap regulation
mechanism and demonstrates better results but some-
times (when ROS generation rate is increased step-by-
step in predefined moments of time as on Figure 5) it
also becomes unstable demonstrating even worse results
than Model 1.

Model 3 is the most complex one and in addition to
the mechanisms of Models 1 and 2 has NfkB-mechanism.
Stability of Model 3 in comparison with Model 2 can be
explained by necessity of using both Nrf2Keap- and NfkB-
mechanisms together as they complement each other and
omitting only one of them may lead to unpredictable in-
stability (Figure 5).

The above results will be used in further investigation
of ROS management system. In particular to answer the
question about model optimisation with respect to steady
state region of stability, to find an effect of adding other
secondary protection mechanisms against ROS increas-
ing and to adapt developed models to the cases of dif-
ferent diseases (neurodegenerative diseases, cancer, etc.).
Also developed models could be investigated using op-
timal control approach for seeking the ways of switching
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between given states of the model (for example, ”healthy”
and ”diseased” ones).
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IDENTIFICATION OF DYNAMICAL BEHAVIORS IN EPILEPTIC
DISCHARGES USING A NEURAL MASS MODEL WITH DOUBLE

EXCITATORY FEEDBACKS

A. Garnier∗, C. Huneau∗†, A. Vidal‡, F. Wendling§ and H. Benali∗

Abstract. Neural mass modeling is a field of computational neu-

roscience that aims at studying the activity of neuronal populations

without explicit representation of single neurons. This type of meso-

scopic model is able to generate output signals that can be com-

pared with experimental data such as stereo-electroencephalograms.

Classically, neural mass models consider two interconnected popu-

lations: excitatory pyramidal cells and inhibitory interneurons. Re-

garding the excitatory feedbacks on the pyramidal cell population,

two distinct approaches have been proposed. A “direct feedback”

on the main pyramidal cell population or an “indirect feedback” via

a secondary pyramidal cell population. In this article, we propose

a new neural mass model that couples both these approaches. We

analyze the model bifurcations in two specific cases and describe

the corresponding time series. We then explain the typical features

of experimental records in epileptic mice. Finally, we show that the

model is able to reproduce two different regimes identified in expe-

rimental data. Our study also reveals the similarity in the proper

4Hz frequency of epileptic discharges in experimental data and ge-

nerated time series.

Keywords. Neural Mass Model, Local Field Potential, Bifurca-

tion, MTLE Mouse Model, Hippocampal Discharge

1 Introduction

Computational neurosciences aim at developing new
models and methods to improve our comprehension of
complex relations between structure and function in hu-
man brain and nervous system in general. Specifically,
mathematical models have been developed to reproduce
the complexity of neuronal population activities as accu-
rately as possible and analyzed to identify underlying dy-
namical mechanisms. Such results offer new approaches
for experimental data processing based on predictive ana-
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lysis and improve our knowledge about normal brain func-
tions (cognitive processes) and brain disorders.

At a mesoscopic scale, models based on cellular inter-
action organization allow us to study the global behavior
of neuronal population activities and interaction mech-
anisms. The neural mass approach was first introduced
by Wilson and Cowan [18, 19] who modeled the neuronal
activities averaged over small populations (voxels). Neu-
ral Mass Models (NMM) have the advantage of produc-
ing output signals such as Local Field Potentials (LFP),
which are comparable with experimental data, such as
electroencephalogram (EEG) outputs [9]. Initially, NMM
considered the interactions between two populations: one
main population of excitatory pyramidal cells and a popu-
lation of inhibitory interneurons. These models are useful
to understand the impact of the balance between excita-
tion and inhibition on the genesis of cortical rhythms.

These models have been further improved by includ-
ing an excitatory feedback on the pyramidal population
in two different ways: either using a direct feedback of
the pyramidal population on itself [10, 6] or through a
secondary pyramidal population [9, 8, 16]. Models of the
first type produce time series that are potentially faster
than those obtained with an indirect excitatory feedback.
On the other hand, models of the second type are able to
reproduce LFP of the alpha band activity intercut with
epileptic-like oscillations. From the viewpoint of global
modeling, we cannot privilege one of these excitatory
feedbacks over the other since both are biologically rele-
vant. However, to our knowledge, no model considering
both feedbacks together has ever been built or analyzed.

In the field of epilepsy, NMM have long been used to
simulate the generation and propagation of ictal activ-
ity, i.e. seizure [16, 14]. Moreover, recent works have
also shown the relevance of computational modeling to
produce robust hypotheses about mechanisms underlying
ictal and interictal activities in animal models [17, 6, 2].
In comparison with human data, the use of animal mod-
els enables better recording conditions associated with a
high reproducibility of pathological patterns, and thus a
more robust model-based interpretation of the data. De-
spite their different nature, animal models of epilepsy may
present numerous similarities with human epileptic syn-
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dromes [13]. Therefore, they constitute a relevant frame-
work for inferring on human pathology.

In this article, we introduce a model involving both di-
rect and indirect feedback weighted by coupling gain pa-
rameters. Relying on bifurcation analysis, we show how
typical dynamical properties of the model can be used to
reproduce identified profiles from experimental time se-
ries. We compare model outputs with experimental data
recorded from intracerebral electrodes in epileptic mice.
Finally, we discuss a typical feature of frequency stabili-
ty shared by the experimental time series and the model
outputs.

2 Materials and methods

2.1 Experimental protocol

In order to confront simulated LFP to real Hippocam-
pal Discharges (HD), we used the Mesial Temporal Lobe
Epilepsy (MTLE) mouse model [13]. Experiments were
conducted in accordance with the European Communities
Council Directive of November 24, 1986 (86/609/EEC).
Four epileptic mice were produced by an initial intrahip-
pocampal injection of kainic acid as described in [6]. Mice
were also implanted with a bipolar depth electrode in the
ipsilateral hippocampus and with monopolar surface elec-
trodes over the cerebellum (electrical reference) and both
the right and left cortices. Once animals reach the chronic
epileptic stage (around 30 days after the initial kainic acid
injection), LFP signals were recorded at a 2048 Hz sam-
pling frequency. Each recording session was preceded by
an injection of picrotoxin (2 mg/kg, intraperitoneal).

2.2 Model

Our model includes both direct and indirect feedbacks
weighted by two coupling gain parameters. It is built on
three feedback loops of the pyramidal population activity.
The first loop is inhibitory and involves the excitatory
action of pyramidal cells on the interneuron population
which, in turn, inhibits the pyramidal activity. The se-
cond loop, called “indirect excitation”, implies the exci-
tatory action of pyramidal cells on a secondary pyramidal
subpopulation, which excites the main pyramidal popula-
tion. The well-known Jansen-Rit model [8, 7] is built on
these two feedbacks. Our model involves a third feedback
loop, called “direct excitation” in the following, which
represents the excitatory action of the main pyramidal
population on itself (Figure 1).

In our model as in the Jansen-Rit model, the state
variables are the excitatory (y1) and inhibitory (y2) in-
puts and the output (y0) of the main pyramidal popu-
lation. This output acts on the inhibitory interneurons,
the secondary excitatory pyramidal population and par-
ticipates in the direct excitatory feedback. Classically,
NMM receive an input representative of the external ac-
tion of neuronal population activities from other cortical

sigm he(t)

hi(t)

p(t) he(t) +

y2

y0
y1

sigmhe(t)C2 C1

C4 C3

G+

+
-

sigm

y0
+

Figure 1: Diagram of the neural mass model with dou-
ble excitatory feedback. he(t) (resp. hi(t)) box: trans-
formation of action potential into excitatory (resp. in-
hibitory) post-synaptic potential introduced by [15]. sigm
box: transformation of average membrane potential into
average action potential density, introduced by [4]. Ci

box (i ∈ [1, 4]): coupling gains according to the maximal
number of synaptic connections between two populations.
G: direct feedback coupling gain. p(t): excitatory input
from neighboring and distant neuronal populations. Ar-
rows: excitatory (+) and inhibitory (-) actions from one
population on another one.

(or subcortical units) on the main pyramidal population.
This input can be stochastic to represent a non-specific
background activity [7, 9, 16], or deterministic to repre-
sent a specific activity from an other cortical unit [6, 8].

Following the synaptic connection model introduced by
Van Rotterdam [15], we obtain the following dynamics
associated with the diagram shown in Figure 1:

y0
′′ = Aa sigm(y1 − y2)− 2 a y0

′ − a2 y0 (1a)

y1
′′ = AaC2 sigm(C1 y0) +AaG sigm(y1 − y2)

− 2 a y1
′ − a2 y1 +Aap(t) (1b)

y2
′′ = B bC4 sigm(C3 y0)− 2 b y2

′ − b2 y2 (1c)

Parameters Ci, i ∈ [1, 4], represent the averaged number
of synaptic connections between two populations defined
as a proportion αi of C, the maximum number of synaptic
connections between populations [1]:

∀i ∈ [1, 4] Ci = αi C

Parameter G represents the average number of synaptic
connections in the main pyramidal population. In other
words, G is the coupling gain of the direct excitation.
Function p(t) represents the excitatory input on pyrami-
dal cells, from neighboring and distant neuronal popula-
tions.

Parameter A (resp. B) fits the amplitude of the excita-
tory (resp. inhibitory) post-synaptic potentials. On the
other hand, 1

a (resp. 1
b ) is the time constant of excitatory

(resp. inhibitory) post-synaptic potentials representative
of the kinetics of synaptic transmission and the averaged
distributed delays in the dendritic tree [4, 8, 15]. The
sigmoid function sigm(v) = 2e0

1+exp(r(v0−v)) is used to in-

fer the population activity (mean firing rate) from the
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average membrane potential through a smooth threshold
process: 2 e0 represents the maximum discharge rate and
v0 the post-synaptic potential threshold.

2.3 Bifurcation analysis and generated
time series

We computed bifurcation diagrams of system (1) accord-
ing to the input p = p(t) considered as a parameter, with
different values for parameters α2 andG. Dedicated codes
based on direct calculation of the singular points and on
pseudo-arclength continuation methods [3] for the limit
cycles were implemented in Matlab® (The Mathworks,
Inc.).

In this article, we focus on two specific situations
among the various bifurcation diagrams according to p
that the system may admit for different balances between
direct and indirect excitatory feedbacks. In each case, the
geometric invariants of the dynamics and their bifurca-
tions according to p allow us to understand the specific
features of the time series generated by system (1) with
input p(t) a Gaussian variable.

2.4 Power Spectral Analysis

Spectral analyses were performed using Matlab®.
Time-frequency maps were obtained using the short-
time Fourier transform (spectrogram function). The
periodograms were calculated using Welch’s method
(p.welch function).

3 Results

3.1 Epileptic discharges in experimental
LFP

The experimental protocol enables to record numerous
HD, a classical epileptic event for the MTLE mouse model
[13, 5]. According to literature, HD usually start with
high amplitude sharp waves followed by a lower ampli-
tude rhythmic discharge (Figure 3(a)). Time-frequency
analysis shows that the rhythmic part of HD has an al-
most constant frequency of 4 Hz. Conversely to this syn-
chronous discharge, the initial sharp waves remain asyn-
chronous as they do not present any specific rhythm.

3.2 Characterization of two bifurcation
structures

Figure 2 displays two types of bifurcation diagram of sys-
tem (1) according to p (bottom panels) and associated
LFP time series for a Gaussian input p(t) (top panels).
These two situations are characteristic of different bal-
ances between direct and indirect excitatory feedbacks.
From the main features of the generated time series, we
call the case on the left-hand side in Figure 2 Noise In-
duced Spiking (NIS) and the case on the right-hand side

Noise Induced Spiking with Sub-Threshold Oscillations
(NIS-STO). In the following, we describe the bifurcation
diagrams and detail how they explain the features of the
generated time series.

0

a)!!NIS b)!!NIS-STO

(V)

p p

y0

Figure 2: LFP time series (top) and bifurcation dia-
grams according to p (bottom) associated with the NIS
and NIS/STO cases. Blue curve: stable singular points.
Cyan (resp. green) curve: singular points with five (resp.
four) eigenvalues with negative real parts. Red point:
Hopf bifurcations (H and H2 supercritical and H1 sub-
critical). Black points: saddle-node bifurcations SN1 and
SN2. Purple point: saddle-node bifurcation of limit cycles
(FLC). Orange dashed curve: Saddle-Node on Invariant
Cycle (SNIC) bifurcation. Black curves: maxima and
minima of stable limit cycles. Magenta curves: unstable
limit cycle maxima and minima.

In both bifurcation diagrams of Figure 2, the curve
of system (1) singular points is S-shaped, admitting two
knees SN1 and SN2 corresponding to saddle-node bifur-
cations according to p. These points split the curve of
singular points into three branches: the “lower branch”
below SN1, the “middle branch” between SN1 and SN2,
and the “upper branch” above SN2. The points on the
middle branch are unstable (shown in cyan) in both cases.
The singular points on the upper branch are stable (shown
in blue) for p > pH in the NIS case and p > pH2

in the
NIS-STO case, and unstable (shown in green) otherwise.
Values p = pH for NIS and p = pH2 for NIS-STO corre-
spond to a supercritical Hopf bifurcation giving birth to
a family of stable limit cycles for lower values of p (black
curves in diagrams of Figure (2) represent the maximal
and minimal y0 values along the cycle for each value of
p).

In the NIS case, considering decreasing values for p,
the stable limit cycle disappears at p = pSN1

through a
Saddle-Node on Invariant Circle (SNIC) also known as
saddle homoclinic bifurcation (dashed orange line). The
lower branch is formed by stable singular points. On the
other hand, in the NIS-STO case, the lower singular point
undergoes a subcritical Hopf bifurcation for p = pH1

,
which gives birth to an unstable limit cycle for lower val-
ues of p. The families of stable and unstable limit cycles
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connect for p = pFLC, which corresponds to a saddle-node
bifurcation of limit cycles. In other words, a family of
limit cycles connects H1 and H2, and for p fixed between
pFLC and pH1

, a stable limit cycle of great amplitude co-
exists with an unstable limit cycle of smaller amplitude.

Note that, in the NIS case, the period of the limit cy-
cle tends to +∞ when p tends to pSN1 from above. On
the other hand, in the NIS-STO case, the period of the
limit cycle varies smoothly for p around pSN1

. The transi-
tion from NIS to NIS/STO bifurcation diagram is a spe-
cial case of codimension 2 subcritical Bogdanov-Takens
bifurcation occurring when a SNIC exists. In this case,
the SNIC bifurcation takes the role of the homoclinic bi-
furcation that emerges from a classical Bogdanov-Takens
bifurcation.

Now, let input p(t) be a Gaussian variable with mean
value around pSN1

. In the NIS case, the generated time
series displays quiescent phases while the current point
along the flow is attracted by the lower stable branch.
Spikes occur when the current point starts following the
family of stable limit cycles. Due to the presence of the
SNIC and the great period of the limit cycle for p close to
pSN1 , the global return of the current point takes a long
time, which explains the long interspike interval in NIS
time series. On the contrary, in the NIS-STO case, the
spike frequency in the bursts is higher than in the NIS
case and remains quite constant. Moreover, the presence
of an unstable focus for p ∈]pH1

, pSN1
[ induces small os-

cillations during the quiescent phases. We call them sub-
threshold oscillations since they correspond to the tran-
sient phenomenon occurring when destabilization is not
strong enough to produce a large amplitude oscillation.

3.3 NIS to NIS-STO switch and transi-
tion towards epileptic discharges

The two different regimes identified in the experimental
time series share common features with the model outputs
in the two cases described above: the NIS case produces
isolated large amplitude spikes comparable with preictal
spikes and the NIS-STO case produces higher frequency
bursts like HD. We have reproduced the transition be-
tween the two regimes corresponding to the transition to-
wards HD by a slight change in a parameter value, which
induces a switch of the model from the NIS case into the
NIS-STO case.

Figure 3 shows an experimental time series and the
model output obtained with a change in α2 value (from
0.4 to 0.35) at time t = 8s, which corresponds to reduc-
ing the impact of the indirect excitatory feedback. Since
a change of activity in a given cortical area impacts the
activity in the other areas, their feedback action on the
considered population also changed. For sake of consis-
tency in the modeling, the average value of the Gaussian
input p(t) is also changed after t = 8s and fixed close to
the updated excitability value pSN1

.
The model output is similar to the experimental time

2 4 6 8 10 12 14 16 18
0
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2 4 6 8 10 12 14 16 18
0
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15

20

NIS NIS/STO

2s
5(au)

a)Real data

b) Simulated data

Figure 3: (a) Experimental time series and associated
spectrogram. (b) Model output and associated spectro-
gram: α2 = 0.4 (NIS case) for t < 8s and α2 = 0.35
(NIS-STO case) for t > 8s. In the spectrograms, the
colors correspond to the number of spikes with a given
frequency: the red color indicates the main frequency at
time t.

series, first displaying long interspike interval then bursts
of spikes with higher frequency. Comparing the spec-
trograms of the experimental time series and the model
outputs shows that the oscillation frequencies are similar
in each regime.

3.4 Proper frequency in NIS-STO and
hippocampal discharges

In the MTLE mouse model, HD have been described to
be very reproducible with a mean frequency of 3-7 Hz
during the synchronous phase [5]. In this paper, we pro-
duced time-frequency map in Figure 3(a) showing that
this frequency is about 4 Hz in our data. Moreover we
have estimated the Power Spectral Density (PSD) in five
HD and find out a high reproducibility of this frequency
during the synchronous phase (Figure 4(a)). This result
supports the hypothesis that HD have a proper frequency
that seems to be intrinsic of the recorded neural circuit.
We explained in section 3.2 that, in the NIS-STO case,
the spike frequency in each burst is linked with the pe-
riod of the stable limit cycle, which remains almost the
same for any p value close to the mean of the Gaussian
input. We performed a simulation trial with various sets
of values for parameters C, α2 and G still corresponding
to the NIS-STO case (Figure 4(b)). The PSD in those
simulated data also have a proper frequency of about 4
Hz. Relying on this comparison, we hypothesized that
NIS-STO structure can be the dynamical mechanism un-
derlying experimental HD.
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Figure 4: Time series (top) and associated PSD (bot-
tom) from experimental data (a) and NIS-STO type
model outputs (b). The experimental time series were
extracted from different records. Model outputs were
obtained with different values of (C,G, α2): from top
to bottom, (245 , 20 , 0.35), (300 , 0 , 0.3), (340 , 60 , 0.3),
(800 , 55 , 0.5), and (900 , 0 , 0.3).

4 Conclusion and Perspectives

In this article, we have proposed a neural mass model in-
cluding two existing ways for the excitatory feedbacks: on
the one hand, the direct excitatory feedback of pyramidal
cell population on itself [6, 10] and, on the other hand, the
indirect excitatory feedback through a secondary pyrami-
dal cell population [9, 7, 16]. We have carried out a bifur-
cation analysis of the model in two specific cases and pro-
vided the associated time series NIS and NIS-STO. The
SNIC bifurcation in the NIS case explains the long-period
spikes in the associated time series. On the other hand,
for the second behavior the limit cycle period remains al-
most constant. For a fixed set of parameter values, this
phenomenon can be explained by the small interval of
p values allowing to generate NIS-STO. Both these be-
haviors are physiologically relevant and we have shown
that our model is able to reproduce experimental LFP
signals from epileptic mice. Computing a PSD analysis
on both in vivo and in silico data, we have shown that
the NIS-STO large oscillations and experimental time se-
ries frequency remain stable and close to 4Hz even when
varying parameters C, α2 and G in simulations. Finally,
arguments detailed in this paper sustain the hypothesis
that HD is the manifestation of NIS-STO dynamical be-
havior of the underlying neural circuit.

In the hippocampal formation, subregions are con-
nected whitin a loop circuit that makes this structure
prompt to produce pathological rhythmic activity [12, 11].
This characteristic may be a reason for the occurrence of
HD in the LFP signals recorded in epileptic mice. Nev-
ertheless, our results argue for a different hypothesis. In-
deed, we have shown that HD can be simulated within a
simple NMM. Hence, we assume that HD may be gener-

ated intrinsically, and therefore do not necessarily involve
a large network activity. With this consideration, it could
be interesting to find out which model parameters influ-
ence the value of the aforementioned proper frequency.
Two ways are possible to answer this question 1) an an-
alytic relation between the proper frequency and param-
eters or 2) a parameter sensitivity analysis on the proper
frequency. Finally, the knowledge of such parameters is a
first step to an experimental validation of the hypothesis
we put forward in this conclusion.
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NEW PARADIGM IN DELAY DYNAMICS: VIRTUAL CHIMERA

STATES AND BRAIN-INSPIRED PROCESSING

Laurent Larger, Bogdan Penkovsky, Antonio Baylòn Fuentes, Maxime Jacquot,
Yanne K. Chembo, and Yuri Maistrenko ∗†‡

Abstract. Delays systems are well known to provide chaotic so-

lutions in infinite dimensional phase space, though being purely

temporal dynamics. They have been explored both fundamentally

and experimentally in various context, from living system to pho-

tonic oscillators through control theory. We will report on recent

further investigations and applications of the complexity underly-

ing nonlinear delay differential equations: first the emergence of

virtual Chimera states in autonomous operation, revealing incon-

gruent cluster patterns under some specific parameter conditions;

and second, similar delay systems when driven non-autonomously

by signal or information, are found as an efficient and elegant way to

demonstrate physically the implementation of a novel brain-inspired

computing principle, which is making use of nonlinear transient ex-

pansion triggered by the information to be processed. Both issues

are representing novel attractive paradigm for delay dynamical sys-

tems, and can be connected through the space-time analogy for

delay dynamics emulating them as a network of virtual dynamical

nodes.

Keywords. Delay dynamics, dynamical complexity, Chimera

states, Nonlinear transient computing, optoelectronic nonlinear de-

layed oscillator, Reservoir Computing.
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MATHEMATICAL ANALYSIS OF A COMPLEX NETWORK OF
NEURONAL REACTION-DIFFUSION SYSTEMS

V.L.E. Phan, B. Ambrosio and M.A. Aziz-Alaoui ∗

Abstract. We focus on a complex system consisting of a network

of n neurons. Each neuron is represented by a PDE system of

FitzHugh-Nagumo type (FHN) obtained by a simplification of the

famous Hodgkin-Huxley model (HH). After recalling the physiolog-

ical basis of the model and the assumptions allowing to pass from

HH to FHN model, we present some mathematical results on the

network. First, we deal with the existence of the global attractor of

the complex system in a general mathematical framework. Then,

we show some results of synchronization, by establishing sufficient

conditions, valid for different topologies, in the case of bidirectional

and unidirectional couplings. We finally illustrate the asymptotic

behaviors by numerical simulations. These allow to highlight the

relationship between the number of neurons and the synchroniza-

tion threshold according to the network topology.

Keywords. Synchronization, attractor, coupling strength, com-

plex networks, connection graph stability.

1 Introduction

Neuroscience is of fundamental interest in a better scien-
tific knowing of the spirit. As it concerns the nervous sys-
tem in general, and particularly the brain, it is a branch
of biology and physiology. But with the fast development
of science, it now relies on physics, chemistry, informatics
and... mathematics. In this paper we will propose a gen-
eral network of n neurons. Each neuron is modeled by a
PDE system of d equations. The paradigmatic model of
mathematical neuroscience is the Hodgkin-Huxley model
(1952):





−C dV
dt

= m3hgNa(V − ENa) + n4gK(V − EK)

+gL(V − EL)− I
dn

dt
= αn(1− n)− βnn =

n∞ − n
τn

dm

dt
= αm(1−m)− βmm =

m∞ −m
τm

dh

dt
= αh(1− h)− βhh =

h∞ − h
τh

(1)
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ment of Applied Mathematics, University of Le Havre, France. E-
mails: pvlem6a2@gmail.com, benjamin.ambrosio@univ-lehavre.fr,
aziz.alaoui@univ-lehavre.fr

It describes the evolution of the transmembrane volt-
age. It is obtained by considering the cellular membrane
as a capacitance, and by subsequently writing the Kirkoff
law, with the potassium, sodium, leakage, capacitance
and input currents. The main idea of Hodgkin and Hux-
ley was to consider potassium and sodium currents as
voltage variable dependent currents. The key of their
work was to precisely evaluate by experiments the α’s and
β’s functions. It is usual to write the three last equations
like in the right and side of equation (1), where:

n∞ =
αn

αn + βn
, τn =

1

αn + βn
,

m∞ =
αm

αm + βm
, τm =

1

αm + βm
,

h∞ =
αh

αh + βh
, τh =

1

αh + βh
.

Later (1961), R. FitzHugh proposed a 2d model, re-
producing excitable and oscillatory properties of the
Hodgkin-Huxley model, while in 1962 Nagumo proposed
the analog equivalent circuit. The FitzHugh-Nagumo
model reads as:

{
V̇ = V (V − α)(1− V )− w + I

ẇ = ε(V − γw)
(2)

In the last section of this work we will show numer-
ical simulations of networks of PDE FitzHugh-Nagumo
systems of the form:

{
εut = f(u)− v + d∆u

vt = au− bv + c
(3)

where f(u) = −u3 +3u, u = u(t, x) with initial conditions
and Neumann zero flux boundary conditions. As already
proposed by Hodgkin and Huxley, we can describe the
propagation of action potential along a neuron by adding
a diffusive term in the first equation. In the second and
third section we will consider general networks of Reac-
tion Diffusion systems that encompass systems of type
(3). More precisely, in the second section, we will enunci-
ate the existence of the global attractor in the functional
space (L2(Ω))nd. By using techniques of [3, 4], we gener-
alize some parts of the works [1, 2]. Then we will focus on
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synchronization. By using the connection graph stability
method, we establish, in section 3, under linear coupling,
the complete synchronization of the whole network. In
section 4, we illustrate numerically the results of section
3, when each neuron is modelled by a FitzHugh-Nagumo
PDE and the topology is complete or an oriented ring.

2 Existence of the global attractor

We suppose that Ω is an open bounded set of RN with
boundary ∂Ω. We consider the following initial bound-
ary value problem (a network) involving a vector Un×1 =
(U1, U2, ..., Un)T from Ω × R+ into Rnd; Ui, 1 ≤ i ≤ n
satisfies,

Uit = F (Ui) +Q∆Ui + PHi(U), (4)

where F (Ui) = (F 1(Ui), ...., F
d(Ui))

T is a nonlinear vec-
tor function defining the dynamics of the individual
oscillator, Ui = (U1

i , ..., U
d
i )T is the d-vector contain-

ing the coordinates of the ith oscillator, and Hi(U) =
(H1

i (U), ...,Hd
i (U))T determines the coupling function.

The non-zero elements of the d × d matrix P determine
which variables couple the oscillators. It is a diagonal
matrix and verify,

pll =

{
1 for l = 1, ..., s,
0 for l = s+ 1, ..., d.

In a analogue way, Q is a diagonal matrix and qll > 0
for l = 1, ..., s; qll = 0 for l = s+ 1, ..., d.

In order to separate the equations with diffusive terms
and the others we rewrite (4) in the following form,

{
PUit = PF (Ui) +Q∆Ui + PHi(U),
LUit = −Lσ(x)Ui − LΦ(x, PUi).

where σ(x) = diag(σ1(x), σ2(x), ..., σd(x)), σi(x) ≥
δ > 0, i = s+ 1, d, σi(x) = 0, i = 1, s; and Φ =
(Φ1,Φ2, ...,Φd)T , where Φl = 0, l = 1, ..., s; Φl =
Φl(x, PUi), l = s+ 1, ..., d, depends on x and on PUi.

The functions F,Hi, σ and Φ are assumed to be twice
continuously differentiable in all variables and to satisfy,

s∑
l=1

δ
l

1

∣∣U l
i

∣∣p +
d∑

m=s+1
δ
m

1 |Um
i |2 − δ3 ≤ −U j

i F
j(Ui) ≤

s∑
l=1

δ
l

2

∣∣U l
i

∣∣p +
d∑

m=s+1
δ
m

2 |Um
i |2 + δ3,

(5)
for all j = 1, ..., s, p > 2, and

|PHi(U)| ≤ δ4(P1d×1 +
n∑

j=1

P |Uj |p1), 0 < p1 < p− 1,

(6)

where 1d×1 =
(

1 1 ... 1
)

︸ ︷︷ ︸
d

T
and 11×d = 1T

d×1.

∂F j

∂U j
i

≤ l1,
∂Hj

i

∂U j
i

≤ l2, |
∂Φl

∂U j
i

| ≤ l3, (7)

for i = 1, n, j = 1, d, l = s+ 1, d.

∣∣∣Φ′xj
(x, PUi)

∣∣∣ ≤ δ5(1d×1 +MP |Ui|), j = 1, n, (8)

|Ψ(x, PUi)| ≤ δ5M. (9)

where δ
j

i , i = 1, 2, j = 1, d, δ3, δ4, δ5, δ3 and k1 are posi-
tives constants;

Md×d =




1 ... 1
... ... ...
1 ... 1




and

Ψ(x, PUi) =




Φ′
1U1

i
... Φ′

1Ud
i

... ... ...
Φ′

dU1
i

... Φ′
dUd

i


 .

We used the following notations, for
v = (v1, ..., vd)T , a = (a1, ..., ad)T , |v|k =

(|v1|k, ...., |vd|k)T ; vk = (vk1 , ..., v
k
d)T , ∀k ≥ 1, and

v ≤ a means that vi ≤ ai, i = 1, 2, ..., d (this notation is
also used for the square matrix).

Let H = ((L2(Ω))d)n and V = ((H1(Ω))d)n. Under the
previous assumptions, we have the following theorem,

Theorem 2.1. The semi-group S(t) associated with the
system (4) has a global connected attractor in H.

3 Synchronization

Definition 3.1. Let us denote by S(t) =
(U1(t), U2(t), ..., Un(t)), i = 1, n a network. We say
that S synchronizes if,

lim
t→+∞

n−1∑

i=1

d∑

j=1

(∥∥∥U j
i (t)− U j

i+1(t)
∥∥∥
L2(Ω)

)
= 0.

3.1 Symmetrically coupled networks

We consider the following network,

Uit = F (Ui) +Q∆Ui +
n∑

j=1

εij(t)PUj , i = 1, n, (10)

where G = (εij(t)) is a symmetric matrix n×n with van-
ishing row-sums and non-negative off-diagonal elements.
To get further, we have to make some assumptions and
introduce the auxiliary system,

Xijt =

[∫ 1

0

DF (σUj + (1− σ)Ui)dσ −A
]
Xij , i, j = 1, n.

(11)
where A = diag(a1, a2, ..., ad), al = 0 for l = 1, ..., s, al =
0 for l = s + 1, ..., d, is a matrix to determine in such a
way that there exists Lyapunov function of the form,

Wij =
1

2
XT

ijHXij , i, j = 1, n, (12)
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where the matrix H is symmetrical and positive definite.
This is a crucial requirement for the method. It implies
that the auxiliary system can be globally stabilized, pro-
vided the negative linear parts parameters a1, a2, ..., as
are sufficiently large. We set a = max(a1, ..., as). We
have the following theorem.

Theorem 3.1. We suppose that

εk(t) >
a

n
bk(n,m) for k = 1, 2, ...,m and for all t,

(13)

where bk(n,m) =
∑

j>i;k∈Pij

z(Pij) is the sum of the lengths

of all chosen paths Pij which pass through a given edge k
that belongs to the coupling configuration, m is the total
number of edges in the graph. Then the network (10)
synchronizes in the sense of definition 3.1.

Example 3.1. For a complete network, if

ε(t) >
a

t
,

then the network synchronizes.

3.2 Asymmetrically coupled networks

We consider the following network,

Uit = F (Ui) +Q∆Ui +

n∑

j=1

cij(t)PUj , i = 1, n, (14)

where the G matrix is supposed to be asymmetric. We
can represent it by a graph G with n vertexes and m
edges. There is an edge between the vertex i and the
vertex j if cij or cji differ from zero. We suppose the
graph connected. When (cij or cji) is different from zero,
we define:

cij(t) + cji(t)

2
= εij(t) = εk(t).

The coefficients εij define a non-oriented graph E
and an associated symmetric matrix E. We denote by
bk(n,m) the sum of all the (minimal) ways Pij passing
trough a given edge k of the non-oriented graph E. The
following result holds:

Theorem 3.2. We suppose that

cij(t) + cji(t)

2
= εij(t) = εk(t) >

a

n
bk(n,m), (15)

then the network (14) synchronizes in the sense of defi-
nition 3.1.

Example 3.2. If we suppose that the graph is a not
oriented ring, then if

c

2
= ε∗ >





a

(
n2

24
− 1

24

)
for n odd,

a

(
n2

24
+

1

12

)
for n even,

the network synchronizes.

Figure 1: Ring network.

4 Numerical simulations

We proceeded to numerical simulations of system (10) and
(14) with the following parameter values: ε = 0.1, a =
1, b = 0.001, c = 0, d = 0.05 and f(u) = −u3 + 3u. Our
simulations show that both systems synchronize when
the coupling strength increase. Furthermore, we approx-
imated the minimal numerical strength coupling needed
for synchronization by functions, relatively to the num-
ber of edges in the graph. For example, in the case of a
complete network, the minimal strength coupling seems
to follow an inverse law. This is shown in figure 2. In the
case of an oriented ring, the minimal strength coupling
seems to follow a square law. This is shown in figure 3.

5 Conclusion

In this work, we studied a neuron network of reaction
diffusion systems in a general mathematical framework.
We proved the existence of the global attractor of the
network, under some conditions on topologies, coupling
function and reaction terms. We also showed the syn-
chronization phenomenon in symmetrically and in asym-
metrically networks with linear coupling. We have used
for this the connection graph stability method, and il-
lustrated the results on some particular networks. Fi-
nally, we proceeded to numerical simulations in complete
and unidirectionally coupled ring networks of FitzHugh-
Nagumo Reaction Diffusion systems with linear coupling.
We found theoretically and numerically that the network
synchronizes when the coupling strength exceed a criti-
cal value. This critical value depends of the number of
nodes in the graph and also of the graph topology. Thus,
in complete network the critical coupling strength value
follows a inverse law of the number of nodes in the graph.
In unidirectionally coupled ring network, the critical cou-
pling strength value follows a square law of the number
of nodes in the graph. In future work, we aim to apply
these results to more realistic neuron networks.
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Figure 2: (a) This figure represents the evolu-
tion of the critical value of the coupling strength
for synchronization as a function of the number
of nodes on the network. (b) We have also rep-

resented the function gn =
0.112

n
− 0.006, which

approximates the numerical data.

Figure 3: (a) This figure represents the evolu-
tion of the critical value of the coupling strength
for synchronization as a function of the number
of nodes on the network. (b) We have also repre-

sented the function gn =
1

375
n2− 49

3000
n+ 0.09,

which approximates the numerical data.
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Abstract.  Physiology experts deal with complex biophysical 
relationships, across multiple spatial and temporal scales. Au-
tomating the discovery of such relationships, in terms of phys-
iological meaning, is a key goal to the physiology community. 
ApiNATOMY is an effort to provide an interface between the 
physiology expert's knowledge and all ranges of data relevant 
to physiology. It does this through an intuitive graphical inter-
face for managing semantic metadata and ontologies relevant 
to physiology. In this paper, we present a web-based ApiNA-
TOMY environment, allowing physiology experts to navigate 
through circuitboard visualizations of body components, and 
their cardiovascular and neural connections, across different 
scales. 
 
Keywords.  Anatomy, Physiology, Knowledge Management, 
Visualisation, Ontologies. 
 

1 Introduction 
An ontology consists of a set of terms and their relations 
that represent a specific domain of knowledge. Ontolo-
gies are created and maintained by knowledge domain 
experts, and are used as computer-readable taxonomies 
by software tools intended to support knowledge man-
agement activities in that domain.  

The complexity of some of the ontologies in current use, 
as well as the complexity of handling semantic metadata 
that annotate related resources with ontology terms (e.g. 
as described in (1)), has generated considerable demand 
for effective visualization in the design, authoring, nav-
igation and management of (i) ontology-based 
knowledge and (ii) semantic metadata that make use of 
ontologies.  

In response to the above demand, a number of generic 
ontology visualization tools have been developed to 
assist knowledge acquisition, browsing and maintenance 
of ontologies (2). Such tools, however, put a considera-
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3 University of Leiden 
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ble and unrealistic demand on the users’ familiarity and 
expertise in both (i) semantic web technologies and (ii) 
the design principles of ontologies. It is unlikely that a 
user with expertise in the domain of an ontology also 
has expertise in the technologies managing ontologies. 

2 Problem statement  
The domain of biomedical physiology is a case in point. 
Physiology experts deal with complex biophysical oper-
ations, across multiple spatial and temporal scales, 
which they represent in terms of the transfer of energy 
from one form to another and/or from one anatomical 
location to another. Different kinds of descriptions of 
these biophysical operations are produced by different 
disciplines in biomedicine. For instance, (i) a medical 
doctor may describe the mechanism by which a stone in 
the ureter causes damage in the kidney; (ii) a pharma-
cologist may depict the process by which a drug ab-
sorbed from gut transits to the hip joints where it reduc-
es inflammation; (iii) a molecular geneticist may trace 
the anatomical distribution of the expression of particu-
lar gene to understand the cause of a skeletal malfor-
mation; and, (iv) a bioengineer may build a mathemati-
cal model to quantify the effect of hormone production 
by the small intestine on the production of bile by the 
liver. These descriptions take diverse forms, ranging 
from images and free text (e.g. for a paper in a journal) 
to XML documents bearing well-defined data or sets of 
variables and related equations (e.g. as input into a sim-
ulation tool). 

Automating the discovery of relationships, in terms of 
physiological meaning, between the above types of de-
scription is a key goal to the physiology community. To 
that end, this community is investing considerable effort 
in building ontologies for the annotation and semantic 
management of resources describing physiology. A 
number of reference ontologies have been created to 
represent the various entities required to describe physi-
ology, including gene products (3), chemical entities (4) 
cells (5) and gross anatomy (6). Cumulatively, these 
reference ontologies consist of hundreds of thousands of 
terms such that the volume of semantic metadata arising 
from annotation of resources with these terms is consid-
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erable. However, conventional technology for the man-
agement of ontologies and metadata is not accessible to 
physiology experts. 

3 Main results 
The ApiNATOMY effort has emerged to provide intui-
tive graphical means to manage ontologies and semantic 
metadata relevant to physiology. In this presentation, we 
demonstrate a web-based ApiNATOMY environment 
for physiology experts to navigate through circuitboard 
visualizations of body components and their connections 
across scales. In particular, we present a tool prototype 
that visualizes (i) schematics of ontology-based 
knowledge about body parts, cardiovascular and neural 
connections, over which (ii) graphical renderings of se-
mantic metadata linking to gene products and mathe-
matical model of processes are overlaid. 

In this presentation, we briefly discuss a core use case 
for the application ApiNATOMY schematics in support 
of genomics and drug discovery studies. In so doing, we 
introduce (i) some of the key ontological and data re-
sources required in this case, as well as (ii) early-stage 
results of this effort. 
 
The domains of genomics and drug discovery are de-
pendent on physiology knowledge, as both domains take 
into account the manufacture of gene products in differ-
ent parts of the body and the regulated long-distance 
transport of molecules that interact with these products. 
The location of gene product manufacture (i.e. gene ex-
pression data, such as (7)), as well as routes associated 
with pharmacokinetic modeling of molecular interactors 
(drawn from resources such as (8)) may be usefully de-
picted in the form of a physiology circuitboard. 
In ApiNATOMY, a physiology circuitboard schematic 
consists of a combination of (i) an anatomical treemap 
and (ii) an overlay of process graphs. In our earlier pro-
totypes (described in (9)), templates were applied to 
constrain the layout of tiles in treemaps of the Founda-
tional Model of Anatomy (6) ontology, such that nesting 
of one tile inside another indicates that the child tile is 
either a part of a subclass of the parent tile. The Graph-
ical User Interface (GUI) providing the interaction with 
the circuitboard allows point-and-click navigation of the 
treemap content. This type of interaction extends to also 
involve process graphs – in this paper we report on the 
graphical projection of routes of (i) blood flow processes 
linking different regions of the human body (using data 
generated in (10) – illustrated in Figure 1), as well as (ii) 
transport processes along neurons of the central nervous 
system (i.e. brain and spinal cord) with data obtained via 
the Neuroscience Information Framework (11). 
 
The ApiNATOMY Graphical User Interface is built 
from inception as a three dimensional (3D) environment. 

This feature facilitates interaction not only with 3D ren-
derings of the circuit boards themselves, but also with a 
wide range of geometry/mesh formats for volumetric 
models of biological structure across scales. For in-
stance, it is already possible to overlay Wavefront .obj 
data from BodyParts3D (12) as well as SWC data sup-
ported by the neuromorpho.org (13) resource.  
 

 
Figure 1: Screenshot depicting the topology of blood vessel 

connectivity in the ApiNATOMY tool 

4 Conclusion 
In particular, our presentation will focus on: 

-‐ the constraining of treemap layout to generate 
stable anatomical treemaps, 

-‐ the design and overlay of routes of communica-
tion for the cardiovascular and neural systems, 
and 

-‐ the querying and 3D depiction of protein archi-
tecture schematics for the anatomical overview 
of gene expression data. 

 
ApiNATOMY is emerging as a potential solution to the 
management of multiscale knowledge, in support of 
integrative modeling and simulation interoperability by 
the Virtual Physiological Human community (14). 
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Abstract.  We study analytically the instability of the subhar-

monic resonances in magnetogravity waves excited by a 

time-periodic shear for an inviscid and nondiffusive unbounded 

conducting fluid.Due to the fact that the magnetic potential 

induction is a Lagrangian invariant for magnetohydrodynamic 

Euler-Boussinesq equations, we show that plane-wave distur-

bances are governed by a four-dimensional Floquet system. We 

determine the width and the maximal growth rate of the insta-

bility bands associated with subharmonic resonances. This 

instability persists in the presence of magnetic fields, but its 

growth rate decreases as the magnetic strength increases. 

We also elucidate the similarity between the effect of a mag-

netic field and the effect of a Coriolis force on the gravity shear 

waves considering axisymmetric disturbances. 

Keywords.   Instability, magnetohydrodynamic, resonances 
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MULTISCALE METRICS TO ASSESS COMPLEX SYSTEM
RESILIENCE

I. Tchiguirinskaia, D. Schertzer, A. Giangola-Murzyn †and T. C. Hoang ‡

Abstract. In this paper, we first argue the need for well defined

resilience metrics to better evaluate the resilience of complex sys-

tems such as urban flood management systems. We review both

the successes and limitations of resilience metrics in the framework

of dynamical systems and their generalization in the framework of

the viability theory. We then point out that the most important

step to achieve is to define resilience across scales instead of doing

it at a given scale. We conclude on current developments along this

direction.

Keywords. Complex Systems, Urban Floods, Across Scale Ap-

proach, Resilience Metrics, Universal Multifractals.

1 Introduction

An important goal of the EU FP7 SMARTesT and IN-
TERREG IVB RainGain projects is to evaluate the e↵ec-
tiveness of urban resilience systems in the framework of
scenarios, respectively with and without these systems,
simulated with the help of the distributed hydrological
model Multi-Hydro [12, 14]. This assessment could not be
achieved, like for other systems (e.g. in ecology [6]), with-
out operational definitions of resilience. Unfortunately,
whereas the term resilience has become extremely fash-
ionable, a corresponding mathematical definition has re-
mained rather elusive. More precisely, scenario analyses
require mathematically defined resilience metrics based
on a given conceptual definition. The SMARTesT con-
ceptual definition of the flood resilience system - “The
ability to cope with flooding and the ability to recover
from flooding” [19]- is rather close to that of “ecologi-
cal resilience” [16]: “the capacity of a system to absorb
disturbance and reorganize while undergoing change so
as to still retain essentially the same function, structure,
identity, and feedbacks”. We briefly review the state-of
the-art, which mainly corresponds to resilience metrics
based on dynamical system theory and some extensions
to the framework of the viability theory [2, 3]. The lat-
ter not only enables us to consider more general subsets
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of constraints, but also feedbacks. However, the question
of space-time complexity remains rather untouched and
we finally discuss how to answer to it with the help of
multifractals.

Figure 1: Classical illustration of a ball respectively in
a stable and unstable equilibrium (corresponding respec-
tively to a potential well and hill). The vertical barrier
symbolises a measure intended to protect against the in-
stability.

2 Dynamical system based re-
silience metrics

Let us recall that a dynamical system (e.g. [1]) is defined
with the help of state variables x, which belong to a given
state spaces (generally a real d-dimensional vector space)
and a di↵erential system that defines their evolution from
a given initial condition x0. This system is generally sup-
posed to be autonomous (no explicit time dependence),
of first order and to depend on a given set of parameters
µ:

dx(t)/dt = fµ(x(t)); x(t0) = x0 (1)

In the dynamical system approach, instead of trying to
compute the detailed trajectory x(t), one tries to figure
out its qualitative features from the very characteristics
of the di↵erential system, e.g. the characteristic values
of the parameters µ that lead to qualitative change of
trajectories, i.e. bifurcations or turning points. In partic-
ular, one is interested by the equilibrium states xe that
are invariants for the dynamics:

fµ(xe) = 0 (2)

ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014 225



Multiscale Metrics to Assess Complex System Resilience

An equilibrium states xe is stable if it attracts all the
states in its vicinity, unstable if some of them are rejected
(see figure 1 for the classical illustration of a ball in a po-
tential landscape). More generally, an attractor is a set
of states invariant under the dynamics, with a unique at-
traction basin formed by the neighbouring states that are
attracted by it. The dynamics of the system might there-
fore be qualitatively understood with the help of its at-
tractors, because the state variables x(t) will wander in a
given (stable) attraction basin until a strong enough per-
turbation will drive it to another basin, and so on. This
attractor phenomenology is very appealing to define a re-
silience metric: some attraction basins correspond to a
suitable functioning of the system, whereas others should
be avoided as much as possible. Because the time spent
by the system in the suitable basins should be maximized,
the inverse return time to these basins and/or the basin
size can be used as resilience metrics. Thanks to the fact
that the Multiplicative Ergodic Theorem [20] applies on
mild conditions to di↵erential systems, this inverse return
time merely corresponds to the Lyapunov exponent, i.e.
the largest real part of the spectrum of the tangent trans-
form of the map that defines the di↵erential system (fµ

in eq. 1). This metric was used for ecological problems
[8, 24]. The estimate of a attraction basin size is less
straightforward, but has been used for low dimensional
population dynamics [7, 33].

Figure 2: Illustration of the complex topology of an at-
tractor, here of the homoclinic tangle pointed out by [25]:
the unstable manifold loops back and becomes part of the
stable manifold. This yields a more and more convoluted
topology by iteration of the tangent transform T .

3 Limitations of the system dy-
namical approach

In spite of its mathematical elegance and apparent rigor,
there is a series of limitations in the dynamical system
approach (e.g. [13, 21]). This includes:

(a) Attraction basins can lead to rather complex be-
haviours, ranging from limit cycles to chaotic attrac-
tors with a quite complex topology. A classical exam-
ple is the homoclinic tangle, already pointed out by
[25] and illustrated in figure 2: the unstable manifold
loops back and becomes part of the stable manifold
(e.g. [34]).

(b) Although the dynamical system approach seems to
be quite general, there are many technical di�cul-
ties to go beyond ordinary di↵erential systems: there
are indeed fundamental di↵erences between systems
complex in time (ordinary di↵erential systems) and
those that are complex both in time and space (par-
tial di↵erential systems). The key-point is the emer-
gence with the latter of space scales and the related
dependency of state variables, as well as the inter-
play between space and time scales [22, 24]. This is
particularly sensitive for the estimate of inverse re-
turn times, because they will depend on the spatial
scale of observation and the Multiplicative Ergodic
Theorem no longer applies [29, 30].

(c) Although the system dynamics modeling permits to
take into account the system feedback as the interac-
tions between di↵erent variables, no social feedback
is taken into account. This is particularly damage-
able for the choice of structural resilient measures.
Indeed, the lasting problem is to evaluate two di↵er-
ent flood management strategies that will at a given
time implement distinct (possibly non structural) re-
silient measures in agreement with public acceptabil-
ity.

(d) Whereas there might be already some important dif-
ficulties with the idea that the desired functioning of
a natural hydrological basin will correspond to a dy-
namical attraction basin, this can be drastically put
into question for a highly anthropised hydrological
basin.

Figure 3: Scheme of the viability constraint space K
(the set of suitable system states) and the viability ker-
nel V iabfµ(K) (the subset of initial states whose at least
one trajectory remains in K). Note that due to control
actions there is not a unique trajectory originating from
an initial state.

3.1 Viability based resilience metrics

The latest mentioned di�culty (d) is resolved by consid-
ering more general subsets of the phase space that would
correspond to a suitable functioning of the system. In the
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framework of the viability theory, one defines without ref-
erence to dynamics a viability constraint set K that cor-
responds to a suitable functioning of the system, in short:
suitable states. In the original perspective of the theory,
it corresponded to the set of viable states, but the math-
ematic concept does not depend on it. However, there is
price to be paid for this generalization: the return times
are no longer easy to estimate. To take into account a pos-
sible management action u(t) (valued on U(x(t)), which
is generally a vector subspace) at time t in feedback to
the state x(t), the latter is included in the map f , which
is no longer a simple function of the current state. The
di↵erential system (eq. 1) becomes:

dx(t)/dt = fµ(x(t), u(t)); x(t0) = x0; u(t) 2 U(x(t)) (3)

An important consequence of the action u(t) is that
there are no longer a unique trajectory originating from
a given initial state x0 . The viability kernel corresponds
to the subset of states that could be managed to obtain an
infinite resilience, i.e. they are initial states of trajectories
that remain in the viability constraint set K (see figure 3
for illustration):

V iabfµ
(K) = {x0 2 K|9x(t) : x(0) = x0,

8t > 0 : x(t) 2 K} (4)

This can be slightly generalized to states having a finite
resilience with the help of the concept of the capture basin
Capfµ

(C) of any given target subset C. The latter is
defined as the subset of states that will reach C in a finite
time:

Capfµ
(C) = {x0|9x(t) : x(0) = x0,

9t,1 > t > 0 : x(t) 2 C} (5)

Therefore, the subset Rfµ(K) = Capfµ(V iabfµ(K))
corresponds to the subset of states that will reach K and
remain there. As a consequence, Rfµ

(K) can be called
the resilient basin [10]. To generalize what was done for
attractors, the resilience metric of a given state can be
defined [4, 21] by the inverse of the (least) time to reach
the viability kernel. Powerful algorithms have been de-
veloped to numerically estimate viability kernels for dif-
ferential systems [9].

4 Ovecoming the space-time com-
plexity: across scale resilience

As argued by [21] the viability theory enables to over-
come the limitations (c)-(d) of the system dynamical ap-
proach, but not the limitation (b), i.e. the space-time
complexity. Indeed, all the environmental case studies
that have been investigated with a viability approach have

been essentially done with the help of simplified mod-
els that were complex only in time and involving only
global variables, e.g. species populations, average con-
centration of phosphate in a lake. There is a huge gap
with respect to simulations performed with the help of
a distributed model. More generally, as clearly stated
by [13]:“multiscale resilience is fundamental for under-
standing the interplay between persistence and change,
adaptability and transformability. Without the scale di-
mension, resilience and transformation may seem to be
in stark contrast or even conflict”. An operational defini-
tion of multiscale resilience should be therefore achieved
to bridge up this gap. In what follows, we show that this is
doable as soon as scale symmetries can be considered, be-
cause they considerably reduce the space-time complexity
by defining scale independent observables from the origi-
nal fields that are on the contrary sensitively scale depen-
dent. The locally implemented (possibly non structural)
resilient measures should not break the overall scale sym-
metries of the system, but rather to optimise them to
make the system flood resilient. If so, the multifractal
approach should be integrated in the process of searching
for the best flood management strategies.

Figure 4: Time evolution of the probable maximum sin-
gularity �s (blue curves) in the framework of the climate
scenario A2 obtained with the help of the coupled model
CNRM-CM3 over the period 1860-2100, on may note that
this singularity �s, which is a statical observable, is much
more stable that the e↵ective maximumrainfall Pmax (red
curve) and shows a rather clear increase of precipitation
extremes, which is hidden in the large fluctuations of
Pmax.

4.1 Multifractal framework

To take into account a hierarchy of structures and their
nonlinear interactions over a wide range of space-time
scales, the stochastic multifractal approach has been de-
veloped [27, 28]. Let us recall that a multifractal field
can be loosely understood as defined by an infinite hier-
archy of embedded fractal sets [5, 23]. In fact, the physi-
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Figure 5: Time evolution of the probable maximum sin-
gularity �s (light blue squares) estimated from the rainfall
in the Paris region over the period 1993-2008. It displays
a slightly increasing trend (green straight line), whereas
the two other mulitfractal exponents ↵ (dark blue dia-
monds) and C1 (pink triangles) have rather contradictory
evolutions.

cal basis of multifractality corresponds to dynamical cas-
cade processes that constraint various conserved fluxes to
be concentrated in smaller and smaller fractions of space
and/or time, thus to be more and more intermittent at
smaller and smaller scales. Such cascade processes op-
erate through scale-invariant generators acting from the
largest (space-time) scale L down to at least to the ob-
servation scale of the system l, in fact down to the inner
scale. Equations that describe the whole system remains
invariant under the contractions x ! x/� for any reso-
lution � = L/l. The probability that a multifractal flux
✏� exceeds a given threshold �� , satisfies the following
scaling law:

Prob(✏� � ��✏1) / ��c(�) (6)

where c(�) 6= constant is the (statistical) codimension
function of the singularities of order �. This merely means
that by taking the log-log plots (in base of the resolution
�) of the probability versus for various resolutions collapse
together, whereas this is not the case for the linear-linear
plots. In the case of universal multifractals [27], three
parameters fully define the codimension function:

c(� �H) = C1(�/(C1↵0) + 1/↵)↵0; 1/↵+ 1/↵0 = 1 (7)

where H measures the degree of non-conservativeness of
the mean field (H = 0 for a conservative fluxes, such as
the energy flux). The parameter ↵ measures how mul-
tifractal is the process (↵ = 0 for a fractal field, ↵ = 2
for the lognormal case), and it determines the variation of
the codimensions around the mean field, while the hetero-
geneity of the mean field corresponds to the fractal codi-
mension C1 (C1 = 0 for a homogeneous field). Further-
more, the probable maximum singularity �s on a unique
sample of dimension D satisfies the equality:

c(�s) = D (8)

Equations 7-8 together yield an analytical expression of
the probable maximum singularity �s and therefore a

semi-analytical estimate of �s with the help of empirical
estimates of the universal exponents H, C1 and ↵.

Figure 6: Schematic illustration of linkages between dif-
ferent modules/processes that constitute Multi-Hydro.

4.2 Towards a singularity based resilience
metrics

To be scale independent and therefore defined across
scales instead of being defined at a given scale, the re-
silient metric should be defined with the help of these new
variables that are the singularities of the involved fields,
i.e. the exponent of the (algebraic) divergence of the fields
observed at smaller and smaller scales. Concretely, it will
correspond to measure qualitative changes of the distri-
bution of these singularities, in fact of their scale indepen-
dent codimension (eq. 6). This can be equivalently done
with the scaling moment function, because both are re-
lated by the involutive Legendre transform. This is funda-
mentally due to the respective analogies of codimensions
and scaling moment functions to local entropies and ther-
modynamic potentials. These scale independent quanti-
fiers have been recently used to analyse hydrological ex-
tremes [32], in particular with the help of the probable
maximum singularity (eq. 8)[17, 11, 31]. For instance, it
has been used to quantify the multiscale evolution of hy-
drological extremes in climate scenarios [26], see figure 4
for illustration. Time evolution of the maximum probable
singularity �s, estimated from the raingauge time series
of Orly (in Paris region) over the period 1993-2008 [15],
displays a similar increasing trend on figure 5, although
somewhat weak due to the short length of the series. The
two other mulitfractal exponents ↵ and C1 have rather
contradictory evolutions. More recently, the concept of
the probable maximum singularity �s was applied to the
radar data forecasts in the Paris region [18].

5 Scenario evaluation of flood re-
silience systems

A radical point of view would correspond to define the
theoretical analogues of the scale independent viability
constraint set, viability kernel and resilient basin for the
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singularities. In this paper we rather intend to analyse
the flood resilience scenarios simulated with the help of
Multi-Hydro along theses ideas and to assess in a scale
independent manner the e↵ective multiscale resilience of
flood resilience systems. As demonstrated on figure MH,
Multi-Hydro is a multi module hydrological model that
is not per say any better than other hydrological models,
but what makes it smart and of interest to users is:

- It is web based, open access, and free of charge.

- It has the potential to demonstrate the local as well
as the up and downstream impacts of interventions
with flood resilience technologies.

- It can potentially be linked to new modules to pro-
vide both a tool able to assess the physical conse-
quences of interventions but also the cost/benefit of
interventions - thus potentially a very powerful and
unique decision support tool.

Figure 7: Time evolution of the maximum singularity
�Max (open dotes) in comparison with the probable max-
imum singularity �s (continuous lines) during a (theo-
retical) constant rainfall. The minimum value of hy-
draulic conductivity is of the order of: 10�6 m/s (red)
and 10�4 m/s (black). The distributions of simulated wa-
ter depths were normalised by the mean of the field. This
re-normalisation shifts the curves of the e↵ective maxi-
mum singularity �Max towards the ones of the probable
maximum singularity �s.

Multi-Hydro is complex and thus complicated. Whilst
working on 10 m grid mesh seemed to be the most sen-
sible in assessing a 5 � 10 km2 urban area. The grid
mesh can be reduced to as low as 20 cm, if necessary.
This ability to adjust to high resolution will be helpful
when considering interventions at building scales. Multi-
Hydro already takes into account several types of mea-
sures in order to assess the resilience of urban system.
Of course ‘measures’ means flood resilience (FRe) tech-
nologies. For example, the model shows the e↵ect of in-
stalling barriers in some sensitive areas, under the as-
sumption that these barriers work and that water does
not pass through them. When particular FRe technolo-
gies have di↵ering impacts on how flood waters react on

Figure 8: Time evolution of the e↵ective maximum sin-
gularity �Max (open dotes) in comparison with the prob-
able maximum singularity �s (continuous lines) during a
variable rainfall. The minimum value of hydraulic con-
ductivity is of the order of: 10�6 m/s (red) and 10�4

m/s (black). The distributions of simulated water depths
were normalised by the mean of the field. This re-
normalisation shifts the curves of the e↵ective maximum
singularity �Max towards the ones of the probable maxi-
mum singularity �s.

the nearby streets and the other areas, the FRe technol-
ogy di↵erences need to be reflected by Multi-Hydro. At
this stage, their implementation requires advanced GIS
skills to make it work, - it is a tool for experts. However,
Multi-Hydro is still under development and must be con-
sidered as ‘work in progress’ (http : //leesu.univ�paris�
est.fr/multifractals/MultiHydro/En/gardeen.php) .
As indicated earlier, Multi-Hydro can be linked to new
modules to assess economic facets of the resilience of ur-
ban system exposed to natural hazards. The public opin-
ion can be used to condition the choice of the flood man-
agement strategies. This choice should be reflected in
MultiHydro measures, socially predefining what informa-
tion MultiHydro need to give you in making a decision
on which particular type of FRe technology to use.

To assess the physical consequences of (potential) in-
terventions according to several flood resilience scenar-
ios, the users indeed need a multiscale resilience metrics
to weigh up flood resilience systems. In this paper we
focalise the analysis on a time evolution of the critical
singularities �s that is estimated by inverting the eq. 8
as a function of D with the help of the eq. 7, using the
empirical estimates of the universal multifractal param-
eters from the 2D water depth distributions, simulated
by Multi-Hydro. Let us remind that under the assump-
tion that the distributions of simulated water depths will
be consistent with the universal multifractal scaling, the
critical singularity �s is expected to be proportional to
the maximal singularity �Max. This singularity is defined
from the water depth maximum, hMax, as follows:

�Max = log�(hMax) (9)

The time evolution of the e↵ective maximum singular-
ity �Max is exhibited on figures 7 and 8 in comparison
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with the probable maximum singularity �s (continuous
lines). The distributions of simulated water depths were
first normalised by the mean of the field to estimate the
maximum water depth hMax (see eq. 9).To test the above
ideas, we first use a very low value of the minimum hy-
draulic conductivity (10�6 m/s) to reduce the infiltration
process. We observe that during the rainfall episode (from
about 20 to 90 minutes), the probable maximum singu-
larity �s largely underestimates the e↵ective maximum
singularity �Max. Furthermore, �s tends to be a constant
during this period. By the end of the rainfall episode and
up to the end of the Multi-Hydro simulation, the proba-
ble maximum singularity strongly increases and, 30 min
later, it overestimates the e↵ective maximum singularity.
In overall (see figures 7 and 8, red curves), the probable
maximum singularity is not at all representative of the ef-
fective maximum singularity for the case of low hydraulic
conductivity, independently from the type of rainfall. The
observed behaviour of the e↵ective maximum singularity
is directly related to the non-scaling of water depth dis-
tributions and hence the non-stationarity of multifractal
parameter estimates [14]. When increasing the minimum
value of hydraulic conductivity up to 10�4 m/s, the pro-
cess of infiltration takes place and the Multi-Hydro simu-
lations of water depth distributions becomes much more
compatible with the universal multifractal fields. Then
the time evolution of probable maximum singularity �s,
which is entirely statistical indicator, remains in a fairly
good agreement with the time evolution of the maximum
singularity �Max being the direct result of a fully dis-
tributed physically-based modelling (see figures 7 and 8,
black curves). With the help of virtual scenarios of flood
resilience measures, the Multi-Hydro users could evalu-
ate the most e�cient resilience systems. For example,
the topography data can be modified to assumptions re
height (of interventions), land use, etc. This means that a
Multi-Hydro scenario can reflect changes in elevation cre-
ated by interventions and asses how these interventions
will impact the water flow heights. Figure 9 illustrates
an example when due to a re height of the road network,
the probable maximum singularity �s becomes more sta-
ble up to the end of the Multi-Hydro simulation, and this
is independently on the rainfall type. The underlined
coherence in time evolution of statistical indicators and
physical quantities, not only opens new perspectives for
an overall evaluation of hydrological model functioning,
but could be also used for a more appropriate choice of
parameters, e.g., for di↵erent land use hydraulic conduc-
tivities with respect to the Multi-Hydro resolution.

6 Summary and concluding re-
marks

Our preliminary, critical analysis of the series of attempts
to define an operational resilience metrics led us to con-
sider a scale invariant metrics based on the scale inde-

Figure 9: Time evolution of the probable maximum sin-
gularity �s for the case of either initial land use data
(blue) or modified topography (red) during variable rain-
fall (continuous lines) and constant one (dotted lines).

pendent codimension of extreme singularities. Multifrac-
tal downscaling of climate scenarios can be considered
as a first illustration. We focussed on a flood scenario
evaluation method with the help of two singularities �s

and �Max, corresponding respectively to an e↵ective and
a probable maximum singularity, that yield an innova-
tive framework to address the issues of flood resilience
systems in a scale independent manner. Indeed, the sta-
tionarity of the universal multifractal parameters would
result into a rather stable value of probable maximum
singularity �s. By fixing the limit of acceptability for
a maximum flood water depth at a given scale, with a
corresponding singularity, we e↵ectively fix the threshold
of the probable maximum singularity �s as a criterion of
the flood resilience we accept. Then various scenarios of
flood resilient measures could be simulated with the help
of Multi-Hydro. The scenarios that result in estimates
of either �Max or �s below the pre-selected �s value will
assure the e↵ective flood resilience of the whole modeled
system across scales.
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ABSOLUTE STABILITY OF A CLASS OF STOCHASTIC
SWITCHED SYSTEMS

Yuyun Zhao, Yi Zhang, Mengyi Shi and Chujun Liu ∗

Abstract. This paper concerns with the absolute stability of s-

tochastic switched system. It is the Itô type stochastic Lurie’s sys-

tem with Markovian switching more precisely to speak. A new

definition of stochastic absolute stability will be presented. And

we will obtain the algebraic criteria under different hypotheses. An

example is given to illustrate our main result.

Keywords. Absolute stability; Stochastic; switched systems; S-

tochastic differential equation; Markovian switching.

1 Introduction

Absolute stability of Lurie’s system was a very impor-
tant problem in automatic control. It was first proposed
by Lurie and Postnikov [6]. The well known frequency-
domain criteria was given by Popov [11]. Itô type stochas-
tic Lurie’s system was researched around 1970s and 1980s
by many mathematicians. We here mention Mahalanabis
and Purkayastha [7] who gave the frequency-domain cri-
teria for absolute stability in the sense of asymptotically
stable with probility 1, Brusin and Ugrinovskii [2] who
discussed the globally asymptotically stable in the mean
square, and Korenevskii [3] who obtained the algebraic
criteria in the approach of non-quadratic form Lyapunov
function. In real life, the system usually consists of fi-
nite subsystems, which is called the switched system. At
some time points or time intervals, there is only a sub-
system working, and it will arrive another along with the
switching law. For example, financial system in bear and
bull markets is a switched system, while transportation
system in sunny and rainy days.

In recent years, stochastic switched systems are well s-
tudied by more and more authors because of its wide use
in many areas like engineering, traffic and finance. Espe-
cially the stochastic differential equation with Markovian
switching and stabilities receive a lot of attention, [1], [8],
[9], [10], etc. However, there are few papers to discuss the
absolute stability of stochastic switched system, even the
definition was given by nobody. The gap will be filled by
this paper.

In this article, we will study absolute stability of s-
tochastic switched (Markovian switching) system, give its

∗Yuyun Zhao, Yi Zhang, Mengyi Shi and Chujun Liu are with
Department of Mathematics, Science of College, China University
of Petroleum, Beijing. E-mails: z y11@126.com

definition and algebraic criteria. An example is given to
illustrate our main result.

The remainder of this paper is organized as follows.
Section 2 introduces some notations, definitions and lem-
mas. In section 3, we will give the definition of stochastic
absolute stability and its algebraic criteria under different
assumptions. An examples is given in section 4.

2 Problem statement and prelim-
inaries

Consider the stochastic switched system




dx =
[
A
(
r(t)

)
x+ bu

]
dt+D

(
x, r(t)

)
dB,

y = cTx,

u = −ϕ(y),

r : R+ × Ω→ S = {1, 2, · · · , N},

(1)

where x ∈ Rn is the state, A(i) ∈ Rn×n is the plant
matrix, D(x, i) ∈ Rn×m is the noise matrix, B(t) is an
m-dimensional Brownian motion, y ∈ R is the output,
b, c ∈ Rn, ϕ ∈ F(0,k) is a controller, where

F(0,k) :=
{
ϕ : ϕ(0) = 0, 0 < yϕ(y) < ky2, ∀y 6= 0,

and ϕ satisfies the Lipschitz condition
}
,

r(t) is a Markov process taking values in S =
{1, 2, · · · , N} with generator Γ = (γij)N×N given by

P{r(t+ ∆) = j|r(t) = i} =

{
γij∆ + o(∆), j 6= i,

1 + γii∆ + o(∆), j = i,

where ∆ > 0, γij ≥ 0 is the transition rate from state i
to j when j 6= i, and

γii = −
∑

j 6=i
γij ≤ 0.

In this paper, we always assume that r(t) is independent
of B(t).

If we choose a fixed ϕ, then we can obtain the Itô type
stochastic differential equation with Markovian switching

dx(t) =
[
A
(
r(t)

)
x(t)−bϕ

(
cTx(t)

)]
dt+D

(
x(t), r(t)

)
dB(t),

(2)
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or

dx(t) = f
(
x(t), t, r(t)

)
dt+ g

(
x(t), t, r(t)

)
dB(t), (3)

where f : Rn×R+×S→ Rn and g : Rn×R+×S→ Rn×m
are defined by

{
f(x, t, i) = A(i)x− bϕ(cTx),

g(x, t, i) = D(x, i).
(4)

We shall impose some hypotheses:

(H1) D(x, i) satisfies the Lipschitz condition: ∃K > 0
such that

|D(x, i)−D(y, i)| ≤ K|x− y|, ∀x, y ∈ Rn, ∀i ∈ S. (5)

(H2) There exists a constant λ > 0, such that ∀i ∈ S,
for any symmetric positive-definite matrix P ∈ Rn×n,

trace
(
DT (x, i)PD(x, i)

)
≤ λxTPx, ∀x ∈ Rn. (6)

(H3) ∀i ∈ S, D(0, i) = 0.
Throughout this paper, we will use the trace norm for

matrix A = (aij)m×n given by

|A| :=
√

trace(ATA) =

( m∑

i=1

n∑

j=1

a2ij

) 1
2

. (7)

From (6) we have

|D(x, i)| =
√

trace
(
DT (x, i)D(x, i)

)
≤
√
λ|x|, ∀x ∈ Rn,

(8)
so hypothesis (H2) contains (H3). Substitute y = 0 into
(5), then by (H3) we have

|D(x, i)| ≤ K|x| ≤ K
(
1 + |x|

)
, ∀x ∈ Rn, ∀i ∈ S,

which is the linear growth condition. So there exists a
unique solution to equation (2) or (3), and x(t) = 0 is the
trivial solution under hypotheses (H1) and (H2) or under
hypotheses (H1) and (H3).

In this paper, we always let R+ denote the interval
[0,+∞), and I denote the identity matrix. We now
present some definitions and useful lemmas.

Definition 2.1. The set of K-class functions is defined
by

K :=
{
µ ∈ C(R+;R+) : µ is monotonically strictly

increasing, and µ(0) = 0
}
.

Definition 2.2. The set of K∞-class functions is defined
by

K∞ :=
{
µ ∈ K : µ(s)→∞ when s→∞

}
.

Lemma 2.1. Let P ∈ Rn×n be a symmetric positive-
definite matrix, D(x) is a Rn×m-valued function matrix
satisfying (H1) and (H3), then we have

trace
(
DT (x)PD(x)

)
≤ trace(P )K2|x|2. (9)

Lemma 2.2. Let H ∈ Rn×n be a n × n real matrix,
P ∈ Rn×n be a symmetric positive-definite matrix. If

−PH −HTP > 0, (10)

then Reλ(H) < 0, which means that all eigenvalues of H
have negative real parts.

Lemma 2.3. Ai ∈ Rn×n, b, c ∈ Rn, Γ = (γij)N×N , and
k > 0 are given in the system (1). λ > 0 is given by
hypothesis (H2). If there exist αi > 0 and symmetric
positive-definite matrices Pi ∈ Rn×n, i ∈ S, such that

Ri −
k

αi
did

T
i > 0, ∀i ∈ S, (11)

where





−Ri = PiAi +ATi Pi + λPi +

N∑

j=1

γijPj ,

di = Pib−
1

2
αic,

(12)

then ∀i ∈ S, we have

Reλ

(
Ai+

λ+ γii
2

I

)
< 0,Reλ

(
Ai−

k

2
bcT+

λ+ γii
2

I

)
< 0,

(13)
which means that all eigenvalues of the matrix

Gi := Ai +
λ+ γii

2
I and Hi := Ai −

k

2
bcT +

λ+ γii
2

I

(14)
have negative real parts.

Lemma 2.4. Ai ∈ Rn×n, b, c ∈ Rn, Γ = (γij)N×N , and
k > 0 are given in the system (1). K > 0 is given by
hypothesis (H1). If there exist αi > 0 and symmetric
positive-definite matrices Pi ∈ Rn×n, i ∈ S, such that

Ri −
k

αi
did

T
i > 0, ∀i ∈ S, (15)

where





−Ri = PiAi +ATi Pi + trace(Pi)K
2I +

N∑

j=1

γijPj ,

di = Pib−
1

2
αic,

(16)
then ∀i ∈ S, we have

Reλ

(
Ai+

γii
2
I

)
< 0 and Reλ

(
Ai−

k

2
bcT+

γii
2
I

)
< 0,

(17)
which means that all eigenvalues of the matrix

Gi := Ai +
γii
2
I and Hi := Ai −

k

2
bcT +

γii
2
I (18)

have negative real parts.

234 ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014



Absolute Stability of a Class of Stochastic Switched Systems

Lemma 2.5. Let H be a n×n matrix whose eigenvalues
all have negative real parts, i.e. Reλ(H) < 0. Then for
all Q ∈ Rn×n, equation

PH +HTP = −Q

has a unique solution

P =

∫ ∞

0

eH
T tQeHt dt.

Moreover, if Q is symmetric positive-definite, then so is
P .

This lemma can be found in any books on automatic
control, like [12].

At last, we introduce an operator LV : Rn×R+×S→ R
corresponding to V ∈ C2,1

(
Rn×R+×S;R

)
and SDE (3)

given by

LV (x, t, i) = Vt(x, t, i) + Vx(x, t, i)f(x, t, i)

+
1

2
trace

[
gT (x, t, i)Vxx(x, t, i)g(x, t, i)

]

+
N∑

j=1

γijV (x, t, j).

3 Main results

Definition 3.1. System (1) is said to be stochastical-
ly absolutely stable with respect to (w.r.t.) F(0,k) if
∀ϕ ∈ F(0,k), the trivial solution of equation (2) or (3)
is stochastically asymptotically stable in the large, which
means that
(i) ∀ε ∈ (0, 1) and ∀r > 0, ∃δ = δ(ε, r, t0) such that

P{|x(t; t0, x0, i)| < r,∀t ≥ t0} ≥ 1− ε

whenever (x0, i) ∈ Sδ × S;
(ii) ∀(t0, x0, i) ∈ R+ × Rn × S,

P
{

lim
t→∞

x(t; t0, x0, i) = 0
}

= 1.

Theorem 3.1. Assume that the system (1) satisfies hy-
potheses (H1), (H2) and (13). If there exist αi > 0 and
symmetric positive-definite matrices Pi ∈ Rn×n, i ∈ S,
such that

Ri −
k

αi
did

T
i > 0, ∀i ∈ S,

where





−Ri = PiAi +ATi Pi + λPi +
N∑

j=1

γijPj ,

di = Pib−
1

2
αic,

(19)

then system (1) is stochastically absolutely stable w.r.t.
F(0,k).

Proof. Let V (x, t, i) = xTPix, i = 1, 2, · · · , N , then

Vt(x, t, i) = 0, Vx(x, t, i) = 2xTPi, Vxx(x, t, i) = 2Pi.

It’s easy to know that

λmin(Pi)|x|2 ≤ V (x, t, i) ≤ λmax(Pi)|x|2.

Let

λ1 = min
i∈S

λmin(Pi), λ2 = max
i∈S

λmax(Pi).

Define µ1, µ2 : R+ → R+ by µ1(s) := λ1s
2 and µ2(s) :=

λ2s
2, then we have µ1, µ2 ∈ K∞ and

µ1(|x|) ≤ V (x, t, i) ≤ µ2(|x|),∀(x, t, i) ∈ Rn × R+ × S.

According to the criteria of stochastically asymptotically
stable in the large for the SDE with Markovian switching
([10, Theorem 5.37]), we just need to show that there
exists µ3 ∈ K such that

LV (x, t, i) ≤ −µ3(|x|),∀(x, t, i) ∈ Rn×R+×S,∀ϕ ∈ F(0,k).

From the definition of F(0,k) we know that

αiϕ(y)

(
y − 1

k
ϕ(y)

)
≥ 0, ∀αi ≥ 0.

Then by (H2), ∀x 6= 0, ∀t ≥ t0, ∀i ∈ S, ∀ϕ ∈ F(0,k),

LV (x, t, i)

= 2xTPi
[
A(i)x− bϕ(y)

]
+ trace

[
DT (x, i)PiD(x, i)

]

+
N∑

j=1

γijx
TPjx

≤ xTPiAix+ xTATi Pix− 2bTPixϕ(y) + λxTPix

+

N∑

j=1

γijx
TPjx+ αiϕ(y)

(
cTx− 1

k
ϕ(y)

)

−αiϕ(y)

(
y − 1

k
ϕ(y)

)

≤ xT
(
PiAi +ATi Pi + λPi +

N∑

j=1

γijPj

)
x

−2

(
Pib−

1

2
αic

)T
xϕ(y)− αi

k
ϕ2(y)

= −
(
xT , ϕ(y)

) [ Ri di
dTi αi/k

] [
x

ϕ(y)

]
.

It’s easy to know that if

Mi :=

[
Ri di
dTi αi/k

]
> 0,

then

Wi(x) := −
(
xT , ϕ(cTx)

)
Mi

[
x

ϕ(cTx)

]
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is negative-definite, then there exists a function µ3 ∈ K
such that LV (x, t, i) ≤ Wi(x) ≤ −µ3(|x|) ([5, Theorem
1.3.3]). We know that

[
I −kdi/αi
0 1

] [
Ri di
dTi αi/k

] [
I 0

−kdTi /αi 1

]

=

[
Ri − kdidTi /αi 0

0 αi/k

]
,

so Mi > 0 if and only if

Ri −
k

αi
did

T
i > 0 and

αi
k
> 0.

Consider the matrix equations

−PiGi−GTi Pi = Qi and −PiHi−HT
i Pi = Q̃i, i ∈ S,

where Gi and Hi are given by (14), by Lemma 2.5, we
can obtain the following corollary.

Corollary 3.1. Assume that the system (1) satisfies hy-
potheses (H1), (H2) and (13). If there exist αi > 0
and symmetric positive-definite matrices Qi ∈ Rn×n(or
Q̃i ∈ Rn×n), i ∈ S, such that

Ei := Qi −
∑

j 6=i
γij

[ ∫ ∞

0

eG
T
j tQje

Gjt dt

]

− k

αi

([∫ ∞

0

eG
T
i tQie

Git dt

]
b− 1

2
αic

)
×

([∫ ∞

0

eG
T
i tQie

Git dt

]
b− 1

2
αic

)T
> 0, ∀i ∈ S,

(or

Ẽi := Q̃i −
∑

j 6=i
γij

[ ∫ ∞

0

eH
T
j tQ̃je

Hjt dt

]

− k

αi

[ ∫ ∞

0

eH
T
i tQ̃ie

Hit dt

]
bbT
[ ∫ ∞

0

eH
T
i tQ̃ie

Hit dt

]

−k
4
αicc

T > 0, ∀i ∈ S, )

then system (1) is stochastically absolutely stable w.r.t.
F(0,k).

In previous, we assume that the diffusion coefficient
satisfies (H2) following [7]. However, this is too strong.
Next, we will give another result under a weaker assump-
tion.

Theorem 3.2. Assume that the system (1) satisfies hy-
potheses (H1), (H3) and (17). If there exist αi > 0 and
symmetric positive-definite matrices Pi ∈ Rn×n, i ∈ S,
such that

Ri −
k

αi
did

T
i > 0, ∀i ∈ S,

where




−Ri = PiAi +ATi Pi + trace(Pi)K
2I +

N∑

j=1

γijPj ,

di = Pib−
1

2
αic,

(20)
then system (1) is stochastically absolutely stable w.r.t.
F(0,k).

Proof. Let V (x, t, i) = xTPix, i = 1, 2, · · · , N . The left of
the proof is similar to previous, noting that

trace
[
DT (x, i)PiD(x, i)

]
≤ trace(Pi)K

2xTx.

4 Examples

In this section, we use an example to illustrate our main
result.

Example 4.1. Let B(t) be a 1-dimensional Brownian
motion, S = {1, 2, 3}, r(t) be a right-continuous Markov
chain with generator

Γ =



−1 0.5 0.5

1 −2 1
1 2 −3


 .

Let

A1 =



−1 0 1

1 −2 0
−1 0 −3


 , A2 =



−4 1 2

0 −5 0
−1 0 −6


 ,

A3 =



−7 0 3

0 −8 0
1 0 −9


 ,

where Ai = A(i), i = 1, 2, 3, b = (1, 1, 1)T , c = (1, 1, 1)T ,
k = 5. Let

D(x, i) =
i

3
x, i = 1, 2, 3,

then λ = 1.
It’s easy to know that hypotheses (H1) and (H2) are

satisfied. And we get

max Reλ(Gi) = −2 < 0, max Reλ(Hi) = −2.1248 < 0,

then (13) is satisfied, so we can use Theorem 3.1.
Let α1 = 1, α2 = 1, α3 = 1, Q0 = I, M = 1, using the

M -method, we can obtain

P̃1 =




0.5404 0.0458 0.0561
0.0458 0.2753 0.0364
0.0561 0.0364 0.2159


 ,

λmin(P̃1) = 0.1954,

λmax(P̃1) = 0.5592,

P̃2 =




0.2312 0.0400 0.0446
0.0400 0.2106 0.0317
0.0446 0.0317 0.1888


 ,

λmin(P̃2) = 0.1595,

λmax(P̃2) = 0.2913,
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P̃3 =




0.2091 0.0184 0.0591
0.0184 0.1875 0.0201
0.0591 0.0201 0.1820


 ,

λmin(P̃3) = 0.1345,

λmax(P̃3) = 0.2655.

And it’s obvious that MQ0 − P̃i > 0, ∀i ∈ S, so we
can choose Pi = P̃i, then by Theorem 3.1, this system
is stochastically absolutely stable w.r.t. F(0,5). Actually,
we have

R1 −
k

α1
d1d

T
1 =




0.7798 −0.0292 −0.0518
−0.0292 0.8009 −0.0259
−0.0518 −0.0259 0.8146


 ,

λmin

(
R1 −

k

α1
d1d

T
1

)
= 0.7231,

R2 −
k

α2
d2d

T
2 =




1.2505 −0.0642 −0.1153
−0.0642 1.5371 −0.0566
−0.1153 −0.0566 1.6021


 ,

λmin

(
R2 −

k

α2
d2d

T
2

)
= 1.1981,

R3 −
k

α3
d3d

T
3 =




1.9972 −0.1259 −0.1452
−0.1259 2.3034 −0.0998
−0.1452 −0.0998 2.4065


 ,

λmin

(
R3 −

k

α3
d3d

T
3

)
= 1.8949.
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GLOBAL EXPONENTIAL STABILITY OF DISCRETE-TIME
DELAY SYSTEMS SUBJECT TO IMPULSIVE PERTURBATIONS

Kexue Zhang, Xinzhi Liu and Wei-Chau Xie ∗†

Abstract. This paper considers the discrete-time delay systems

subject to impulsive perturbations. Global exponential stability

results are established, by employing Razumikhin technique and

Lyapunov functions. It is shown that a stable discrete-time delay

system can successfully tolerate impulsive perturbations to a certain

extent. Corresponding results for linear discrete-time delay systems

are also derived. A numerical example is provided to demonstrate

the main results.

Keywords. Discrete-time system, Impulsive perturbation, Time

delay, Exponential stability, Razumikhin technique

1 Introduction

Due to the wide existence of time-delay and the impor-
tance of discrete-time systems in mathematical modelling
and numerical simulations, the stability of discrete-time
delay systems has been investigated extensively over the
past few decades (see, e.g., [1], [2], [3], [4], [5]). On the
other hand, impulsive effect is a real-world phenomenon
that arises in many applied fields, such as secure com-
munications [6], disease infections [7], spacecraft maneu-
vers [8], dynamical networks [9]. Recently, the impul-
sive discrete-time systems have been received considerable
attentions and various stability results have been estab-
lished (see, [10], [11], [12], [13]).

In terms of time-delay, two commonly used approaches
for stability analysis are Razumikhin technique and Lya-
punov functional method. Among these two methods,
Razumikhin technique has its advantages in two aspects:
it’s easier to construct suitable Lyapunov function than
a appropriate Lyapunov functional; it does not require
the Lyapunov function to vary uniformly on the whole
state space. Moreover, when dealing with impulses, it’s
straightforward for the impulse to alter the value of a
Lyapunov function at each impulsive instants. Based on
Razumikhin technique, numerous stability results have
been reported in literatures (see, e.g., [14], [15], [16], [17],
[18]). In [14], stability and asymptotic stability of impul-
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sive discrete-time systems with time-delay were studied,
then Liu and Zhang improved these results in [15]. Ex-
ponential stability was investigated in [16] and [17]. It
is worth noting from these results that impulses can suc-
cessfully stabilize an unstable system. However, the im-
pulse is a double-edge sword, i.e., it could also destroy
the stability of a system or lead to a poor system per-
formance. Impulsive perturbations to discrete-time delay
systems have been studied in [18]. By Razumikhin tech-
nique, sufficient conditions have been obtained to guaran-
tee the impulsive perturbed system can stay exponentially
stable.

In this paper, we will study the exponential stability
of discrete-time systems subject to impulsive perturba-
tions which are different from the ones studied in [18]
(see Remark 3.1 for more details). The rest of the pa-
per is organized as follows. In Section 2, preliminaries
about the system model are introduced. Then in Sec-
tion 3, Razumikhin-type stability results are addressed.
A numerical example is provided in Section 4 to illustrate
and interpret the theoretical results. Finally, the paper is
concluded by Section 5.

2 Preliminaries

Let R be the real numbers, R+ the nonnegative real num-
bers, Z the integers, Z+ the nonnegative integers, N the
natural numbers, i.e., N = {1, 2, ...}, and for some posi-
tive integer τ , let N−τ = {−τ,−τ + 1, ...,−1, 0}. Let RN
denote the N−dimensional real space equipped with the
Euclidean norm. Let ||A|| denote the spectral norm of
matrix A induced by the Euclidean vector norm. For a
given integer τ , let C = {φ : N−τ → RN}. For any φ ∈ C,
we define ||φ||τ = maxθ∈N−τ {||φ(θ)||}.

Consider the following impulsive discrete system with
time-delay:




x(n+ 1) = f(n, xn), n ≥ n0,

x(n) =

{
x(n), n 6= nk,
x(n) + Ik(n, x(n)), n = nk, k ∈ N,

xn0
= φ,

(1)

where x ∈ RN , n0 ∈ Z+, f : Z+ × C → RN , φ ∈ C,
and xn ∈ C is defined by xn(s) = x(n + s) for any s ∈
N−τ , with τ ∈ N representing the delay in system (1);
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Ik : N × RN → RN for k ∈ N, and 0 ≤ n0 < n1 < ... <
nk < ... with limk→∞ nk =∞. It can be seen that x(nk)
denotes the state x at nk with the impulse, and x(nk)
denotes the state x at nk without the impulse. Hence,
if we set, by analogy to the impulsive continuous-time
system, x(n+

k ) = x(nk), then system (1) can be rewritten
in the following form:





x(n+ 1) = f(n, xn), n+
k−1 ≤ n < nk,

∆x(n) = Ik(n, x(n)), n = nk, k ∈ N,
xn0

= φ,
(2)

where ∆x(nk) = x(n+
k ) − x(nk), and xn+

k
(s) = x((nk +

s)+) for s ∈ N−τ , k ∈ N, which have also been consid-
ered in [9], [11], [19]. Without loss of generality, we shall
investigate system (2) instead of system (1) as the equiv-
alence of the two forms of systems. For more detailed
discussions of system models (1) and (2), please refer to
[16] and [18].

We assume f(n, 0) ≡ 0 and Ik(n, 0) ≡ 0 (k ∈ N) so
that system (2) admits the trivial solution. The solution
of system (2) is denoted by x(n) = x(n;n0, φ) for any
given initial condition: n0 ∈ Z+ and φ ∈ C.

Definition 2.1. The trivial solution of system (2) is said
to be globally exponentially stable (GES), if, for any initial
condition xn0

= φ, there exist constant α > 0 and M ≥ 1
such that

||x(n;n0, φ)|| ≤M‖φ‖τe−α(n−n0), for all n ≥ n0.

3 Razumikhin-Type Theorems

In this section, we first investigate the global exponential
stability of system (2).

Theorem 3.1. Assume that there exist V : Z × RN →
R+, and positive constants c1, c2, p, γ and c < 1 such
that the following conditions hold:

(i) c1||x||p ≤ V (n, x) ≤ c2||x||p for n ≥ n0 − τ and
x ∈ RN ;

(ii) for n+
k−1 ≤ n < nk (k ∈ N), if qV (n+ 1, x(n+ 1)) ≥

V (n+ s, x(n+ s)) for all s ∈ N−τ , then

V (n+ 1, x(n+ 1))− V (n, x(n)) ≤ −cV (n, x(n)),

where q ≥ 1
1−c is a constant;

(iii) for each k ∈ N,

V (n+
k , x(nk) + Ik(nk, x(nk))) ≤ γV (nk, x(nk));

(iv) q > γ ≥ 1 and ln(1 − c) < ln(1/γ)
ρ , where ρ =

infk∈N{nk − nk−1}.

Then the trivial solution of system (2) is GES.

Proof: Let x(n) = x(n;n0, φ) denote the solution of
system (2) with any given initial time n0 and initial data
φ ∈ C. Without loss of generality, one assume that φ is
not trivial so that x(n) is a nontrivial solution. It follows
from condition (iv) that there exist positive numbers µ
and h such that

q ≥ (γ + h)eµ(τ+1) > γ, (3)

and

µ+ ln(1− c) ≤
ln( 1

γ+h )

ρ
. (4)

Let w(n) = eµ(n−n0)V (n, x(n)) for n ≥ n0 − τ . We shall
show that

w(n) ≤ c1M ||φ||pτ , for n ≥ n0,

where M > q̄ c2c1 with q̄ = γ + h.
First, we will show that

w(n) ≤ c1M ||φ||pτ , for n0 ≤ n ≤ n1. (5)

Suppose (5) is not true and observe that

w(n) ≤ V (n, x(n)) ≤ c2||φ||pτ <
1

q̄
c1M ||φ||pτ < c1M ||φ||pτ

for n0 − τ ≤ n ≤ n0, which implies

w(n0) <
1

q̄
c1M ||φ||pτ < c1M ||φ||pτ . (6)

Define

n∗ = inf{n0 ≤ n ≤ n1 | w(n) > c1M ||φ||pτ},

then n∗ ≥ n0 + 1, w(n∗) > c1M ||φ||pτ , and w(n) ≤
c1M ||φ||pτ for n ≤ n∗ − 1. In view of (6), define

n̄ = sup{n0 ≤ n ≤ n∗ | w(n) <
1

q̄
c1M ||φ||pτ},

then, n̄ ≤ n∗ − 1, w(n̄) < 1
q̄ c1M ||φ||pτ , and w(n) ≥

1
q̄ c1M ||φ||pτ for n̄ < n ≤ n∗. Thus, for n̄ ≤ n < n∗,
one has n̄ < n+ 1 ≤ n∗ and

w(n+ 1) ≥ 1

q̄
c1M ||φ||pτ ≥

1

q̄
w(n+ s), for s ∈ N−τ ,

then q̄w(n + 1) ≥ w(n + s). It follows that, for any s ∈
N−τ ,

q̄w(n+ 1) = q̄eµ(n−n0)eµV (n+ 1, x(n+ 1))
≥ w(n+ s)
= eµ(n−n0)eµsV (n+ s, x(n+ s))
≥ eµ(n−n0)e−µτV (n+ s, x(n+ s)),

which implies that

qV (n+ 1, x(n+ 1)) ≥ q

q̄eµ(τ+1)
V (n+ s, x(n+ s))
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≥ V (n+ s, x(n+ s)).

By Razumikhin-type condition (ii), one obtains that

V (n+ 1, x(n+ 1)) ≤ (1− c)V (n, x(n)), for n̄ ≤ n < n∗.

Then, for n̄ ≤ n < n∗,

w(n+ 1) = eµ(n+1−n0)V (n+ 1, x(n+ 1))
≤ eµ(n+1−n0)(1− c)V (n, x(n))
= eµ(1− c)w(n)
≤ w(n).

It follows that w(n∗) ≤ w(n̄), which is a contradiction.
Hence, (5) is true.

Next, assume that

w(n) ≤ c1M ||φ||pτ , for n+
k−1 ≤ n ≤ nk, (7)

for all k ≤ m. We proceed to show that

w(n) ≤ c1M ||φ||pτ , for n+
m ≤ n ≤ nm+1. (8)

In order to do this, we first claim that

w(nm) ≤ 1

q̄
c1M ||φ||pτ . (9)

Suppose (9) is not true, then w(nm) > 1
q̄ c1M ||φ||pτ . In

order to derive the contradiction, one considers the fol-
lowing two cases:

Case 1. w(n) > 1
q̄ c1M ||φ||pτ for all n+

m−1 ≤ n ≤ nm.

Case 2. There exists some n (n+
m−1 ≤ n < nm) such

that w(n) ≤ 1
q̄ c1M ||φ||pτ .

It follows from Case 1 that, for n+
m−1 ≤ n < nm,

w(n+ 1) >
1

q̄
c1M ||φ||pτ ≥

1

q̄
w(n+ s), for all s ∈ N−τ ,

which, together with condition (ii), implies

w(n+ 1) ≤ eµ(1− c)w(n), for n+
m−1 ≤ n < nm.

Then,

w(nm) ≤ (eµ(1− c))nm−nm−1w(n+
m−1)

≤ (eµ(1− c))ρw(n+
m−1)

≤ (eµ(1− c))ρc1M ||φ||pτ
≤ 1

q̄
c1M ||φ||pτ ,

which is a contradiction.
For Case 2, define n̄ = sup{n+

m−1 ≤ n < nm | w(n) ≤
1
q̄ c1M ||φ||pτ}. Then, w(n̄) ≤ 1

q̄ c1M ||φ||pτ and w(n) >
1
q̄ c1M ||φ||pτ for n̄ < n ≤ nm. Thus, for n̄ ≤ n < nm,
one has n̄ < n+ 1 ≤ nm and

w(n+ 1) >
1

q̄
c1M ||φ||pτ ≥

1

q̄
w(n+ s), ∀ s ∈ N−τ . (10)

From condition (ii) and (10), one can get that

w(n+ 1) ≤ eµ(1− c)w(n) ≤ w(n), for n̄ ≤ n < nm.

Then, w(nm) ≤ w(n̄) ≤ 1
q̄ c1M ||φ||pτ , which also is a con-

tradiction. Hence, the claim (9) is true. By condition
(iii), one obtains that

w(n+
m) ≤ γw(nm) ≤ γ

q̄
c1M ||φ||pτ < c1M ||φ||pτ .

Suppose (8) is not true, and define n∗ = inf{n+
m ≤

n ≤ nm+1 | w(n) > c1M ||φ||pτ}. Then, n∗ ≥ nm + 1,
w(n∗) > c1M ||φ||pτ , and w(n) ≤ c1M ||φ||pτ for n+

m ≤ n <
n∗. Define n̄ = sup{n+

m ≤ n < n∗ | w(n) ≤ γ
q̄ c1M ||φ||pτ},

then w(n̄) ≤ γ
q̄ c1M ||φ||pτ and w(n) > γ

q̄ c1M ||φ||pτ for n̄ <
n ≤ n∗.

For n̄ ≤ n < n∗, one can see that n̄ < n+ 1 ≤ n∗ and

w(n+ 1) >
γ

q̄
c1M ||φ||pτ ≥

1

q̄
c1M ||φ||pτ ≥

1

q̄
w(n+ s)

for s ∈ N−τ , which implies w(n + 1) ≤ eµ(1 − c)w(n) ≤
w(n) for n̄ ≤ n < n∗. Then

w(n∗) ≤ w(n̄) ≤ γ

q̄
c1M ||φ||pτ < c1M ||φ||pτ ,

which leads to a contradiction. Therefore, (8) must be
true.

By mathematical induction on m, one can conclude
that

w(n) ≤ c1M ||φ||pτ , ∀n ≥ n0,

i.e.,

V (n, x(n)) ≤ c1M ||φ||pτe−µ(n−n0), ∀n ≥ n0.

By condition (i), we actually have shown that

||x(n)|| ≤M1/p||φ||τe−
µ
p (n−n0), ∀n ≥ n0,

which shows that the trivial solution of system (2) is GES.

If Ik ≡ 0 in system (2), then system (2) reduces to the
following nonlinear discrete-time system with delays:

{
x(n+ 1) = f(n, xn), n ≥ n0,
xn0

= φ,
(11)

where f , φ, xn and xn0
are defined the same as those for

system (2). It can be seen that conditions (iii) and (iv) of
Theorem 3.1 is satisfied for system (11) with γ = 1. Then
we have the following stability result for system (11).

Corollary 3.1. Assume that there exist V : Z × RN →
R+, and positive constants c1, c2, p and c < 1 such that
conditions (i) and (ii) of Theorem 3.1 hold, then the triv-
ial solution of system (11) is GES.

Some remarks about Theorem 3.1 and Corollary 3.1 are
discussed as follows.
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Remark 3.1. To apply the Razumikhin-type condition
(ii) of Theorem 3.1, we have to compare V (n+1, x(n+1))
with V (n, x(n)) after comparing V (n + 1, x(n + 1)) with
V (n, x(n)), V (n−1, x(n−1)), ..., V (n−τ, x(n−τ)), i.e.,
we need to compare V (n + 1, x(n + 1)) with V (n, x(n))
twice to make the following two inequalities hold: qV (n+
1, x(n + 1)) ≥ V (n, x(n)) and V (n + 1, x(n + 1)) ≤ (1 −
c)V (n, x(n)). Hence, the condition q ≥ 1

1−c is written
explicitly in Theorem 3.1 to avoid the self-contradiction
in condition (ii).

Remark 3.2. Corollary 3.1 shows that under conditions
(i) and (ii) the impulsive free system is GES, and The-
orem 3.1 gives sufficient conditions to guarantee that the
system with impulsive perturbations can still attain the
GES property. Condition (iv) of Theorem 3.1 shows that
impulsive perturbations can not happen frequently, i.e.,
there is a lower bound for the time difference of two suc-
cessive impulsive perturbations. The GES property of sys-
tem (11) subject to impulsive perturbations has been in-
vestigated in [18]. However, condition (iii) of Theorem
3.1 shows that the impulsive strength must be bounded,
but the total energy

∑∞
k=1(γ − 1) of the impulses can be

unbounded. Therefore, the result in [18] is not applicable
to analyze the stability of system (11) subject to this kind
of impulsive perturbations.

Remark 3.3. From the proof of Theorem 3.1, one can
see that constants µ and M are independent on the ini-
tial time n0. Then GES in Definition 2.1 is called glob-
ally uniformly exponentially stable (GUES). The GUES
property of system (11) has been studied in [20] by Razu-
mikhin technique. It’s worth noting that there are two
Razumikhin-type conditions in the GUES result in [20].
In Corollary 3.1, only one Razumikhin-type condition is
needed, which makes our result easier to verify. Further-
more, the convergence speed is estimated in the proof of
Theorem 3.1, which is µ/p. It can be seen from (3) and
(4) that µ is closely related to the destabilizing impulsive
strength γ, the delay size τ , and the constant q in the
Razumikhin-type condition (ii). When τ becomes larg-
er, µ has to be sufficient small to guarantee that (3) is
satisfied, i.e., large delay in system (2) leads to slow con-
vergence speed of the system response.

Next, consider the linear impulsive discrete-time delay
system in the form of




x(n+ 1) = Ax(n) +Bx(n+ h(n)), n+
k−1 ≤ n < nk,

∆x(nk) = Ckx(nk), k ∈ N,
xn0

= φ,
(12)

where x ∈ RN , A,B ∈ RN×N , φ ∈ C and h : Z+ → N−τ .
We have the following result.

Theorem 3.2. Suppose that there exist constants γ ≥ 1
and q > γ such that

(i) γ ≥ ||E + Ck||, k ∈ N;

(ii) ||A|| + ||B|| ≥ 1
q and γ1/ρ||A|| + q||B|| < 1, where

ρ = infk∈N{nk − nk−1}.
Then the trivial solution of system (12) is GES.

Proof: Let V (x) = ||x||, then condition (i) of Theorem
3.1 is satisfied with c1 = c2 = p = 1. If qV (x(n + 1)) ≥
V (x(n+ s)) for s ∈ N−τ , then

V (x(n+ 1)) ≤ ||A||V (x(n)) + ||B||V (x(n+ h(n)))
≤ ||A||V (x(n)) + q||B||V (x(n+ 1)),

i.e., V (x(n + 1)) − V (x(n)) ≤ −cV (x(n)) with c =

1 − ||A||
1−q||B|| . Condition (ii) implies that 0 < c < 1 and

q(1 − c) ≥ 1, which shows that condition (ii) of Theo-
rem 3.1 holds. Also, conditions (i) and (ii) demonstrate
that condition (iii) and condition (iv) of Theorem 3.1 are
satisfied, respectively. Therefore, we can conclude from
Theorem 3.1 that the trivial solution of system (12) is
GES.

As discussed for the nonlinear system, if Ck ≡ 0 (k ∈
N), then we have the following linear discrete-time system
with time-varying delays
{
x(n+ 1) = Ax(n) +Bx(n+ h(n)), n ≥ n0,
xn0

= φ.
(13)

Clearly, condition (i) of Theorem 3.2 is satisfied with γ =
1. Furthermore, if we choose q = (||A|| + ||B||)−1 > 1,
then ||A||+ q||B|| < 1 for ||A|| 6= 0 and ||A||+ ||B|| < 1.
Hence, condition (ii) of Theorem 3.2 holds. We conclude
the above discussion with the following result.

Corollary 3.2. If ||A|| > 0 and ||A|| + ||B|| < 1, then
the trivial solution of system (13) is GES.

Remark 3.4. Based on the proof of Theorem 3.1, we can
see from Corollary 3.2 and Theorem 3.2 that the larger
||A|| + ||B|| becomes with ||A|| + ||B|| < 1, the slower
convergence speed system (13) will have and less impul-
sive perturbations system (13) can tolerate. Furthermore,
Theorem 3.2 and Corollary 3.2 are delay-independent sta-
bility results, which are very important for stability analy-
sis of systems with large or even unknown bounded delays.
However, as discussed in Remark 3.3, the system conver-
gence speed depends on the system delays. See Example
4.1 for illustrations.

4 An Example

Example 4.1. Consider the linear impulsive discrete de-
lay system




x(n+ 1) = Ax(n) +Bx(n− τ), n+
k−1 ≤ n < nk,

∆x(nk) = Ckx(nk), k ∈ N,
xn0

= φ,
(14)

where x = (x1, x2)T , n0 = 0, τ = 5, nk = 5k(k ∈ N),
φ(s) = (0.9, 1.5)T for s ∈ N−τ , and
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Figure 1: Simulation results for Example 4.1: (a) system response without impulses; (b) system response with
impulsive perturbations.

A =

[
0.4 0.2
0.19 0.4

]
, B =

[
−0.03 0.11
0.12 0.1

]
,

Ck =

[
0.9 0
0 0.9

]
(k ∈ N).

Then, γ = ||E + Ck|| = 1.9 and ρ = infk∈N{nk −
nk−1} = 5. If we further choose q = 1.91 ≥ γ, then

1 > ||A||+ ||B|| = 0.7625 >
1

q
= 0.5263,

and
γ1/ρ||A||+ q||B|| = 0.9964 < 1.

Therefore, all the conditions of Theorem 3.2 are satisfied,
which implies that the trivial solution of system (14) with
the given parameters is GES. Numerical simulations for
this example are shown in Figure 1. It is clearly demon-
strated that a GES discrete delay system can successfully
tolerate impulsive perturbations.

Next, we increase the delay size in system (14) to
τ = 10, and replace B by B = diag{−0.4,−0.4}, then
||A|| + ||B|| = 0.9950 < 1. Thus, Corollary 3.2 says
that the trivial solution of the impulsive free system is
GES. Due to the increase of time-delay τ and the value
of ||A|| + ||B||, the convergence speed of the impulsive
free system will drop (see Figure 2(a) for an illustration),
which verifies our analysis in Remark 3.3 and 3.4. How-
ever, the system subject to the same impulsive pertur-
bations can not maintain the GES property. Numerical
simulations for this is shown in Figure 2(b).

5 Conclusions

In this paper, we have considered the discrete-time de-
lay systems subject to a class of impulsive perturbations,
which, to our best knowledge, has not been investigat-
ed. By Lyapunov-Razumikhin technique, sufficient con-
ditions have been established to guarantee the global ex-
ponential stability of the impulsive perturbed systems.
It can be seen that the result can be utilized to analyze
the stability of impulsive free discrete-time systems with
time-delay, and the result is easier to verify than the ex-
isting results in literatures. The impact of the impulsive
perturbation strength and the size of time-delay on the
convergence speed of the system has been discussed in de-
tails. Then the results obtained for nonlinear systems has
been applied to stability analysis of linear discrete-time
delay systems with and without impulsive perturbations,
respectively. Finally, an example has been provided with
numerical simulations to illustrate out theoretical results.
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Abstract.  The goal of this paper is to analyze the Tropospheric 

Ozone (O3) concentration time series and to find chaos in this 

time series. This study was based on daily averaged tropo-

spheric ozone (O3) data from Pardubice in Czech Republic. At 

first we estimated the time delay and the embedding dimension, 

which is needed for the Lyapunov exponent estimation and for 

the phase space reconstruction. Subsequently we computed the 

largest Lyapunov exponent, which is one of the important 

indicators of chaos. Then we calculated the 0-1 test for chaos, 

the correlation dimension and the Kolmogorov-Sinai entropy. 

The results indicated that chaotic behaviors obviously exist in 

the Tropospheric Ozone concentration time series. Finally we 

computed predictions using a radial basis function and poly-

nomials to fit global nonlinear functions to the data. 

Keywords.  Chaos theory, Tropospheric ozone, Time series 

analysis, Phase space reconstruction, Prediction. 

1 Introduction 

Tropospheric ozone (O3) is one of the major air pol-

lutants. The formation of ozone in the troposphere is a 

complex system involving the reactions of hundreds of 

precursors depending on the physical conditions. Pho-

tochemical pollution is formed from emissions of nitro-

gen oxides (NOx, where NOx = NO + NO2) and of volatile 

organic compounds (VOCs) and carbon monoxide (CO) 

in the presence of sunlight [1]. The most prominent 

sources of NO2 are internal combustion engines, thermal 

power stations and, to a lesser extent, pulp mills. The 

burning of biomass also creates additional pollutants 

including NOx [2]. 

Exposure to O3 induces effects on health and the en-

vironment, causing respiratory difficulties in sensitive 

people and possible damage to vegetation and ecosys-

tems. There is evidence from controlled human and an-

imal exposure studies of the potential for O3 to cause 

adverse health effects. There is a great deal of evidence to 

show that ground level ozone can harm lung function and 

irritate the respiratory system. Exposure to ozone and the 

pollutants that produce it is linked to premature death, 

asthma, bronchitis, heart attack, and other cardiopulmo-
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nary problems. [3] 

Recent advances in the modeling of air pollutants have 

led to the application of concepts including nonlinear 

modeling techniques. Numerous new methods of time 

series analysis have been developed for dealing with 

nonlinear data e.g. Abarnabel [4], Kantz et Schreiber [5], 

Mikšovský et Raidl [6]. The concepts from chaos theory 

reveals that, if the knowledge of a system in terms of its 

present and past states is available, then it is possible to 

make predictions of system’s future behavior. The ap-

proaches based on chaos theory are widely acceptable 

due to the assumption that, it is possible to predict the 

future state of the system based on the single scalar time 

series assuming that, all the information regarding the 

external forcing factors is contained in that single time 

series [7]. Chaos theory allows for the reconstruction of 

phase space from time series, which can be used for 

specifying the system states. Thus, the dynamics of the 

system can be investigated by studying the dynamics of 

the movement of the phase space points [8]. 

The modeling of O3 concentration has been studied in 

several works based on different unconventional ap-

proaches such as neural networks [9, 10, 11] and chaos 

approach [12,13, 14, 15,16]. 

The main idea in nonlinear time series modeling is that 

if the exact mathematical description of a dynamic sys-

tem is unknown, the state space can be reconstructed 

from single variable time series. [17]. Takens’ theorem 

[17] transforms the prediction problem from time ex-

trapolation to phase space interpolation. We investigate 

dynamical systems that define the time evolution of un-

derlying dynamics in a phase space. 

2 Problem statement and preliminar-

ies 

2.1 Input data 

This study was based on daily averaged tropospheric 

ozone (O3) data from Pardubice-Rosice from 1.1.2005 to 

31.12.2011. We used the mean of this data set to fill in 

several missing values. The data were provided by the 

Czech Hydrometeorological Institute for a related di-
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ploma thesis that is aimed at nonlinear and chaotic be-

havior of air pollutants time series. Pardubice is the cap-

ital of the Pardubice Region and lies on the river Elbe, 

100 km east of Prague (Fig. 1).  

 

 
Figure 1: Map of Czech Republic 

 

Peaks of O3 concentration are located in the middle of the 

year when temperatures are highest (Fig. 2). 

 
Figure 2: Daily averaged O3 concentration data from 

Pardubice 

 

2.2 Phase space reconstruction 

Let there be given a time series x1, x2, … , xN which is 

embedded into the m-dimensional phase space by the 

time delay vectors. A point in the phase space is given as: 

 )1(,...,2,1  ,...,, )1(   mNnxxxY mnnnn
 (1) 

where  is the time delay and m is the embedding di-

mension. Different choices of  and m yield different 

reconstructed trajectories. Kodba et al. [18] discuss How 

we can determine optimal  and m. Fraser and Swinney 

[19] introduced the mutual information between xn and 

xn+ as a suitable quantity for determining . The mutual 

information between xn and xn+ quantifies the amount of 

information we have about the state xn+ presuming we 

know the state xn. Now we can define mutual information 

function: 
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where Ph and Pk denote the probabilities that the variable 

assumes a value inside the h
th

 and k
th

 bins, respectively, 

and Ph,k() is the joint probability that xn is in bin h and 

xn+ is in bin k. The first minimum of I() then marks the 

optimal choice for the time delay. 

The embedding dimension m can be chosen using the 

“false nearest neighbors’” method. In order to calculate 

the fraction of false nearest neighbors the following al-

gorithm is used according to Kennel et al. [20]. Given a 

point p(i) in the m-dimensional embedding space, one 

first has to find a neighbor p(j), so that 

 )()( jpip  (3) 

We then calculate the normalized distance Ri between the 

(m + 1)th embedding coordinate of points p(i) and p(j) 

according to the equation: 
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If Ri is larger than a given threshold Rtr , then p(i) is 

marked as having a false nearest neighbor. Equation (4) 

has to be applied for the whole time series and for various 

m = 1, 2, … until the fraction of points for which Ri > Rtr 

is negligible [18]. 

The values of  and m are used to transform the univariate 

time series into the phase space vectors Yn stacked as 
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Note that each observed scalar value is repeated several 

time in this matrix. The sequence of the rows in this 

embedding matrix is important as it generates a trajectory 

in the phase space. [21] 

2.3 The largest Lyapunov exponent 

Lyapunov exponent λ of a dynamical system is a quantity 

that characterizes the rate of separation of infinitesimally 

close trajectories. Quantitatively, two trajectories in 

phase space with initial separation δZ0 diverge. 

0)( ZetZ t    (6) 

The largest Lyapunov exponent can be defined as fol-

lows: 
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The limit δZ0→0 ensures the validity of the linear ap-

proximation at any time. Largest Lyapunov exponent 

determines a notion of predictability for a dynamical 

system. A positive largest Lyapunov exponent is usually 

taken as an indication that the system is chaotic [22]. 

We have used the Rosenstein algorithm [23], which 

counts the largest Lyapunov exponent as follows: 
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where dj(i) is distance from the j point to its nearest 

neighbor after i time steps and M is the number of re-

constructed points. For more information see [23]. 

2.4 Correlation dimension 

There are many specific definitions of fractal dimension 

and correlation dimension is used in this paper. The 

method is based on the concept of correlation dimension 

DC suggested by Grassberger et Procaccia [24]. DC de-

scribes the dimensionality of the underlying process in 

relation to its geometrical reconstruction in phase space. 

DC quantifies the “strangeness” of an attractor [25]. DC is 

calculated using the fundamental definition. Define the 

correlation integral C(ε) for set of M data: 
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where Θ is the Heaviside step function. 

When a lower limit exists, the correlation dimension is 

then defined according power law as 
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The resulting Gaussian kernel correlation integral CG(ε) 

has the same scaling properties as the usual C(ε) [26]. 

Gaussian kernel correlation integral CG(ε) can be ob-

tained from usual C(ε) via 
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If C(ε) is given at discrete values of ε, the Gaussian kernel 

correlation integral CG(ε) can be carried out numerically 

by interpolating C(ε) with pure power laws [25]. 

2.5 Entropies 

Entropies are an information theoretical concept to 

characterize the amount of information needed to predict 

the next measurement with a certain precision. The most 

popular one is the Kolmogorov-Sinai entropy. When 

analyzing time series we are usually dealing with distri-

butions of delay vectors with delay τ in an m-dimensional 

reconstructed phase space. The m dependence of corre-

lation integral Cq in the limit of large m can then be ex-

pressed as 
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which defines the order q entropy hq. [25] Second order 

entropy is called Kolmogorov entropy. An algorithm for 

the determination of the Kolmogorov entropy is given in 

Cohen et Procaccia [27]. 

2.6 The 0-1 test for chaos 

A new test for the presence of deterministic chaos was 

developed by Gottwald et Melbourne [28]. Their ‘0 - 1‘ 

test for chaos takes as input a time series of measure-

ments, and returns a single scalar value usually in the 

range 0 - 1. The ‘0 - ‘ test does not depend on phase space 

reconstruction but rather works directly with the time 

series given. The input is the time-series data and the 

output is 0 or 1, depending on whether the dynamics is 

non-chaotic or chaotic. 
Briefly, the 0-1 test takes as input a scalar time series of 

observations φ1, ... , φN. According Dawes et Freeland 

[29], first we must fix a real parameter c and construct the 

Fourier transformed series: 
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Then we compute the smoothed mean square displace-

ment: 
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Finally we estimate correlation coefficient to evaluate the 

strength of the linear growth 
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2.7 Hurst exponent 

Hurst exponent (H) is widely used to characterize some 

processes. Hurst exponent is used to evaluate the pres-

ence or absence of long-range dependence and its degree 

in a time-series. For more information see [24, 30, 31]. 

The Hurst exponent is a measure that has been widely 

used to evaluate the self-similarity and correlation prop-

erties of fractional Brownian noise, the time-series pro-

duced by a fractional Gaussian process [32]. We can 

describe self-similarity process following equation: 

)()( tXaatX H  (16) 

where a is a positive constant, and H is the self-similarity 

parameter, for 0 < H < 1. 

We have used a methodology known as Rescaled Range 

analysis or R/S analysis. To calculate the Hurst exponent, 

one must estimate the dependence of the rescaled range 

on the time span n of observation. The Hurst exponent is 

defined in terms of the asymptotic behavior of the re-

scaled range as a function of the time span of a time series 

as follows: 
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Where [R(n)/S(n)] is the rescaled range; E[y] is expected 

value; n is number of data points in a time series, C is a 

constant. For more information see [13]. 
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2.8 Prediction 

Most properties of chaotic systems are much more easily 

determined from the governing equations than from a 

time series. Unfortunately, the governing equations are 

usually not known, except for well controlled laboratory 

experiments. Analyzing an empirical model, and maybe 

synthetic time series data generated from it, can provide a 

valuable consistency test for the results of time series 

analysis. The best we can hope for when fitting a model 

to data is that the result comes close to the real underlying 

dynamics. Nevertheless, chaotic dynamical systems ge-

nerically show the phenomenon of structural instability. 

This means that models with very similar characteristics 

may exhibit qualitatively different global dynamics, such 

as near to an attractor crisis. [6] 

According [8], using the reconstructed phase space for m 

and τ, a functional relationship f between the current state 

Y(t) and future state Y(t + T) can be given as 

))(()( tYfTtY   (18) 

where T represents the number of time steps ahead that 

one wishes to perform the prediction. Function f repre-

sents the approximation to unknown dynamical system. It 

is shown that for sufficiently large values of the embed-

ding dimension and if some additional conditions are 

satisfied, the reconstructed trajectory has the same top-

ological and geometrical properties as the system’s phase 

space trajectory [16]. This means that, if the conditions of 

Takens embedding theorem are met, this mapping cap-

tures some of the properties of the unknown dynamical 

system. The predictive mapping can be expressed as 

))(()( tYfTtY p  (19) 

The aim is to find the predictor fp, so that y(t + T) can be 

predicted based on the reconstructed time series. If the 

time series is chaotic, then fp is necessarily nonlinear. 

Several local and global approaches are available in the 

literature to find the function fp [33]. 

The local linear fits are very flexible, but can go wrong on 

parts of the phase space where the points do not span the 

available space dimensions and where the inverse of the 

matrix involved in the solution of the minimization does 

not exist. Moreover, very often a large set of different 

linear maps is unsatisfying. Therefore many authors 

suggested fitting global nonlinear functions to the data, 

i.e. to solve 
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where fp is now a nonlinear function in closed form with 

parameters p, with respect to which the minimization is 

done. The results depend on how far the chosen ansatz fp 

is suited to model the unknown nonlinear function, and 

on how well the data are deterministic at all. [26] 

 

Experiment 1. RBF model where fp is modeled by radial 

basis functions. A radial basis function (RBF) is a re-

al-valued function whose value depends only on the 

distance from the origin, or alternatively on the distance 

from some other point yi, called a center, so that 

)(),( ii yyyy   (21) 

Gaussian kernel is used in this analysis. 
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Hence the prediction made is: 
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Experiment 2. Polynomial model where fp is modeled by 

polynomial  
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where n is a natural number, the coefficients a0, . . ., an are 

elements of R, and X is a formal symbol, whose powers X
i
 

are just placeholders for the corresponding coefficients 

ai, so that the given formal expression is just a way to 

encode the sequence (a0, a1, . . .), where there is an n such 

that ai = 0 for all i > n. n is called order of polynomial. 

3 Main results 

We will use the mutual information approach to deter-

mine the time delay  and the false nearest neighbor 

method to determine the minimal sufficient embedding 

dimension m. This approach is described in chapter 2.1.  

is estimated from the graph in Fig. 3. The first minimum 

of the mutual information function I() (2) marks the 

optimal choice for the time delay. Thus, the time delay  

is 5.  

 
Figure 3: Mutual average information for the O3 series 

The embedding dimension m is chosen using the “false 

nearest neighbors’” method, estimated from the graph in 

Fig. 4. The minimum embedding dimension capable of 

containing the reconstructed attractor is that for which the 

percentage of false nearest neighbors drops to zero for a 

given tolerance level μ. Thus, the embedding dimension 

m is 6. 
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Figure 4: Fraction of false nearest neighbors for the O3 

series 

We used the Rosenstein algorithm for calculation the 

largest Lyapunov exponent. The calculation of the largest 

Lyapunov exponent depends on the estimation of the 

embedding dimension. The value of the largest Lyapunov 

exponent was estimated at 0,0014 for embedding di-

mension 6 and time delay 5. A positive largest Lyapunov 

exponent is one of the necessary conditions for chaotic 

behavior. Notice that the largest Lyapunov exponent is 

relatively small. Consequently, the rate of O3 concentra-

tion evolution is rather slow, showing that it is possible to 

accurately make a short-term forecast. 

Estimation of the correlation dimension is based on rela-

tionship between the Gaussian kernel correlation integral 

CG(ε) and radius ε on ln-ln scale with embedding di-

mensions m from 1 to 6 is shown in Fig 5. The saturation 

value of the correlation dimension for O3 concentration 

time series is 5,24. The value of the Kolmogorov entropy 

nitrogen dioxide concentration time series was calculated 

at 8,13 for embedding dimension 6. 

 

 
Figure 5: Ln CG(ε) versus ln(ε) plots for ozone concentra-

tion time series 

Then we calculated the correlation coefficient for the 0-1 

Test for Chaos. The value of the correlation coefficient 

was computed at 0,96. The correlation coefficient is near 

to 0 for non-chaotic data and near 1 for chaotic data. The 

value of correlation coefficient 0,96 is closer to 1. Hence 

we can assume to chaotic behavior in the O3 concentra-

tion time series. 

The Rescaled Range analysis gave us the value of the 

Hurst exponent 0,87. The value indicates the present of 

long memory in O3 time series and it is in accordance 

with our expectation. We know that the value of H is 

between 0 and 1, whilst real time series are usually higher 

than 0,5. If the exponent value is close to 0 or 1, it means 

that the time-series has long-range dependence. We can 

assume that the true value lies somewhere between those 

values. We think that those values are sufficient for a 

credible prediction. Now we also know that the fractal 

dimension DF =2-H. We have estimated the value of the 

fractal dimension 1,13. 

 

PREDICTION 

Finally we have computed predictions using a Gaussian 

radial basis function and polynomials to fit global non-

linear functions to the data. Forecasts are displayed in 

Fig. 6. 

 
Figure 6: Prediction of ozone concentration time series 

using RBF and polynomials 

Forecast error of Gaussian radial basis function fit is 

0,654 and forecast error of polynomial fit is 0,598 for 

order 3 and 0,617 for order 4. 

4 Conclusion 

We have shown in this paper that the nitrogen dioxide 

concentration time series is chaotic and contains long 

memory. First, we computed the values of the time delay 

 = 5 and the embedding dimension m = 6. The estimated 

largest Lyapunov exponent is 0,0014. If the correlation 

dimension is low, the largest Lyapunov exponent is pos-

itive and the Kolmogorov entropy has a finite positive 

value, chaos is probably present. The application of 0-1 

test suggests the presence of chaos as well. From these 

estimations it can be concluded that O3 concentration 

time series is chaotic. Finally we have computed predic-

tions using a Gaussian radial basis function and poly-

nomials to fit global nonlinear functions to the data.  
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ON THE STUDY OF PERIODIC SOLUTIONS IN THE
HODGKIN-HUXLEY MODEL

A. Balti, V. Lanza and M. Aziz-Alaoui ∗

Abstract. The Hodgkin-Huxley equations are the most accepted

and one of the most complete neuronal model in literature. It is well

known that, depending on the value of the external stimuli current,

it exhibits periodic solutions, both stable and unstable.

Our aim is to detect and characterize such periodic solutions, ex-

ploiting a robust and manageable collocation method.

Keywords. Hodgkin-Huxley model, periodic solutions, collocation

method.

1 Introduction

In Neuroscience, several mathematical models for describ-
ing the neurons activity have been proposed. However,
the 1952 paper by Hodgkin ans Huxley [1] on the physi-
ology of the giant axon of the squid remains a milestone
in the science of nervous system and at present many of
its properties still have to be disclosed.

It is known [6, 2, 10] that, depending on the value of
the external current stimuli I, the Hodgkin-Huxley (HH)
model exhibit periodic solutions. Moreover, for a certain
range of I, it shows hard oscillations, that is a coexistence
of a stable equilibrium and a stable limit cycle. Thus, this
implies the existence of unstable periodic solutions in or-
der to separate the two basins of attraction. Few authors
have been able to characterize these periodic solutions
[6, 2, 10], how they emerge and disappear depending on
the parameter I.

In general, it is not an easy task to detect a periodic
solution of a nonlinear dynamical system. Several meth-
ods are exploited to predict the existence of limit cycles
and to study their stability, both in time and frequency
domain [8, 7, 9]. In particular, for the HH model, this is
even more difficult due to the high nonlinear structure of
the system.

Our aim is to characterize the periodic solutions of the
HH model, exploiting a collocation method that have
been revealed to be numerically very robust and really
handy.

The paper is structured as follows: in section 2 we
present the equations of the Hodgkin-Huxley model and

∗A. Balti, V. Lanza and M. Aziz-Alaoui are with Lab-
oratoire de Mathématiques Appliquées du Havre, Université
du Havre, France. E-mails: aymen.balti@univ-lehavre.fr,
valentina.lanza@univ-lehavre.fr, aziz.alaoui@univ-lehavre.fr

its dynamical properties, depending on the value of the
external current I. In section 3 the collocation method we
have exploited is briefly explained. In Section 4 we show
how it is possible to detect and characterize the periodic
solutions of the HH model.

2 The Hodgkin-Huxley model

The Hodgkin-Huxley model for a neuron consists in a set
of four nonlinear ordinary differential equations in the
four variables X = (V,m, h, n), where V is the mem-
brane potential, m and h are the activation and inactiva-
tion variables of the sodium channel and n is the activa-
tion variable of the potassium current. The corresponding
equations are the following [5, 4]:

C
dV

dt
= I − (120m3h(V − 50) + 36n4(V + 77) + 0.3(V − 54.4))

dn

dt
=

1

10
(1− n)expc

(−55− V

10

)
− 1

8
n exp

(−V − 65

80

)

dh

dt
= (1− h)exp

(−V − 65

20

)
− h

1 + exp

(−V − 35

10

) (1)

dm

dt
= (1−m)expc

(−40− V

10

)
− 4m exp

(−V − 65

18

)
,

where I is the external current stimulus and

expc(x) =





1− x
exp(x)

if x 6= 0

1 if x = 0.

It is worth noting that the numerical values of the dif-
ferent parameters in (1) are not the common ones found
in literature [2, 6]. This set of parameters has been pro-
vided in the original HH paper [1], but then the Authors
decided to shift the membrane potential in order to have
the resting potential at V ≈ 0 mV. According to [4], we
have chosen the parameters such that the membrane po-
tential is back to its natural value, that is V ≈ −65 mV.
It is possible to see that this choice does not change the
dynamical behaviors of the model.

For small values of the current stimulus I the system
exhibits a stable equilibrium point. If I is increased, then
a stable large amplitude periodic solution appears, while
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the equilibrium point remains stable. This means that
necessarily unstable solutions are present, in order to sep-
arate the two basins of attraction. In [2], the Author
shows that, depending on the value of I the HH model
presents from one to three unstable limit cycles. More-
over, in a certain range of values of I the equilibrium
point becomes unstable, but finally the stable periodic
solution disappears through an Hopf bifurcation and the
equilibrium point regains its stability.

At present, few works about the periodic solution of
the HH model are present in literature [2, 6, 10], since
due to the high dimension of the system and to its high
nonlinearity it is not an easy task. They approached it ex-
ploiting different methods (finite differences, collocation
or shooting methods), that are not so simple to handle.
Moreover, in all these papers only the “old” version of the
HH model [1] has been considered.

Our aim is to characterize and numerically approximate
all the periodic solutions exhibited by the HH model 1.
We exploit a collocation method that is numerically very
robust and extremely handy.

3 A collocation method for the
detection of periodic solutions

Let us consider a dynamical autonomous system

ẋ = f(x) (2)

where f is a vector field defined on Rn, n ≥ 1, and x ∈ Rn.
A solution x = X of a continuous-time system is periodic
with least period T if X(t + T ) = X(t) and X(t + τ) 6=
X(t) for 0 < τ < T . This periodic solution X of least
finite period T > 0 of the system corresponds to a closed
orbit Γ in Rn and is such that by specifying the initial
time t0, one specifies a location x = x0 on the orbit.

It is interesting to notice that searching a periodic so-
lution of an ODE is equivalent to the resolution of a
boundary-value problem (BVP). In fact, if x = X is a
T - periodic solution of (2), then it is solution of the fol-
lowing problem:

{
Ẋ = f(X)

X(0) = X(T ).
(3)

This problem belongs to the general class of nonlinear
boundary value problems and several methods have been
proposed in literature to solve it [8]. The more intuitive
one is probably the shooting method. The idea is to find
an initial condition X0 and a period T such that X(0) =
X0 = X(T ), where the unknown is the couple (X0, T ),
with X0 ∈ Rn and T ∈ R+. If we define the functional G
as

G(X0, T ) = ϕ(X0, T )−X0,

where ϕ(X0, T ) is the solution of the Cauchy problem
X = F (X) with the initial condition X(0) = X0, then it

is straightforward to see that a periodic solution of (3) is
a zero of G. Unfortunately, this methods fails when the
limit cycle under study is unstable, due to the errors of
the numerical integration of the equations.

Since our purpose is to detect all the periodic solution
of the HH model, both the stable and the unstable ones,
we have decided to exploit a collocation method, that
is independent on the stability of the periodic solutions
under consideration. We briefly recall the main properties
of this method.

First of all, since T is usually unknown, with a simple
translation of the time scale, it is possible to transform
(3) into an equivalent BVP on the interval [0, 1]:





du

dτ
= Tf(u)

u(0) = u(1),
(4)

where τ is the new time variable. Clearly, a solution u(τ)
of (4) corresponds to a T -periodic solution of (3). How-
ever, the boundary condition in (4) does not define the
periodic solution uniquely. Indeed, any time shift of a so-
lution to the periodic BVP (4) is another solution. Thus,
an additional condition has to be appended to problem
(4) in order to select a solution among all those corre-
sponding to the cycle.

Our aim is to find a 1-periodic solution of (4). More-
over, we are interested in finding a function u ∈ C1[0, 1],
verifying the condition u(0) = u(1). Let us introduce a
partition of the interval [0, 1] by N + 1 points:

0 = t0 < t1 < · · · < tN = 1,

with hi = ti−ti−1. The collocation method consists in ap-
proximate the solution u by a piecewise-differentiable con-
tinuous function, that is a polynomial uh of maximal de-
gree m within each subinterval [tj−1, tj ], j = 1, 1, . . . , N .
Thus uh ∈ Pm

h = {uh ∈ C[0, 1] : uh|[ti−1,ti]
∈ Pm}, where

Pm is the space of polynomials with degree less than or
equal to m.

Furthermore, it is possible to represent the polynomial
uh exploiting the Lagrange interpolation

∀ τ ∈ [ti−1, ti] uh(τ) =

m∑

j=0

uh(τi,j)li,j(τ),

where ti−1 = τi,0 < τi,1 < · · · < τi,m = ti is a m + 1
points mesh of the subinterval [ti−1, ti], and li,j(x) are
the Lagrange basis polynomials.

Finally, we require the approximate solution to satisfy
exactly system (4) at the collocation points within each
subinterval:

1

T
u̇h(τi,j) = f(uh(τi,j)), i = 0, . . . , N, j = 1, . . . ,m,

(5)
where T is the unknown period and uh(0) = uh(1).
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Figure 1: Stable and unstable periodic orbits of the HH
model for I = 6.320.

Figure 2: Unstable and stable periodic orbits of the HH
model for I = 7.820.

4 Numerical detection of the HH
periodic solutions

We recall that system (5) is undetermined, since we have
the supplementary unknown T . In order to have a sys-
tem with the same number of equations and unknowns,
an additional condition is needed. In [10] the constraint
uh(0) = U0 has been chosen, but unfortunately it is not
adapted to follow bifurcation branches to fixed point. In
this work, in order to select a solution among all those
corresponding to the cycle, we have added as a constraint
u̇h(0) = 0. It is worth noting that our constraint is veri-
fied whatever the solution is, either a periodic solution or
an equilibrium point.

Moreover, in [6] the Authors exploited a collocation
method implemented in the program AUTO [3], that is
a collocation at equally spaced Gauss points. In this
work, we have preferred to use the Matlab routine bvp4c

Table 1: Variation of the amplitude and period of both
stable and unstable orbits for different values of I. Here,
Amstable and Amunstable are the amplitudes of the poten-
tial for the stable and unstable limit cycles, respectively.
Tstable and Tunstable are the periods of the stable and un-
stable limit cycles, respectively.

I Amstable Amunstable Tstable Tunstable
6.320 103.8842 97.3027 18.9646 21.2264
6.420 104.7232 91.5178 18.4484 22.3958
6.520 105.1503 85.7421 18.1155 23.2433
6.620 105.4244 80.7009 17.8558 23.8839
6.720 105.6148 75.0726 17.6377 24.3748
6.820 105.7550 69.7699 17.4471 24.7466
6.920 105.8639 64.8818 17.2762 25.0208
7.020 105.9430 59.8255 17.1205 25.2095
7.120 106.0028 55.3818 16.9768 25.3175
7.220 106.0504 50.9684 16.8429 25.3430
7.320 106.0824 47.0067 16.7173 25.2809
7.420 106.1030 43.4585 16.5987 25.1249
7.520 106.1186 40.1920 16.4861 24.8665
7.620 106.1248 37.1229 16.3790 24.4894
7.7200 106.1248 34.1702 16.2766 23.9542
7.8200 106.1193 30.8899 16.1784 23.1437

[11], that can adapt the mesh by minimizing the residual
r(t) = u(t) − uh(t). Since the HH model in a range of
values of I exhibits a slow-fast dynamics, this permits to
automatically refine the mesh only where it is necessary.
We have remarked that this routine is numerically really
robust and very manageable.

In this paper, we concentrate on the study of the HH
model for low values of the input current stimuli I. In
Figures 1 and 2 the detected stable and unstable periodic
solutions for different values of I are shown. In Figure
1, we notice that the two solutions are very close. It is
possible to see that this is due to the occurrence of a global
bifurcation: for I < 6.320 the HH model exhibits only a
stable equilibrium point, then by increasing I two limit
cycles (one stable and one unstable, respectively) arise.
Thus, for a certain range of I, the HH model behaves as
an hard oscillator [4].

In Table 1 for different values of I the period and the
amplitude for the stable and unstable limit cycles, re-
spectively, are shown. As it is easy to notice, the period
Tunstable of the unstable limit cycle increases until the
value of I = 7.220, while its amplitude is always decreas-
ing. On the contrary, for the stable solution the period
decreases with the increase of I, and this phenomenon is
due to the slow-fast behavior of vector fields of the HH
model.

Moreover, it is worth noting that the period of the un-
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stable orbit is always greater than that of the stable one.
It means that the unstable solution is always slower than
the stable one. This information is important for the im-
plementation of the numerical method. In fact, we start
from the stable periodic solution and we increase the pe-
riod of the guess for the routine bvp4c, in order to con-
verge to the unstable one.

5 Conclusions

In 1952 Hodgkin and Huxley developed the pioneer and
still up-to-date mathematical model for describing the ac-
tivity of the giant squid axon. Depending on the value of
the external current stimuli, this fourth-order nonlinear
dynamical system exhibits many complex behaviors, such
as multiple periodic solutions (both stable and unstable)
and chaos. In this paper, we have characterized the pe-
riodic solutions that arise in the HH model through an
extremely handy collocation method. In future works we
envisage to detect the periodic solutions of the HH model
for all the values of I, in order to obtain the corresponding
bifurcation diagram.
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Abstract.  Starting from the last decade of the 90`s mobile 
phone makes its appearance in the world markets, in Mexico 
it`s also on that date that the first companies are formed, today 
there are only four mobile companies that compete strongly for 
the Mexican market, In this article we use the logistic model (S 
– shaped logistic curve), which describes competitive envi-
ronments, especially for the popularization of new technolo-
gies, to describe the dynamics of the telecommunications sec-
tor in Mexico and the probability of the companies to fail and 
disappear in the market.  In economic articles, we see more 
attention to the dynamics of monopolistic competition and 
power companies, but it is less used the study of the sales dy-
namics of the sector and the curves that represent it. The pro-
posed model uses as data the total number of subscribers to 
mobile phone lines to generate the logistic curves of each 
company and the total market, in search of main points singu-
larities and stability conditions as predictors of the extinction 
of technologies and the shot-down of companies in the sector.  
  
Keywords.  Complexity, Logistics, Telecommunications, 
Stochastic, Dynamics, Economy 

1 Introduction 
The mobile phone sector has been one of the 

major revolutions of the past 20 years, greatly 
facilitating communication among the entire 
population of the planet. The dynamism of 
growth in this sector is essential in many 
economies with growth of 2 to 4 times the 
country´s GDP growth. In Mexico, this sector 
has had close to 8% annual growth rates and 
now accounts for 3.2% of the GDP. Therefore, 
it represents a good case study of the adoption 
of new technologies in highly competitive en-
vironments and how the systems of competi-
tion and consumption in highly complex envi-
ronments are.  

 
 
1 Author is with the Centro Universitario Incarnate Word, México 

DF, México.  E-mail:jcpascual@ciw.edu.mx  

In Mexico, the market is dominated by four 
large companies, Telcel, Movistar, Iusacell and 
Nextel, founded in the 90´s and has, 70%, 
20%, 7% and 3% of the market respectively, 
the percentage of penetration of mobile te-
lephony is near the 87 lines per 100 habitants, 
being a medium development country, com-
pared to countries of high penetration such as 
Finland which has 172 lines per 100 habitants.  

In this article we analyze the growth of the 
demand for telephones in Mexico and compe-
tition between companies; not only because of 
its great economic and financial relevance but 
for the interest it represents its practical appli-
cation for companies competing and their ac-
tions to stay on the market. The model that we 
use for the study is the logistic curve in the S 
form, which is a mathematical function that 
appears in different models of population 
growth, spread of epidemic diseases and 
broadcast in social networks. This model is a 
refinement of the exponential model for one 
magnitude growth. Logistic growth is related 
to the exponential growth for small initial val-
ues of the magnitude, the logistic growth is 
very similar to exponential growth; however, 
from a certain point the growth is diminished 
and is tending to grow and reach a point of 
minimal growth. This makes the curve can ad-
equately represent different systems such as 
population growth, the spread of rumors, the 
spread of social networks, epidemics or spread 
of diseases and in our case study on the exten-
sion of a technological innovation; at first in-
novation is a novelty of difficult access for 
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consumers, but as there is a cost decrease it 
spreads rapidly for each new user and innova-
tion is likely to influence another individual 
having contact with him, but as the number of 
users grows it is more difficult to find a person 
who has not previously been in contact with 
innovation.  

The model presented in this study uses pub-
lic information of users of mobile telephony in 
Mexico and other countries as we compare, 
available from several sources of statistical in-
formation and of the telecommunications sec-
tor as well as the public reports of the company 
listed above.  

 

 
Figure 1: Finland mobile lines  

 
Figure 1a: Finland smoothed spine fit curve, R-square = 1 

 
 

 

2 Problem statement and preliminar-
ies 

2.1 Model 
The classical model of the logistic equation 
was developed by Pierre Francoise Verhulst, 
combining the hypothesis of exponential 
growth with the mechanical hypothesis, raised 
in 1838 the differential equation: 
 

             (1)	  

Whose analytical solution is: 
 

                               (2)	  

 
In practice it is convenient to use the popula-
tion at the beginning of each period, which is 
indicated by 𝑃0 by which it has finally the tra-
ditional form of the logistic equation: 
 

                           (3) 
 

                    
 
Equation 3 shows that the rate of change in a 
population increases exponentially in time, but 
having a inflexion point midway through its 
symmetry which begin to reduce its growth 
until you reach a limit at K, the maximum ca-
pacity of the system or superior limit, the dy-
namic is driven by  h , the growth rate of the 
system. 
The logistic model can be adapted to the pro-
cess of assimilation of new technology easy 
and clearly, since from a starting point of zero, 
in our case will be the moment of the first mo-
bile phone that go to the public, begins the 
adoption of  few users who are willing to buy 
them because of its high price, then as the de-
mand increase and the understanding of the use 
of this technology, production volumes in-
crease and the lower prices are seen in the 
market, resulting in the high exponential 
growth phase. As the technology reaches ma-
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turity the baste majority of the population are 
users, and only a small fraction of the popula-
tion is left, the growth is diminishing and ap-
proaching to its upper limit where the growth 
stops. 
 
2.2 Methods 
The system dynamics in the adoption of a new 
technology by various manufacturers and a 
population bounded by social and economic 
factors can be think as a self organizing com-
plex system, in which we mainly propose an 
analysis by visualization of dynamic patterns, 
since the data plotted, show curves with very 
little statistical noise.  
In addition, in order to find the best fit curve 
and the parameters which characterize each of 
the companies we use Matlab Curve fitting 
tools.  
For the information of mobile lines we use the 
paid numbers in the market; we use primarily 
country data for Mexico and Finland, since we 
believe that Finland is the best example of 
adoption of mobile technology and one of the 
first in which has developed, they have Nokia 
as mobile phone manufacturer and is highly 
developed country. The information was ob-
tained from data bases from the World Bank, 
and Finland statistics, and in Mexico´s from 
INEGI (National Institute of Statistics), since 
1988 until 2013. 
For each company the public financial reports 
and data from the National Institute of tele-
communications were consulted, from 2001 up 
to date. 

3 Main results 
To validate the use of the proposed model, we 
will first consider the graph of each case inter-
pretation. The case of Finland is especially 
useful since it was one of the first countries to 
adopt the new technology in a country manu-
facturer of mobile phones, having a very well 
educated population and concentrated in cities 
as well as being up-to-date with technological 
changes.  

As shown in Figure 1. From 1988 to 2005 the 
data line is smooth fitted, without statistical 
noise and clearly looks a sigmoid shape which 
refers without doubt an implicit logistic model, 
from 2005-2013 again appearing further sig-
moid movement suggests a new logistic model. 
When we see this type of paths, there is a clear 
cluster addition of two groups, in this repre-
sents the adoption of a new technology or use 
associated with the purchase of another line, 
this effect can have several causes such as, the 
use of tracking devices in vehicles, PDA`s, and 
more recently the appearance of tablets. Ad-
justment of the curve using Smoothing spline 
method is shown in Figure 1a, in which we 
have a value for adjusted data with R-square 
equal 1.  
Figure 2 shows the results for the Mexico case, 
it can be seen that the entry into the mobile 
phone takes time to achieve affordable prices, 
this around the year 2000 when begins its ex-
ponential growth, this effect of slow boot 
shadows the appearance of the effect that was 
seen in Finland in 2005 of new growth stage 
and is not visible in graphic form rather than as 
a very high slope of growth. For the year 2013 
already we can see that rapid growth has 
stopped and begins to approach its maximum 
limit which will be close to 100 lines per 100 
inhabitants, since Mexico is a country with 
30% in extreme poverty, represents a high 
population that without improving their condi-
tions ever will be a user of the service. The 
smooth adjustment, fig 2a, shows an R-square 
value of 0.9999 that confirm the good fit of 
this model in the country accumulated statis-
tics. 
From Figure 3 shows the data for each of the 
four mobile companies that are in Mexico.  
Telcel, Figure 3, is the dominant competitor 
and as it was expected due to having 70% of 
the market, is almost the same as the shape of 
the country`s curve, however this curve can be 
seen more smoothed and with less noise, so it 
resembles more to the behavior of Finland and 
the perfect logistic model. R-square value of 
0.9998, fig 3a, is the result of the smooth curve 
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for the company, as expected a high and close 
value to the country data. 
Figure 4 belongs to the smaller competitor, Iu-
sacell,  recently this company has been im-
mersed in negotiations with various companies 
shareholders and which maintains a policy of 
low rates to find the low population segment, 
up to  now its curve is clearly in expansion and 
in exponential form, without being able to say 
when will be in a turning point to take the ex-
pected sigmoidal behavior, but that it should 
be in a maximum of two years more because 
the country is already reaching its maximum 
penetration level. The smooth curve, fig 4a, 
had a value for R-square of 0.9998, logic to be 
as there is almost a perfect exponential curve. 
The case of Movistar, Figure 5, is in direct 
competition with Telcel but entered late to 
market by way of purchase of other companies 
with bad coverage service and reflects a slow 
growth curve. It is very significant that it has 
reached in 2010 a maximum, decrease in 2011 
& 2012 and slight recovery to 2013. This be-
havior in  recent years move them away from a 
smooth sigmoidal curve and requires more de-
tailed studies to understand the reason of their 
diversion to the observed logistic model. 
R-square value of 0.9988, fig 5a,  remains as a 
good fit for the logistic model that take in con-
sideration the flat part of the last 2 year as 
noise to be filtered. 
Finally the most interesting case is presented 
with Nextel, Figure 6; Nextel is the only com-
petitor that uses a different connection from 
the standard CDAM and GSM technology, 
IDEN technology to provide trucking services. 
Its target market was more for the business us-
ers and as you can see from the beginning they 
have good growth according to the logistic 
model, however, the entry of 3G and 4G plat-
form systems as well as Smartphone’s began to 
give warning signs to the company. Nextel 
began to have coverage problems and service 
quality that made the company think that the 
way forward to restore growth should be 
changing standard connection and migrate into 
4G platform. The logistic model, however, can 

be confused in its initial stage with models of 
growth extinction, such as the epidemic, that 
present a strong demand fall, that can generate 
a massive departure of costumers and the dis-
appearance of this technology or the company. 
This case which was predictable in the year 
2011 is confirmed with the recent data from 
2013, is seen clearly that it is the only compa-
ny with a net loss of lines in the order of 5.3%, 
which is above the 2% on average, seen as 
“churn” effect in the mobile market. The result 
for the smooth curve, fig 6a, R-square value of 
0.9979, is the lowest of all but remains as a 
good fit for the logistic model, only that is the 
fall down in users continue in 2014 we will be 
in the case of a Poisson model indeed. 
 

 
Figure 1: Finland mobile lines  

 
Figure 1a: Finland smoothed spine fit curve, R-square = 1 
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Figure 2: México mobile lines 

 

Figure 2a: Fig 2a: México smoothed spine fit curve, 
R-square = 0.9999 

 

Figure 3: Telcel mobile lines in México 

 
Figure 3a: Telcel smoothed spine fit curve, R-square = 

0.9998 

 
Figure 4: Movistar mobile lines in México 

 
Figure 4a: 4a: Movistar smoothed spine fit curve, R-square 

= 0.9988 

 
Figure 5: Iusacell mobile lines in México 

 
Figure 5a: sacell smoothed spine fit curve, R-square = 

0.9998 
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Figure 6: Nextel mobile lines in México 

 
Figure 6a: Nextel smoothed spine fit curve, 
R-square = 0.9979 

4 Application 
The emphasis of this analysis becomes not in 
building and running a new model, but inter-
preting the logistic model as predictor of the 
dynamics of a system. In this study, we have 
applied the logistic model to explain the mar-
ket behavior of mobile telephony in Mexico, 
Using public data market and companies; we 
have considered that to be a complex system 
we should use a graphic method to search for 
the validation to the model logistic use as a 
predictor of the system behavior. Both graph-
ically and using curve deviation, the adjust-
ment error is very low and we can conclude 
that the logistic model is useful to describe the 
behavior of new technologies present on the 
market. Extrapolation of this model into the 
future is a valuable element to be considered in 
the companies from these sectors to change the 
growth strategy to one of consolidation and 
maintenance of achieved customer base, but 
even more important is the ability of this mod-
el, to generate warning signals that prevent for 

a rapid and massive customer departure and 
the likely disappearance of the company.. 
The speed on which new emerging technolo-
gies arrive, will allow that in 2 more years this 
study confirms the need and validly to use the 
logistic model.   
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MIXED STRATEGIES AND ω-RATIONAL LANGUAGES
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Abstract. We deal in this paper with the notion of mixed

strategy on a finite alphabet A, which models probabilistic

games. We show that a mixed strategy allows to define

a probability measure on the family of Borelian sets in

the topological space of infinite words on A. Finally, we

give an explicit expression in order to compute effectively

the probability of each rational language belonging to this

family.

Keywords. Words, infinite words, formal languages, game

theory, strategy, mixed strategy, probability, topology

1 Introduction

We propose in this article some mathematical tools allow-
ing to analyze games in a probabilistic view. This work
represents a logical continuation of references [1, 2]. We
consider infinitely repeated games with a perfect knowl-
edge of the past, involving players whose actions are sup-
posed simultaneous. We model this kind of games by
using infinite words on the alphabet of moves. Our study
concerns cooperative games as well as non-cooperative
ones, since we establish that the latter category repre-
sents in fact a particular case of the first one. To optimize
their benefits in such games, the players must develop a
suitable strategy. In [1], we have proceeded to a specific
study of the notion of quasi-strategy, which is a relation
that describes the behaviour of the players during the
game. We have proved that a language is generated by a
quasi-strategy if and only if it is closed in the topological
space of infinite words. Our pourpose now is to attach
the concept of probability to a strategy, which leads us
to define the notion of mixed strategy, with which we as-
sociate a probability law on the set of finite words on the
alphabet of moves. Then we make use of Kolmogorov ex-
tension theorem to the space of infinite words [3] to prove
that such a law determines a unique probability measure
on the class of Borelian ω-languages. Several examples
are given in order to illustrate these new notions, among
which the famous Prisonner’s Dilemma. The most im-
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portant result of this paper consists in giving an effective
method which enables to compute the probability of a ω-
rational language when the probability law is computable,
as in the case of probability law defined by an automaton.

Our paper is organized in the following way: In Section
2, we recall the basic notions and properties on finite and
infinite words, on the topological space of infinite words,
on Borelian sets and on measures. We state, in Section 3,
the Kolmogorov extension theorem to the space of infinite
words. Section 4 is devoted to the mathematical model
for games, which will be used in the sequel. Sections 5
and 6 deal respectively with global and individual mixed
strategies. In Section 7, we show how to obtain the prob-
ability of open and closed sets when the probability law
is computable, then we apply these results, in Section 8,
to compute the probability of any Borelian language. Fi-
nally, in Section 9, we give an effective method to obtain
the probability of ω-rational languages.

2 Preliminaries

We recall in this section the basic notions and properties
on finite and infinite words, on topological space of infinite
words, on Borelian sets and on measures.

2.1 Finite and infinite words

A word is a finite sequence of elements of an alphabet A.
We denote by A∗ the set of all words on A. The length of
a word w ∈ A∗, denoted by |w|, is the number of letters
of A composing w. The empty word ε is the only word of
length zero. We denote by Ak the set of all words in A∗

of length k. Given two words u, v ∈ A∗, we say that u is
a prefix of v iff v ∈ uA∗

An infinite word on A is an infinite sequence h of elements
of A, which we will write h = h0h1 · · ·ht · · · . We denote
by Aω the set of all infinite words on A. Given a word
w ∈ A∗ and an infinite word h ∈ Aω, we say that w is a
prefix of h if there exists an infinite word h′ ∈ Aω such
that h = wh′.
If L is a subset of Aω, we denote by Prefk(L) the set
of all words that are prefixes of length k of words of L.
We set Pref(L) =

∪
i≥0 Prefi(L). In the sequel, all the

alphabets are supposed to be finite.
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2.2 Topology of Aω

We consider on the set Aω the distance d defined as fol-
lows:

d(x, y) = (1+max{|w| | w ∈ Pref({x})
∩

Pref({y})})−1

with the convention 1/∞ = 0. Equipped with this dis-
tance, Aω is a compact and complete metric space, since
A is finite. The reader is referred to [7] for more topolog-
ical basic definitions. In this reference, a new operator is
introduced as follows: for each subset L ⊂ A∗, let

−→
L = {u ∈ Aω| u has infinitely many prefixes in L}.

Example 2.1. If X = (a + b)∗b then
−→
X = (a∗b)ω.

In the same reference, it is shown the following proposi-
tion, which we will use in the sequel.

Proposition 2.2. Let L be a subset of Aω

1. L is a closed set iff L =
−−−−−−→
Pref(L).

2. L is an open set iff it is of the form L = XAω,
X ⊂ A∗. Furthermore, L = (X \ XA+)Aω where
X \ XA+ is a prefix set.

3. L is a clopen set iff it is of the form L = XAω where
X is a finite subset of A∗.

2.3 Borelian sets

Let E be a set. We denote by Xc the complement of
a subset X of E. A family F of subsets of E is said a
σ-algebra if it satisfies the following conditions:

- ∅ ∈ F ,

- Xc ∈ F , ∀X ∈ F ,

-
∪

n≥0 Xn ∈ F , for all sequence (Xn)n≥0 of elements
of F .

In a topological space E, the σ-algebra generated by open
subsets of E, which we denote by B(E), is called the Bore-
lian σ-algebra of E. Its elements constitute the Borelian
sets of E. In the case of a metric space E, B(E) is gen-
erated by the family clopen subsets of E.

2.4 Measures

Let E be a set and F be a σ-algebra of subsets of E. We
will say that (E, F) is a measureable space. One defines a
measure on (E, F) as a map µ : F −→ R+

∪{+∞} such
that :

- µ(∅) = 0,

- µ(
∪

n≥0 Xn) =
∑

n≥0 µ(Xn), for every pairwise dis-
joint sequence (Xn)n≥0 of elements of F .

The second condition is called σ-additivity.
A probability measure on (E, F) is a measure µ : F −→
[0, 1] such that µ(E) = 1.

3 Kolmogorov extension theorem

Let A be a finite alphabet. A probability law on A∗ is a
map π : A∗ −→ [0, 1] such that:

- π(ε) = 1,

-
∑

a∈A π(wa) = π(w), ∀w ∈ A∗.

The second part of the definition is called coherence con-
dition.

Example 3.1. Let A = {a, b} and α ∈ [0, 1]. Consider
the morphism π : A∗ −→ [0, 1] given by π(a) = α and
π(b) = 1 − α The morphism π determines a probability
law on A∗, called Bernoulli probability law.

Example 3.2. This example can be found in [4]. A prob-
ability law on words can be given by a finite automaton in
the following way. Let A = 〈Q,A〉 be a finite determinis-
tic automaton on the alphabet A. Let πs be a probability
distribution on Q. For each state q ∈ Q, we define a
probability distribution πq on the set of edges starting in
q. Thus we have:

∑
q∈Q πs(q) = 1 and

∑
a∈A πq(q, a) = 1, ∀q ∈ Q.

This allows to define a probability law πγ on the set of
paths in A. Let

c = (q0, a0, q1)(q1, a1, q2) . . . (qn, an, qn+1),

ai ∈ A,∀ 0 ≤ i ≤ n, qj ∈ Q, ∀ 0 ≤ j ≤ n + 1, be a path in
A. We set:

πγ(c) = πs(q0)πq0(q0, a0)πq1(q1, a1) . . . πqn(qn, an).

The probability of empty path is one. We define a proba-
bility law π on the set of words on A by:

for each w ∈ A∗, π(w) is the sum of πγ(c) on all paths c
in A with label w.

The probability law given by a finite automaton is effec-
tively computable.

Remark 3.3. The Bernoulli law of the Example 3.1
is given by the automaton A = 〈{1}, {(1, a, 1), (1, b, 1)}〉
with πs(1) = 1, π1(1, a) = α and π1(1, b) = 1 − α.

In the sequel, all probability laws will be supposed com-
putable.

Let now µ be a probability measure on B(Aω). Con-
sider the map π : A∗ −→ [0, 1] given by π(w) = µ(wAω)
for w ∈ A∗. Then we have π(ε) = µ(Aω) = 1. Moreover,
π satisfies the coherence condition, since:

∑
a∈A π(wa) =

∑
a∈A µ(waAω)

= µ(
∪

a∈A waAω)
= µ(wAω) = π(w),∀w ∈ A.

Hence, π is a probability law on A∗, as defined at the
beginning of this section. The converse statement, known
as the Kolmogorov extension theorem [3], is given by
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Theorem 3.4. For each probability law π on A∗, there
exists one and only one probability measure Pπ on the
family of Borelian subsets of Aω such that Pπ(wAω) =
π(w), ∀w ∈ A∗.

4 Mathematical model for games

We propose, in this section, a mathematical model allow-
ing to analyze infinitely repeated games with a perfect
knowledge of the past in a probabilistic view. The reader
is referred to [6] for further details of game theory.
A game is a tuple G = (P, A, π, u) where :

- P = {1, · · · , n}, n ∈ N, is the set of players.

- Ai is the set of the actions for player i.

- A = A1 × . . . × An is the alphabet of moves.

- ui : A −→ R is the utility function for player i.

- u = (u1, . . . , un) : A −→ Rn is the utility vector.

The values of the utility functions define the expected
amount paid to the players.
We consider in this paper the game consisting in infinite
repetions of a base game G. In such a game, we model
a match h as an infinite sequence of moves which can
be represented by an infinite word on the alphabet A:
h = h0h1 · · · ht · · · ∈ Aω.

Example 4.1. In game theory, the distinction between
cooperative and non-coperative game is crucial. The Pris-
oner’s Dilemma [5] is an interesting example to explain
these notions. This game involves two players, P =
{1, 2}, where each one has two possible actions: cooperate
(c) or defect (d), A1 = A2 = {c, d}, A = {c, d} × {c, d}
The game consists of simultaneous actions, called moves,
of both players. The utility functions for the players are
defined by the matrix:

u c d
c (4,4) (0, 5)
d (5, 0) (1, 1)

It is clear that if they could play cooperatively and make
a binding agreement, they would both play c. If the game
is non-cooperative, the best action for each player is d.
The infinite word h = (c, c)ω is an example of a match in
which the two players cooperate infinitely.

5 Global mixed strategies and co-
operative games

In [1] and [2], the authors have defined and analyzed the
notion of quasi-strategy. A quasi-strategy σ is a rela-
tion from A∗ into A. We can associate with each quasi-
strategy σ a language L of infinite words on A, which is

the set of all the matches that may be played if the play-
ers follow σ. Suppose now the players should choose, at
any step of the match, a probability distribution on the
alphabet of moves. This kind of strategy is called a mixed
strategy. It allows us to study the general frame where
the game is supposed to be cooperative. We will see in
the next section that a non-cooperative game is in fact a
particular case of a cooperative one.

Definition 5.1. A mixed global strategy σ on the alphabet
A is a map σ : A∗ × A −→ [0, 1] verifying:

∑

a∈A

σ(w, a) = 1, ∀w ∈ A∗.

Example 5.2. In the Prisoner’s Dilemma, let σ be the
mixed global strategy given by:

σ(w, (c, c)) = σ(w(d, d)) = 1/2,
σ(w, (c, d)) = σ(w(d, c)) = 0,

for each w ∈ A∗.

Given a mixed global strategy σ on the set A, we define
the function πσ : A∗ −→ [0, 1] by setting:

(i) πσ(ε) = 1,

(ii) πσ(wa) = πσ(w)σ(w, a), ∀w ∈ A∗, ∀a ∈ A.

The real number πσ(w) denotes the probability to play
the move a at the step |w| of the game. We claim:

Proposition 5.3. For each mixed global strategy σ : A∗×
A −→ [0, 1], πσ is a probability law on A∗.

Proof. It suffices only to verify the coherence condition.
Indeed,

∑
a∈A πσ(wa) =

∑
a∈A πσ(w)σ(w, a)

= πσ(w)
∑

a∈A σ(w, a)
= πσ(w),

for each word w ∈ A∗.

By Kolmogorov extension theorem, there exists a
unique probability measure Pπσ associated to the proba-
bility law πσ. In the sequel, this measure will be denoted
by Pσ.

6 Individual mixed strategies and
non-cooperative games

This section is devoted to the case of non-cooperative
games in which the global mixed strategy is given by indi-
vidual mixed strategies. We will show that we can gather
all these strategies in a vector, which allows us to proceed
to a global study.
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Definition 6.1. A mixed individual strategy σi for player
i, 1 ≤ i ≤ n, is a map σi : A∗ × Ai −→ [0, 1] verifying:

∑

a∈Ai

σi(w, a) = 1, ∀w ∈ A∗.

Definition 6.2. A mixed strategy vector σ is the tuple
σ = (σ1, . . . , σn) corresponding to the map from A∗ × A
into [0, 1] given by:

σ(w, a) =

n∏

i=1

σi(w, ai).

Example 6.3. The uniform mixed strategy vector for
n players is the strategy vector σ = (σ1, . . . , σn) where
each map σi : A∗ × Ai −→ [0, 1] is defined by σi(w, a) =
1/|Ai|, ∀i such that 1 ≤ i ≤ n.

The following proposition states that each mixed strat-
egy vector σ = (σ1, . . . , σn) defines a mixed global strat-
egy on the alphabet A in the sense of the previous section.

Proposition 6.4.
∑

a∈A σ(w, a) = 1, ∀w ∈ A∗.

Proof. We make it by induction on the number n of
players. The case n = 1 results directly from the defini-
tion of a mixed strategy. Suppose now that the prop-
erty holds at the rank n. Let A = A1 × . . . × An+1

and B = A1 × . . . × An and let σ = (σ1, . . . , σn+1) and
σ = (σ1, . . . , σn). We have by definition at the step n+1:∑

a∈A σ(w, a) =
∑

a∈A

∏n+1
i=1 σi(w, ai). Then we obtain:

∑
a∈A

∏n+1
i=1 σi(w, ai) =∑

an+1∈An+1

∑
b∈B σn+1(w, an+1)

∏n
i=1 σi(w, bi) =∑

an+1∈An+1
σn+1(w, an+1)

∑
b∈B

∏n
i=1 σi(w, bi).

We have by the induction hypothesis:∑
b∈B

∏n
i=1 σi(w, bi) =

∑
b∈B σ(w, b) = 1.

So,
∑

a∈A σ(w, a) =
∑

a∈A

∏n+1
i=1 σi(w, ai)

=
∑

a∈An+1
σn+1(w, an+1),

which returns us to the case n = 1 seen at the beginning.
Hence,

∑
a∈A

∏n+1
i=1 σi(w, ai) = 1.

Example 6.5. The mixed global strategy σ given in the
Example 5.2 models a strictly cooperative game. Infact,
if σ = (σ1, σ2) then we have for each w ∈ A∗:

σ1(w, c) = σ(w, (c, c)) + σ(w, (c, d)) = 1/2,
σ2(w, d) = σ(w, (d, d)) + σ(w, (d, c)) = 1/2.

It follows that σ(w, (c, d)) = σ1(w, c)σ2(w, d) = 1/4. This
is at variance with the definition of σ.

As in the case of mixed global strategies, each mixed
strategy vector σ = (σ1, . . . , σn) determines a unique
probability measure on Aω satisfying the conditions of
Kolmogorov extension theorem. We will show in the next
sections how to compute the probability of rational Bore-
lian languages.

7 Computing probability of open
and closed sets of Aω

First, we show how to compute the probability of open
and closed sets. We begin with the following proposition.

Proposition 7.1. Let π be a probability law on A∗ and
let L = XAω, X ⊂ A∗, be a an open set of Aω. Then we
have:

Pπ(L) = π(X \ XA+).

Proof. Proposition 2.2 implies L = XAω =∪
x∈(X\XA+) xAω where the union is disjoint since

X \ XA+ is a prefix set. So, we have Pπ(L) =∑
w∈X\XA+ Pπ(wAω). By Theorem 3.4, Pπ(wAω) =

π(w) for all w ∈ Aω. We obtain, Pπ(L) =∑
w∈X\XA+ π(w) = π(X \ XA+).

We obtain as a corollary the following statement:

Corollary 7.2. Let L = XAω, X ⊂ A∗, be a an open set
of Aω where X ⊂ A∗ is a prefix set. Then we have:

Pπ(L) = π(X).

We remark that the probability of a clopen set L =
XAω is effectively computable since the set X ⊂ A∗ is
finite. In Proposition 7.1 we proved that Pπ(XAω) =
π(X \ XA+). In the following proposition we show how
to compute π(X \XA+) for each X ⊂ A∗. We denote by
X(n) = X

∩
An for each X ⊂ A∗ and for each n ≥ 0.

Proposition 7.3. Let L = XAω, X ⊂ A∗, be an open
set of Aω. Then we have:

Pπ(L) = lim
n→∞

π(
n∪

k=0

X(k)An−k).

Proof. We can write

XAω =
∪

n≥0

X(n)Aω =
∪

n≥0

(
n∪

k=0

X(k)Aω).

Since the first union is increasing, we obtain

Pπ(XAω) = lim
n→∞

Pπ(

n∪

k=0

X(k)Aω).

Now, we have

n∪

k=0

X(k)Aω =
n∪

k=0

(X(k)An−k)Aω = (
n∪

k=0

X(k)An−k)Aω.

So, we obtain

Pπ(XAω) = lim
n→∞

Pπ((
n∪

k=0

X(k)An−k)Aω).

Since (
∪n

k=0 X(k)An−k) is a prefix set, Corollary 7.2 im-
plies that Pπ(XAω) = limn→∞ π(

∪n
k=0(X

(k)An−k)).
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We will use the following result in the sequel to compute
the probability of rational ω-languages.

Proposition 7.4. Let L1 = XAω, L2 = Y Aω, X, Y ⊂ A∗

be open sets of Aω. Set R = Pπ(L1

∩
L2). Then we have:

R = lim
n→∞

π(
∪

p+q≤n

(X(p)Aq
∩

Y (q)Ap)An−p−q)).

Proof. We can write:

XAω
∩

Y Aω = (
∪

p≥0 X(p)Aω)
∩

(
∪

q≥0 Y (q)Aω)

=
∪

p,q≥0(X
(p)Aω

∩
Y (q)Aω)

=
∪

p,q≥0(X
(p)AqAω

∩
Y (q)ApAω)

=
∪

p,q≥0(X
(p)Aq

∩
Y (q)Ap)Aω

= (
∪

p,q≥0 X(p)Aq
∩

Y (q)Ap)Aω

= TAω

It follows by Proposition 7.3 that

Pπ(XAω
∩

Y Aω) = lim
n→∞

π(
n∪

k=0

(T (k)An−k))

Let S =
∪n

k=0 T (k)An−k. Since

T (k) =
∪

p+q=k

(X(p)Aq
∩

Y (q)Ap),

we have successively:

S =
∪n

k=0(
∪

p+q=k(X(p)Aq
∩

Y (q)Ap))An−k

=
∪n

k=0

∪
p+q=k(X(p)Aq

∩
Y (q)Ap)An−k

=
∪n

k=0

∪
p+q=k(X(p)Aq

∩
Y (q)Ap)An−p−q

=
∪

p+q≤n(X(p)Aq
∩

Y (q)Ap)An−p−q

We obtain

R = lim
n→∞

π(
∪

p+q≤n

((X(p)Aq
∩

Y (q)Ap)An−p−q)).

The following statements, which proof is given in [1],
show how to calcule the probability of closed sets.

Lemma 7.5. Let F be a closed set of Aω. Then we have:

F =
∩

t≥0

Preft(F )Aω,

where Ft = Preft(F ).

This lemma leads to the next result:

Proposition 7.6. Let F be closed set of Aω. Then we
have:

Pπ(F ) = lim
t→∞

π(Preft(F )).

Proof. By applying the previous lemma, we can
write F =

∩
t≥0 Preft(F )Aω. Since this inter-

section is a decreasing one, it implies: π(F ) =
limt→∞Pπ(Preft(F )Aω). Remark now that Preft(F )Aω

is a clopen set and that Preft(F ) is a prefix set, for each
t ≥ 0. So Pπ(Preft(F )Aω) = π(Preft(F )). Finally, we
obtain: π(F ) = limt→∞ π(Preft(F )).

Example 7.7. Given a real number α ∈ [0, 1], consider
the probability law π on A = {a, b} defined by: π(ε) =
1, π(wa) = α, π(wb) = 1 − α, ∀w ∈ A∗. Let L = a∗bω +

aω ⊂ Aω. Since L =
−−−−−−→
Pref(L), L is a closed set. The

computation of the languages Lt = Preft(L), for t ≥
0, leads to the relation: L0 = {ε} and Lt+1 = aLt +
bt+1 (the proof is left to the reader). So, we obtain on
the probability side: π(L0) = 1 and π(Lt+1) = απ(Lt) +
(1−α)t+1. A simple proof by induction gives immediately
π(Lt) =

∑t
i=0 αt−i(1−α)i =

∑t
i=0 αi(1−α)t−i. Suppose

now α ≤ (1 − α), the other case is symetric. It implies
that αi ≤ (1 − α)i for all i ≥ 0. So,

∑t
i=0 αi(1 − α)t−i ≤∑t

i=0(1 − α)t = (t + 1)(1 − α)t. Thus, we have 0 ≤
π(Lt) ≤ (t + 1)(1 − α)t, which allows us to conclude that
π(L) = limt→∞ π(Lt) = 0, except for α = 1 where this
probability is equal to one.

8 Computing probabilities on
B(Aω)

The Borelian sets of Aω, as those of any metric space,
are organized in the Borel hierarchy defined as follows:

∆0 = Π0 = Σ0 = {L ⊂ Aω | L clopen},∆0 = Σ0

and for all n ≥ 0:

Σn+1 = {∪
i≥0 Li | Li ∈ Πn}

Πn+1 = {∩
i≥0 Li | Li ∈ Σn}

∆n+1 = Σn+1

∩
Πn+1.

Moreover, we have for all n ≥ 0

Πn = {Lc | L ∈ Σn}.

We remark that Σ1 is the family of open sets and Π1 that
of closed ones. In the particular case of metric spaces, the
Borel hierarchy verifies the following property:

Proposition 8.1. In a metric space, the following inclu-
sions hold:

∆1 ⊂ Σ1 ⊂ ∆2 ⊂ Σ2 ⊂ . . .
∆1 ⊂ Π1 ⊂ ∆2 ⊂ Π2 ⊂ . . .

We have already seen how to compute the probability
of a language belonging to the levels 0 and 1 of this hier-
archy, To proceed to the computation of the probability
for the upper hierarchy levels, we need to establish the
following proposition.

Proposition 8.2. For any n ≥ 0, Πn (resp. Σn) is closed
under finite union (resp. finite intersection).

Proof. We will make it by induction on n only for Πn,
the case of Σn is the same if one considers the intersection.
We know that any finite union of closed sets is a closed
one. Thus, the property holds for n = 0. Suppose now
that the property is true at the rank n, Let L,K ∈ Πn.
By definition, we obtain: L =

∩
i≥0 Li and K =

∩
j≥0 Kj

with Li,Kj ∈ Πn, then
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L
∪

K = (
∩

i≥0 Li)
∪

(
∩

j≥0 Lj) =∩
i,j≥0(Li

∪
Kj), Li, Kj ∈ Πn.

Since, by induction hypothesis, Πn is closed by finite
union, it follows that Li

∪
Kj ∈ Πn. So, L

∪
K ∈ Πn+1.

The following statement represents an immediate con-
sequence of the previous proposition.

Corollary 8.3. Every Borelian language L of level n > 0
can be written as increasing countable union or as a de-
creasing countable intersection of Borelian sets all belong-
ing to the previous level. That is

L =
∪

i≥0 Li or L =
∩

i≥0 Li,

where Li is a Borelian language of level n− 1, ∀i ≥ 0. In
both cases, we obtain,

Pπ(L) = limi→∞ Pπ(Li).

We give in the following two examples of computation
of the probability of sets belonging to Σ2 and to Π2.

Example 8.4. Consider on the alphabet A = {a, b},
the language L = A∗aω. Notice that this language is
not closed for the usual topology on Aω because bω ∈−−−−−−−→
Pref(A∗a) \ A∗aω. The language L is exactly the set of
infinite words having a finite number of b. The language
L belongs to Σ2, since we can write L =

∪
n≥0 Anaω,

where Anaω is closed. So: Pπ(L) = limn→∞ Pπ(Anaω).
The real numbers Pπ(Anaω) = limt→∞ π(Preft(A

naω)),
for each n ≥ 0, depend on the chosen probability law.

We denote by X(n) =
∪

p≥n X(p) for each X ⊂ A∗ and

for each n ≥ 0. Let X ⊂ A∗. We have
−→
X ∈ Π2 since X

can be written as an intersection of open sets,

−→
X =

∩
n≥0 X(n)A

ω.

Using Proposition 7.3, we are able to compute the prob-

ability of a set of the form
−→
X, X ⊂ A∗.

Proposition 8.5. Let
−→
X ⊂ Aω, X ⊂ A∗. Then we have:

Pπ(
−→
X ) = lim

p→∞
lim

q→∞
π(

q∪

k=p

(X(k)Aq−k)).

Proof. We can write
−→
X =

∩
p≥0 X(p)A

ω and since

this intersection is decreasing, we have Pπ(
−→
X ) =

limp→∞ Pπ(X(p)A
ω). By Proposition 7.3, we obtain:

Pπ(
−→
X ) = limp→∞ limq→∞ π(

∪q
k=0(X

(k)
(p) A

q−k))

= limp→∞ limq→∞ π(
∪q

k=p(X
(k)Aq−k)),

car X
(k)
(p) = Xk if k ≥ p and X

(k)
(p) = ∅ otherwise.

9 Case of rational Borelian lan-
guages

On obtain, as a consequence of the theorem of Mac-
Naughton [7], the following proposition:

Proposition 9.1. Any ω-rational subset L of Aω is a
disjoint union of the form

L =
∪

1≤i≤n(
−→
Xi \ −→

Yi),

where Xi, Yi ⊂ A∗ for any 1 ≤ i ≤ n.

We computed, in Proposition 8.5, the probability of a

set in Aω of the form
−→
X with X ⊂ A∗. The following

proposition shows how to compute the probability of a

set in Aω of the form
−→
X \ −→

Y with X, Y ⊂ A∗. So the

probability of any ω-rational subset L =
∪

1≤i≤n(
−→
Xi \−→

Yi)

is given by
∑n

i=1 Pπ(
−→
Xi \ −→

Yi).

Proposition 9.2. Let X,Y ⊂ A∗ Then we have:

Pπ(
−→
X \ −→

Y ) = limp→∞ limq→∞(π(
∪q

k=p X(k)Aq−k))−
limp→∞ limq→∞(

∪
s,t≥p,s+t≤q(X

(s)At
∩

Y (t)As)Aq−s−t)).

Proof. We can write
−→
X = (

−→
X \ −→

Y )
∪

(
−→
X

∩ −→
Y ) and,

since this union is disjoint, the probability of
−→
X is given

by Pπ(
−→
X ) = Pπ(

−→
X \ −→

Y ) + Pπ(
−→
X

∩ −→
Y ). We set: U =

Pπ(
−→
X \ −→

Y ) and V = Pπ(
−→
X

∩ −→
Y ) By Proposition 8.5, we

obtain:

U = limp→∞ limq→∞ π(
∪q

k=p X(k)Aq−k) − V

Now, we write:

−→
X

∩ −→
Y = (

∩
t≥0 X(t)A

ω)
∩

(
∩

t≥0 Y(t)A
ω)

=
∩

p≥0(X(p)A
ω

∩
Y(p)A

ω).

Since the intersection on p is decreasing, we obtain:

V = limp→∞ Pπ(X(p)A
ω

∩
Y(p)A

ω).

Applying Proposition 7.4, we have:

V = limp→∞ limq→∞ π(
∪

s,t≥p,s+t≤q(X
(s)At

∩
Y (t)As)Aq−s−t).

Previous computations give:

U = limp→∞ limq→∞((π(
∪q

k=p X(k)Aq−k))−
limp→∞ limq→∞(π(

∪
s,t≥p,s+t≤q(X

(s)At
∩

Y (t)As)Aq−s−t))).
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LOCAL NASH EQUILIBRIUM

Yichao Zhang, M. A. Aziz-Alaoui and Cyrille Bertelle ∗†

Abstract. Nash equilibrium is widely present in various social dis-

putes. As of now, in structured static populations, such as social

networks, regular, and random graphs, the discussions on the e-

quilibrium between strategies are quite limited. In such a relatively

stable gaming network, a rational individual has to comprehensively

consider all his/her opponents’ strategies before they adopt a uni-

fied strategy. In this scenario, a new strategy equilibrium emerges

in the system. We define this equilibrium as a local Nash equilib-

rium. In this paper, we present an explicit definition of the local

Nash equilibrium for the two-strategy games in structured popula-

tions. Based on the definition, we investigate the condition that a

system reaches the evolutionary stable state when the individuals

play the Prisoner’s dilemma and snow-drift game. The local Nash

equilibrium provides a way to judge whether a gaming structured

population reaches the evolutionary stable state on one hand. On

the other hand, it can be used to predict whether cooperators can

survive in a system long before the system reaches its evolutionary

stable state for the Prisoner’s dilemma. Our work therefore pro-

vides a theoretical framework for understanding the evolutionary

stable state in the gaming populations with certain structures.

Keywords. ecology and evolution, game theory, Self-organization

complex systems

1 Introduction

In the past half century, the concept of Nash equilibri-
um is widely accepted and applied to analyze the pos-
sible outcomes in game theory if several strategists are
making decisions at the same time. Their applications
on arms races [1], currency crises, environmental regu-
lations [2], auctions, even football matches [3] are well
known. In the evolutionary game theory [4, 5, 6], Nash
equilibrium [5, 6, 7] actually is a pair of mixed strate-
gies. The mixed strategy denotes that a pure strategy
is chosen stochastically with a fixed probability. Instead,
in the classical two-player games, the Nash equilibrium
is interpreted as that once two individuals are in this e-
quilibrium, they can not gain more payoff by adjusting
their own pure strategy unilaterally. In an evolutionary
game in a unstructured population, the mixed strategy
is allowed, since the opponent at the next round is un-
certain. An individual can only adjust his/her strategy
according to the distribution of the frequency of the pure

∗
†Manuscript received April 10, 2014; revised June 10, 2014.

strategies in the previous round. Indeed, in such a set-
ting, the Nash equilibrium is composed of all the indi-
viduals’ strategies. In a structured population as social
networks, individuals can’t meet each other randomly. In
each round of game, an individual has to play with a
set of relatively fixed opponents, which are called neigh-
bors in complex networks. In this scenario, a new strat-
egy equilibrium emerges in the system, which unevenly
exists in two connected individuals with neighbors. We
define this class of strategy equilibrium as a local Nash
equilibrium. In this paper, we present an explicit defi-
nition of the local Nash equilibrium in networks for the
two-strategy games [8, 9]. We investigate the condition
that a system reaches the evolutionary stable state. For
the Prisoner’s dilemma [10, 11, 12, 13, 14, 15, 16] and
snow-drift game (also known as the hawk-dove or chicken
game) [4, 5, 17, 18], we will show that the Local Nash
equilibrium is a typical feature of the evolutionary games
in structured populations.

In a structured population, the equilibrium between t-
wo strategies is actually determined by the two strategists
and all their connected neighbors’ strategies. The change
on the strategy equilibrium leads to a completely differ-
ent evolutionary stable state [4]. An evolutionary stable
state is composed by a set of strategies with different fre-
quencies. The frequencies of the strategies in this state
must be statistically relatively stable. In the evolutionary
stable state of the games with cooperators and defectors,
the frequency of cooperators in the structured popula-
tions has attracted a lot of attention [8, 9, 17, 19, 20, 21].
Researchers are interested in how the cooperators can sur-
vive in a circumstance with a large temptation to defect.
To clarify this point, one has to understand the genera-
tion of the evolutionary stable state at first.

In the evolutionary game theory, previous studies dis-
cussed the evolutionary stable state in the unstruc-
tured populations from a replicator dynamics perspec-
tive [6, 22, 23, 24]. In the structured populations, for
example, spatial [17, 19] and social [8, 9, 20, 21] network-
s, because of the difficulty of formulating the replicator
dynamics, the discussions are highly restricted. In the
structured populations except the fully connected popu-
lation, the folk theorem of evolutionary game theory does
not stand [6], since the strategy equilibrium only exists
locally. To get the evolutionary stable state, there is no
need to get all the connected individuals in the local Nash
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equilibrium. A certain number of the local Nash equilib-
ria are sufficient to lead the system into the stable state,
since they are enough to balance the payoff distance be-
tween different strategies.

2 Summary

In a nutshell, the self-organization of Nash pairs forms the
final dynamical complex patterns of evolutionary games
in structured populations. The concept of the local Nash
equilibrium provides us a way to judge whether a gaming
structured population reaches the evolutionary stable s-
tate. For the prisoner’s dilemma, the concept can also be
used to predict whether cooperation can exist in a sys-
tem long before the system reaches its evolutionary sta-
ble state. Our observations may reveal a common reason
why cooperators can survive in a structured population
where defectors always obtain a higher payoff. The reason
is that the local Nash equilibrium defined in this paper
limits the payoff of defectors. The restriction effectively
protects the cooperators in the system.

Acknowledgements

Y. Z., M. A. A., and C. B. are supported by the region
Haute Normandie and the ERDF RISC.

References
[1] T. C. Schelling, The Strategy of Conflict, Harvard University

Press, Cambridge, 1980.

[2] H. Ward, “Game Theory and the Politics of Global Warming:
the State of Play and Beyond”, Political Studies, vol. 44 pp.
850C871, 1996.

[3] P. Chiappori, S. Levitt, T. Groseclose, “Testing Mixed-
Strategy Equilibria When Players Are Heterogeneous: The
Case of Penalty Kicks in Soccer”, American Economic Review,
vol. 92 pp. 1138-1151, 2002.

[4] J. M. Smith, “Evolution and the theory of games”, American
Scientist, vol. 64 pp. 41-45, 1976.

[5] H. Gintis, “Game theory evolving: A Problem-Centered Intro-
duction to Modeling Strategic Interaction”, Journal of Eco-
nomic Literature, vol. 39 pp. 572-573, 2001.

[6] J. Hofbauer, K. Sigmund, “Evolutionary game dynamics”, Bul-
letin. (new series) of the american mathematical society, vol.
40 pp. 479-519, 2003.

[7] J. F. Nash, “Equilibrium points in n-person games”, Proc.
Natl. Acad. Sci. USA, vol. 36, pp. 48-49, 1950.

[8] E. Lieberman, C. Hauert, M. A. Nowak, “Evolutionary dy-
namics on graphs”, Nature, vol. 433, pp. 312-316, 2005.

[9] H. Ohtsuki, C. Hauert, E. Lieberman, M. A. Nowak, “A sim-
ple rule for the evolution of cooperation on graphs and social
networks”, Nature, vol. 441, pp. 502-505, 2006.

[10] R. Axelrod, W. D. Hamilton, “The Evolution of Cooperation”,
Science, vol. 211 pp. 1390-1396, 1981.

[11] R. Axelrod, “More Effective Choices in the Prisoner’s Dilem-
ma”, J. Conflict Resolut., vol. 24, pp. 379-403, 1980.

[12] P. Hammerstein, Genetic and Cultural Evolution of Coopera-
tion [Hammerstein, P. (ed.)] MIT, Cambridge, MA, 2003.

[13] R. Axelrod, W. D. Hamilton, “The Evolution of Cooperation”,
Science (London), vol. 211, pp. 1390-1396, 1981.

[14] P. E. Turner, L. Chao, “Prisoner’s dilemma in an RNA virus”,
Nature (London), vol. 398, pp. 441-443, 1999.

[15] C. Gracia-Lázaro C, A. Ferrer, G. Ruiza, A. Tarancón, J.
A. Cuesta, A. Sánchez, Y. Moreno, “Heterogeneous network-
s do not promote cooperation when humans play a Prison-
er’s Dilemma”, Proc. Natl. Acad. Sci. USA, vol. 109, pp.
12922C12926, 2012.

[16] D. Semmann, “Conditional cooperation can hinder network
reciprocity”, Proc. Natl. Acad. Sci. USA, vol. 109, pp. 12846-
12847, 2012.

[17] C. Hauert, M. Doebeli, “Spatial structure often inhibits the
evolution of cooperation in the snowdrift game”, Nature, vol.
428, pp. 643-646, 2004.

[18] M. Doebeli, C. Hauert, “Models of cooperation based on the
Prisoners Dilemma and the Snowdrift game”, Ecol. Lett., vol.
8, pp. 748-766, 2005.

[19] M. A. Nowak, R. M. May, “Evolutionary game and spatial
chaos”, Nature, vol. 359, pp. 826-829, 1992.

[20] F. C. Santos, J. M. Pacheco, “Scale-free networks provide a
unifying framework for the emergence of cooperation”, Phys.
Rev. Lett., vol. 95, pp. 098104, 2005.
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Description	  
	  
The	   Complex	   Systems	   Digital	   Campus	   federates	   the	   Research	   and	   Educational	   Institutions	  
worldwide	   addressing	   the	   challenges	   of	   complex	   systems	   science.	   It	   coordinates	   an	   evolving	  
international	   network	   of	   scientists	   to	   identify	   the	   scientific	   challenges	   though	   ‘living	   complex	  
systems	  roadmaps’,	  facilitating	  the	  sharing	  of	  research	  and	  educative	  resources	  to	  address	  these	  
challenges.	  The	  Digital	  Campus	  has	  virtual	  departments	  federating	  the	  e-‐community	  addressing	  
each	  challenge.	  The	  Digital	  Campus	  is	  opened	  to	  all	  citizens	  of	  the	  world	  to	  participate	  in	  solving	  
the	  local	  and	  global	  challenges	  that	  lie	  ahead.	  
The	  kickoff	  meeting	  will	  allow	  to	  share	  all	  the	  research	  and	  teaching	  programmes	  proposed	  by	  
each	  of	  the	  98	  Research	  and	  EDucational	  Institutions	  that	  become	  members	  of	  the	  Unitwin	  over	  
24	  countries	  and	  4	  continents.	  This	  kickoff	  will	  allow	  to	  start	  an	  efficient	  sharing	  of	  all	  resources	  
for	   boosting	   the	   creation	   of	   e-‐laboratories	   in	   the	   perspective	   the	   pluri-‐annual	   Programme	   of	  
cooperation,	  
	  
Programme	  
	  
Monday	  
	  
Multi-‐level	  Modeling:	  
	  
Research	  &	  Teaching	  Programme	  	  
	  

Jörg	  Lehnert	  (MPI-‐MiS,	  Germany)	  :	  «	  Mathematics	  in	  the	  sciences	  »	  
Keywords	  are:	  
-‐	  Education	  program:	  Graduate	  courses	  mathematical	  different	  mathematical	  aspects	  of	  
complex	   systems,	   video-‐recorded,	   online	   available	   Topics	   include:	   dynamical	   systems,	  
probability	  theory,	  discrete	  structures	  
-‐	  Research	  program:	  Mathematical	  Foundations	  of	  Complex	  Systems,	  Mulitlevel	  Systems,	  
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Neurosciences,	  machine	  learning	  
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"The	   Online	   Algorithmic	   Complexity	   Calculator	   (OACC):	   From	   Sequence	   Complexity	   to	  
Graph	  Complexity"	  
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Keywords:	   Kolmogorov	   complexity,	   Solomonoff	   Algorithmic	   Probability,	   alternative	   to	  
lossless	  compression.	  
Abstract:	   	  The	   Online	   Algorithmic	   Complexity	   Calculator	   (OACC)	   is	   an	   on-‐going	   long-‐
term	  project	   of	   the	   Algorithmic	  Nature	   Group	   to	   develop	   an	   online	   tool	   implementing	  
semi-‐computable	   measures	   of	   complexity	   through	   various	   numerical	   methods	   and	  
algorithms	   for	   potential	   applications	   in	   a	   very	   wide	   range	   of	   disciplines,	   from	  
bioinformatics	  to	  psychometrics,	  from	  linguistics	  to	  economics.	  
It	   currently	   retrieves	   numerical	   approximations	   (upper	   bounds)	   of	   Kolmogorv	  
complexity	   for	   binary	   strings	   of	   short	   length	   by	   means	   of	   algorithmic	   probability	  
(notably	   by	   using	   the	   algorithmic	   Coding	   theorem	   relating	   frequency	   and	   complexity),	  
for	   string	   length	   which	   lossless	   compression	   algorithms	   fail	   to	   deal	   with,	   hence	  
providing	   an	   alternative/complementary	   method	   to	   compression	   algorithms	   (in	   the	  
future	   the	   calculator	   will	   smoothly	   make	   the	   transition	   between	   the	   algorithmic	  
probability	  and	  the	  lossless	  compression	  methods	  using	  a	  technique	  that	  the	  group	  has	  
developed	  called	  the	  Block	  Decomposition	  Method.	  
More	   algorithmic	   information	   measures,	   more	   data	   and	   more	   techniques	   will	   be	  
incorporated	   gradually	   in	   the	   future,	   covering	   a	  wider	   range	   of	   objects	   such	   as	   longer	  
binary	   strings,	   non-‐binary	   strings	   and	   n-‐dimensional	   objects,	   such	   as	   images	   and	  
networks.	  
Additional	   material	   can	   be	   found	   at	   the	   Algorithmic	   Nature	   Group	   website	   at	  
http://www.algorithmicnature.org.	   An	   Online	   Algorithmic	   Complexity	   Calculator	  
implementing	  this	  technique	  and	  making	  the	  data	  available	  to	  the	  research	  community	  is	  
accessible	  at	  http://www.complexitycalculator.com.	  

	  

Educational	  Program	  :	  
	  

Oscar	   Gordon	   (University	   Granada,	   Spain):	   «University	   of	   Granada	   interdisciplinary	  
Education	  Program	  on	  Complex	  Systems»	  

	  
	  
	  
Integrative	  social	  science	  :	  
	  
Research	  &	  Teaching	  Programme	  :	  
	  

Maria-‐Eunice	   Gonzales	   (UNESP,	   UFABC,	   Brazil	   ;	   Social	   self-‐organization	   e-‐lab)	   :	   «	  
title	  to	  be	  defined	  »	  

	  
Béatrice	  Galinon-‐Melenec	  (Le	  Havre	  University,	  France	  ;	  Human	  Trace-‐DC	  e-‐lab)	  

	  
Flavia	   Mori	   Sarti	   (USP,	   Brazil):	   «Opportunities	   to	   the	   consolidation	   of	   Complex	  
Systems	  in	  Brazil:	  The	  Center	  for	  Interdisciplinary	  Research	  in	  Complex	  Systems	  and	  the	  
Graduate	  Program	  in	  Complex	  Systems	  Modelling	  at	  University	  of	  Sao	  Paulo»	  
Keywords:	   complex	   systems,	   social	   sciences	   modeling,	   environmental	   modeling,	  
networks,	  agent	  based	  modeling.	  	  
Abstract:	   In	   Brazil,	   the	   research	   in	   Complex	   Systems	   have	   been	   a	   domain	   within	   the	  
natural	  sciences	  until	  the	  last	  decade.	  The	  successful	  creation	  of	  graduate	  programs	  that	  
deal	  with	  complexity	  modeling	  applied	   to	  environmental	  and	  social	  subjects	   in	   the	   last	  
few	   years	   in	   Brazil	   indicates	   the	   existence	   of	   an	   interdisciplinary	   research	   field	   in	  
Complex	   Systems	   that	   offers	   with	   high	   innovative	   potential	   to	   several	   areas	   of	  
knowledge.	  Nowadays,	   there	  are	   five	  Brazilian	  graduate	  programs	  explicitly	  defined	   to	  
be	   directed	   towards	   computational	   modeling	   of	   environmental	   and	   social	   problems,	  
amidst	  16	  graduate	  programs	  that	  indicate	  “computational	  modeling”	  as	  research	  scope.	  
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Nevertheless,	   there	   is	  only	  one	  program	   that	  directly	  mentions	   the	   subject	  of	  Complex	  
Systems	   in	   its	   denomination	   and	   offers	   the	   possibility	   to	   join	   both	   environmental	   and	  
social	   modeling	   to	   computational	   modeling	   and	   physics,	   the	   Graduate	   Program	   in	  
Complex	  Systems	  Modelling	  at	  University	  of	  Sao	  Paulo.	  In	  its	  core,	  the	  program	  proposes	  
to	   apply	   tools	   from	   computation	   and	   physics	   for	   Complex	   Systems	   Modeling	   in	  
economics,	   management,	   politics,	   biology,	   environmental	   sciences	   and	   theoretical	  
physics,	  among	  other.	  During	  the	  last	  few	  years	  since	  its	  creation	  in	  2010,	  there	  were	  15	  
graduate	   students	   who	   presented	   Master	   thesis	   successfully,	   and	   other	   11	   graduate	  
students	  are	  expected	  to	  present	  thesis	  in	  2014,	  including	  various	  themes	  from	  analysis	  
of	   social	   networks	   to	   agent	   based	   modeling	   applied	   to	   economics,	   environmental	  
sustainability,	  and	  health	  systems	  management.	  In	  2012,	  the	  program	  extended	  activities	  
to	   the	   creation	   of	   the	   Center	   for	   Interdisciplinary	   Research	   in	   Complex	   Systems.	   The	  
presentation	   includes	   the	   main	   achievements	   and	   research	   themes	   of	   the	   Complex	  
Systems	  group	  from	  the	  University	  of	  Sao	  Paulo,	   in	  order	  to	  seek	  for	  potential	  research	  
collaborations	  and	  partnerships.	  
Keywords:	   complex	   systems,	   social	   sciences	   modeling,	   environmental	   modeling,	  
networks,	  agent	  based	  modeling.	  

	  
	  
	  
Tuesday	  
	  
Integrative	  Biology	  :	  
	  
Research	  &	  Teaching	  Programme	  :	  
	  

Karol	   Mikula	   (STUBA,	   Slovaquie)	   :	   «	   Mathematical	   methods	   for	   multiscale	   3D+t	  
imaging	  in	  integrative	  biology	  »	  
	  
Andres	   Santos	   (Universidad	  Politecnica	  Madrid,	   Spain)	   :	  «	  Computational	  methods	  
for	  multiscale	  3D+t	  imaging	  in	  integrative	  biology	  »	  
	  
Nadine	  Peyriéras	  (Embryome-‐DC	  e-‐lab)	  :	  «	  the	  Embryome	  challenges	  »	  

	  
	  
	  
Territorial	  intelligence	  
	  
Research	  Programme	  :	  
	  

Thierry	  Saint-‐Gérand	  (Remgarev	  e-‐lab):	  Remgarev	  
	  
Sylvie	  Occelli	  (IRES,	  Italy	  ;	  Collective	  situated	  intelligence	  e-‐lab)	  

	  
Educational	  Programme	  :	  
	  

Céline	   Rozenblat	   (Lausanne	   University,	   Switzerland)	   :	   	  «Master	   Geographical	  
Modeling»	  	  
	  
Solange	  Ghernaouti	  (Lausanne	  University,	  Switzerland)	  :	  «	  title	  »	  
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Wednesday	  
	  
Integrative	  science	  of	  education	  :	  
	  
Research	  Programme	  	  
	  

Jeff	   Johnson	  (Open	  University,	  UK)	  "Robust	  peer	  assessment	  for	  scalable	  massive	  CS-‐
DC	  education"	  
	  
José	   Aguilar	   (Universidad	   de	   Los	   Andes,	   Venezuela)	   :	   «	  Proposal	  of	   an	  educational	  
model	  for	  careers	  in	  the	  area	  of	  Computer	  Sciences	  »	  
	  
Chenyun	   Chang	   (NTNU,	   Taiwan)	   :	   «	   NTNU	   research	   and	   teaching	   programme	   on	  
complex	  systems	  »	  	  
Summary:	   National	   Taiwan	  Normal	   University	   (NTNU)	   provides	   a	   diversified	   learning	  
and	   academic	   research	   environment	   integrating	   science,	   education,	   fine	   arts,	   and	  
cultures	   to	   engage	   in	   knowledge	   innovation	   and	   holistic	   education.	   It	   consists	   of	   10	  
colleges	   that	   include	   59	   departments	   and	   54	   graduate	   institutes.	   The	   teachers	   and	  
educators	   prepared	   by	   NTNU	   has	   been	   the	   backbone	   force	   for	   the	   development	   of	  
secondary	  school	  education	  in	  Taiwan.	  For	  decades,	  NTNU	  has	  devoted	  to	  the	  research	  
and	   development	   of	   educational	   policy	   and	   teaching	   practice.	   According	   to	   the	   recent	  
World	  University	  Rankings	  conducted	  by	  the	  QS	  Intelligence	  Unit,	  NTNU	  is	  ranked	  one	  of	  
the	  top	  500	  world’s	  elite	  universities	  and	  ranked	  42th	  in	  the	  education	  field.	  	  
Science	  education	   is	   a	  major	   field	   at	  NTNU	  with	  world’s	   top	   level	   research	   capacity	   as	  
over	  the	  past	  10	  years,	  Taiwan	  has	  been	  ranked	  7th	  in	  number	  of	  publication	  in	  science	  
education.	  Moreover,	  the	  Science	  Education	  Center	  (SEC)	  of	  NTNU	  has	  made	  remarkable	  
contributions	   to	   the	   national	   development	   of	   science	   education	   and	   educational	  
assessment,	   including:	   (a)	   hosting	   Trends	   in	   International	   Mathematics	   and	   Science	  
Study	   (TIMMS)	   in	   Taiwan,	   in	   which	   Taiwan’s	   achievement	   in	   science	   education	   was	  
demonstrated	   internationally;	   (b)	   hosting	   International	   Science	   Olympiads	   (ISO)	   and	  
training	   students	   to	   participate	   in	   Olympiads	   to	   educate	   future	   science	   elites;	   and	   (c)	  
executing	  national	  standardized	  tests	  such	  as	  the	  high	  school	  entrance	  Basic	  Competence	  
Test	  (BCTEST)	  and	  developing	  a	  unique	  system	  of	  testing	  and	  examination	  affairs.	  
As	   the	   director	   of	   SEC,	   Dr.	   Chang	   has	   lead	   numerous	   nationally	   funded	   projects,	  
sponsored	   by	   the	   Taiwanese	   National	   Science	   Council	   and	   the	   Ministry	   of	   Education,	  
such	   as:	   building	   “The	   e-‐Learning	   Research	   Teams	   for	   Excellence”,	   “The	   Center	   for	  
excellence	  in	  e-‐Learning	  Sciences	  (CeeLS):	  i4	  future	  learning	  environment”	  as	  well	  as	  the	  
ongoing	   “Aim	   for	   the	   Top	   University	   Project”	   of	   establishing	   the	   “Center	   for	   Research	  
Excellence	   in	   Science	  Education”.	  With	   these	  nationally	   funded	  projects,	  Dr.	   Chang	  has	  
established	  and	  incorporated	  several	  innovative	  Smart	  Classroom	  technologies	  into	  SEC	  
to	   facilitate	   science	   teaching	   and	   learning.	   The	   Smart	   Classroom	   integrates	   modern	  
technologies	   with	   the	   aims	   to	   create	   an	   intelligent	   classroom	   embedded	   with	  
individualized	   and	   interactive	   learning	  materials.	   The	   systems	   comprised	   in	   the	   Smart	  
Classroom	   include	   the	   following:	   (1)	   technology-‐enhanced	   interaction	   system,	   (2)	  
automatic	   speech	   recognition,	   (3)	   multiple	   screen	   projection,	   (4)	   3D	   virtual	   reality	  
learning	  environment,	  (5)	  instant	  message	  deliverer,	  (6)	  interactive	  whiteboard	  system,	  
(7)	  automatic	  online	  assessment,	  and	  (8)	  digital	  archive	  of	  course	  content.	  
	  
Manuel	  Pélissié	  (IREIS)	  :	  «	  title	  »	  	  

	  
	  
	  
Educational	  Program	  :	  
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Klaus	  Jaffe	  (Universidad	  Simon	  Bolivar,	  Venezuela)	  :	  «Complex	  Systems	  Group	  at	  the	  
Interdisciplinary	  Science	  Doctoral	  Program»	  
Keywords:	  evolution,	  networks,	  economy,	  sex,	  ants,	  sociodynamics,	  bioeconomy	  

	  
	  
Thursday	  
	  
Integrative	  management	  of	  complex	  systems:	  
	  
Research	  &	  Teaching	  Programme	  :	  
	  

Pierre	  Parrend	  (ECAM	  Strasbourg	  Europe,	  France)	  :	  «	  Complex	  systems	  for	  industry	  »	  
Keywords:	   industry,	   evolutionary	   algorithms,	   risk	   management,	   security,	   simulation,	  
multi-‐physical	  systems,	  organisation	  management	  
	  
Zhangang	  Han	  (Beijing	  Normal	  University,	  China):	  «Systems	  Science	  @	  BNU»	  
	  
Charles	  S.	  Tapiero	  (NYU,	  USA)	  :	  «	  The	  extreme	  risk	  initiative	  »	  
	  
Pierre	  Collet	  (UNISTRA,	  France)	  :	  «	  E-‐lab	  on	  Complex	  Computational	  Ecosystems	  (ECCE)	  
»	  	  

	  
	  
Integrative	  cognitive	  science	  
	  
Research	  &	  Teaching	  Programme	  :	  
	  

Jean-‐Marc	  Meunier	  (Université	  Paris	  8,	  France)	  :	  «	  Creativity	  as	  a	  way	  to	  understand	  
complexity	  :	  from	  Arts	  to	  Sciences	  »	  
	  
Charles	  Tijus	  (Université	  Paris	  8,	  France)	  :	  «a	  new	  e-‐lab	  on	  cognition	  science	  »	  

	  
	  
Integrative	  ecology	  :	  
	  
Research	  &	  Teaching	  Programme	  :	  
	  

Salima	   Taïbi	   (ETSIPA,	   France)	   :	   «	   Statistical	   approach	   for	   soil	   monitoring,	   risk	  
assessment	  and	  soil	  characterization»	  
	  
Masa	   Funabashi	   (Sony	   CSL,	   Japan)	   «	   Research	   and	   Education	   Program	   of	   CS-‐DC	   e-‐
laboratory	  "Open	  System	  Exploration	  for	  Ecosystems	  Leveraging"	  »	  
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Satellite	  Workshop	  2	  
Modeling	  and	  Simulation	  Platforms	  

	  
Organizers	  
	  

• Nicolas	  Marilleau,	  UMI	  209	  UMMISCO,	  IRD,	  Bondy,	  France,	  
nicolas.marilleau@ird.fr	  

• Romain	  Reuillon,	  ISC-‐PIF,	  Paris,	  France,	  romain.reuillon@iscpif.fr	  
• Patrick	  Taillandier,	  IDEES	  UMR-‐CNRS	  6266,	  Rouen,	  France,	  

patrick.taillandier@univ-‐rouen.fr	  
	  
Description	  
	  
These	   last	   years	   have	   seen	   the	   development	   of	   many	   high-‐level	   computer	   tools	   and	  
platforms	  to	  study	  complex-‐systems	  through	  graphs,	  models,	  simulations,	  data	  analysis,	  
machine	   learning,	   model	   exploration…	   These	   tools	   integrate	   well	   known	   and	   novel	  
methods	   in	   ergonomic	   interfaces	   to	   render	   them	   usable	   by	   domain	   experts	   and	  
complex-‐system	  scientists.	  
	  
This	   satellite	   workshop	   intends	   to	   advise	   various	   tools	   covering	   different	   aspect	   of	  
complex	  systems	  studying.	  It	  workshop	  will	  propose	  tutorials	  on	  several	  FOSS	  (Free	  and	  
Open-‐Source	  Software)	  platforms	  and	  libraries	  that	  focus	  on	  the	  ease-‐of-‐use,	  scalability,	  
collaborative	   aspects	   to	   enable	   complex-‐system	   study	   for	   scientists.	   During	   these	  
tutorials,	  platform	  developers	  will	  present	   their	   tools,	  help	  new	  users	   to	  begin	  with	   it	  
and	   advanced	   user	   to	   improve	   their	   skills.	   Scientist	   and	   software	   developers	   are	  
welcome	  to	  propose	  tutorials.	  The	  format	  of	  these	  tutorials	  can	  be	  either	  1.5h	  or	  3h.	  The	  
main	  part	  of	  the	  tutorial	  session	  should	  consist	  in	  a	  practical	  use	  of	  the	  software	  by	  the	  
audience.	  
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WS2: MODELING AND SIMULATION PLATFORMS

Organizers: Nicolas Marilleau∗, Romain Reuillon†and Patrick Taillandier‡

1 Goal of the workshop

These last years have seen the development of many high-
level computer tools and platforms to study complex-
systems through graphs, models, simulations, data anal-
ysis, machine learning, model exploration These tools in-
tegrate well known and novel methods in ergonomic in-
terfaces to render them usable by domain experts and
complex-system scientists.

This satellite workshop intends to advise various tools
covering different aspect of complex systems studying. It
workshop will propose tutorials on several FOSS (Free
and Open-Source Software) platforms and libraries that
focus on the ease-of-use, scalability, collaborative aspects
to enable complex-system study for scientists. During
these tutorials, platform developers will present their
tools, help new users to begin with it and advanced user
to improve their skills.

2 Timetable

1. GAMA : Monday June 23, 2014 - 16h-19h
Patrick Taillandier (UMR IDEES, University of
Rouen) and Nicolas Marilleau (UMI UMMISCO,
IRD)

2. MGS : Tuesday June 24, 2014 - 14h-15h :
Martin Potier (LACL, University of Paris Est)

3. Graphstream : Tuesday June 24, 2014 - 15h-16h30
Yoann Pign, Stefan Balev, Antoine Dutot (UMR
LITIS, University of Le Havre)

4. OpenMole : Tuesday June 24, 2014 - 17h-19h
Mathieu Leclaire, Romain Reuillon (ISC-PIF)

3 Tutorials abstracts

3.1 GAMA

This open-source GAMA platform is dedicated to the def-
inition and simulation of agent-based models. It offers

∗UMI 209 UMMISCO, IRD/UPMC, Bondy–France. E-
mails:nicolas.marilleau@ird.fr
†ISC-PIF, Paris–France. E-mails:romain.reuillon@iscpif.fr
‡IDEES UMR-CNRS 6266, Rouen– France E-mail:

patrick.taillandier@univ-rouen.fr

many powerful features such as an integrated develop-
ment environment with a dedicated modeling language,
a native integration of GIS data, powerful spatial and
graph operators, 3D visualization, multi-level modeling....
Most of these features will be presented through a tuto-
rial where participants will be invited to build a model
concerning the propagation of a disease in a small city.

Figure 1: GAMA screenshot

website: https://code.google.com/p/gama-platform

3.2 MGS

The project aims at investigating the concepts and tools
(especially programming languages) needed for the mod-
eling and the simulation of dynamical systems exhibiting
a dynamical structure. The results are validated by the
design and development of an experimental programming
language and of various applications (mainly in the area
of biological systems modeling). Our approach is based
on the use of topological notions to extend the idea of
rewriting systems. In this tutorial, we will show differ-
ent implementations in MGS of a toy example including
space, ODE, PDE, Gillespie while giving a tour of MGS
topological collections.

website: http://www.spatial-
computing.org/mgs/start

3.3 Graphstream

GraphStream is a Java library for the modeling and anal-
ysis of dynamic graphs. You can generate, import, ex-
port, measure, layout and visualize them. The tool will
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Figure 2: MGS sample of code and results.

be presented with some demos followed by a tutorial on
the basic usage of the main parts provided by Graph-
Stream.

Figure 3: Example of graphs visualized with Graphstream

website: http://graphstream-project.org

3.4 OpenMole

This tutorial presents an introduction to the OpenMOLE
platform. OpenMOLE is designed to leverage the power
of massively parallel execution environments (servers,
clusters, grids) for model exploration. During the session,
the basic functionalities of OpenMOLE will be demon-
strated through practical exercises during which the at-
tendees will learn how to encapsulate their models into
the framework and explore them intensively using vari-
ous distributed execution environments.

website: http://www.openmole.org

3.5 Aknowledgement

This workshop is organized by the Simtools Network and
is supported by the ”Réseau National des Systèmes Com-
plexes (RNSC)” and the ”Grands Réseaux de Recherche
de Haute-Normandie (GRRHN)”.

Figure 4: OpenMole screenshot and sample of code.
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Satellite	  Workshop	  3	  
Complex	  Networks	  and	  Dynamics	  
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Description	  
	  
This	  workshop	  aims	  to	  provide	  an	  interdisciplinary	  forum	  for	  researcher	  working	  on	  
dynamics	  on	  networks	  and	  the	  analysis	  of	  temporal	  networks,	  i.e.	  networks	  that	  change	  
over	  time.	  Areas	  of	  interest	  include,	  but	  are	  not	  limited	  to	  

• statistics	  to	  monitor	  and	  predict	  changes	  in	  temporal	  networks,	  
• centrality	  measures	  for	  temporal	  networks,	  
• generative	  and	  evolution	  models	  for	  temporal	  networks,	  
• community	  detection	  in	  temporal	  networks,	  
• visualisation	  of	  temporal	  networks,	  
• random	  walks	  and	  efficient	  searching	  on	  temporal	  networks,	  
• epidemic	  spreading	  on	  temporal	  networks,	  
• dynamical	  and	  structural	  robustness	  and	  stability	  of	  temporal	  networks,	  
• agent-‐based	  modelling	  for	  temporal	  networks,	  
• control	  of	  dynamics	  on	  temporal	  networks,	  
• opinion	  dynamics	  and	  consensus	  formation,	  
• protein	  interaction	  networks	  and	  chemical	  reaction	  networks,	  
• inferring	  network	  structure	  from	  time	  series	  data,	  
• distributed	  detection	  in	  sensor	  networks,	  
• data	  collection	  from	  social	  media	  and	  data	  quality	  tests.	  
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• Mauricio	  Barahona	  (Imperial	  College)	  
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• Luis	  Rocha	  (University	  of	  Namur	  &	  Karolinska	  Institutet)	  
• Martin	  Rosvall	  (Umeå)	  
• Jari	  Saramäki	  (Aalto)	  
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Programme	  
	  
Invited	  talk	  
Controlling	  Contagion	  Processes	  in	  Activity	  Driven	  Networks.	  
Márton	  Karsai	  (ENS	  de	  Lyon)	  	  
The	   vast	  majority	   of	   strategies	   aimed	   at	   controlling	   contagion	   processes	   on	   networks	  
consider	  the	  connectivity	  pattern	  of	  the	  system	  either	  quenched	  or	  annealed.	  However,	  
in	  the	  real	  world,	  many	  networks	  are	  highly	  dynamical	  and	  evolve,	  in	  time,	  concurrently	  
to	   the	  contagion	  process.	  Here	  [1],	  we	  derive	  an	  analytical	   framework	   for	   the	  study	  of	  
control	   strategies	   specifically	   devised	   for	   a	   class	   of	   time-‐varying	   networks,	   namely	  
activity-‐driven	  networks.	  We	  develop	  a	  block	  variable	  mean-‐field	  approach	  that	  allows	  
the	  derivation	  of	  the	  equations	  describing	  the	  co-‐evolution	  of	  the	  contagion	  process	  and	  
the	   network	   dynamic.	   We	   derive	   the	   critical	   immunisation	   threshold	   and	   assess	   the	  
effectiveness	   of	   three	   different	   control	   strategies.	   Finally,	   we	   validate	   the	   theoretical	  
picture	  by	  simulating	  numerically	  the	  spreading	  process	  and	  control	  strategies	   in	  both	  
synthetic	  networks	  and	  a	  large-‐scale,	  real-‐world,	  mobile	  telephone	  call	  dataset.	  
[1]	  S.	  Liu,	  et.al.	  Phys.	  Rev.	  Lett.	  112,	  118702	  (2014)	  	  
	  
Contributed	  talk	  
Resilience	  and	  cascading	  failures	  in	  large-‐scale	  systems	  	  
Wilbert	  Samuel	  Rossi	  (Politecnico	  di	  Torino)	  	  
Several	   cascading	   phenomena	   in	   networks	   can	   be	   studied	   with	   epidemic	   models.	  
Examples	   are	   the	   spread	   of	   innovation,	   default	   contagion	   in	   financial	   institutions	   and	  
cascade	   of	   re-‐tweets.	   While	   literature	   has	   studied	   the	   asymptotic	   spread	   of	   the	  
epidemics,	  we	  are	  interested	  in	  the	  transient	  behavior	  and	  dynamic	  of	  the	  process,	  and	  
in	   control	   policies,	  whenever	   acting	   on	   network	   parameter	   is	   allowed.	  We	   consider	   a	  
threshold	  model	  process:	  given	  the	  network	  topology	  and	  the	  initial	  infected	  agents,	  the	  
infection	   propagates	   in	   synchronous	   deterministic	   rounds,	   where	   each	   node	   become	  
infected	  if	  at	  least	  a	  specific	  threshold	  number	  of	  its	  out-‐neighbor	  were	  already	  infected.	  
Our	  analysis	  is	  on	  large	  random	  network:	  we	  exploit	  the	  tree-‐like	  local	  structure	  to	  write	  
recursive	  equations	  that	  approximate	  the	  evolution	  of	  the	  expected	  fraction	  of	  infected	  
agents.	  This	   equation	  are	   exact	  on	   infinite	  networks.	  However,	  when	   the	   size	  n	  of	   the	  
network	   is	   large	  but	   finite,	   the	  dynamic	  of	   the	   fraction	  of	   infected	  agents	  concentrates	  
around	   the	   approximated	   expectation,	   and,	   for	   time	   horizons	   of	   order	   log	   n	   the	  
approximation	  is	  very	  good.	  
Keywords.	   Bootstrap	   percolation,	   Configuration	   model	   random	   graph,	   cascade,	  
diffusion,	  threshold.	  	  
	  
Contributed	  talk	  
Emergence	  of	  social	  Structures	  via	  preferential	  selection	  	  
Adam	  Lipowski	  (Adam	  Mickiewicz	  University)	  	  
We	  examine	  a	  weighted-‐network	  model	  of	  the	  formation	  of	  social	  structures.	  The	  model	  
is	   based	   on	   preferential	   selection	   where	   individuals	   choose	   partners	   with	   the	  
probability	  p(w),	  where	  w	  is	  the	  number	  of	  their	  past	  selections.	  When	  p(w)	  increases	  
sub-‐linearly	  with	   the	   number	   of	   past	   selections	   (p(w)	  ~	  w\alpha,	   \alpha	   <	   1),	   agents	  
develop	  a	  uniform	  preference	  for	  all	  other	  agents.	  For	  a	  superlinear	  increase	  (\alpha	  >	  
1),	   strong	   heterogeneities	   emerge	   and	   agents	   make	   selections	   mainly	   within	   small	  
clusters.	   Formation	   of	   such	   clusters	   can	   be	   considered	   as	   a	   spontaneous	   symmetry	  
break-‐	   ing	   and	  might	   take	   place	   even	   in	   a	   few-‐agents	   case.	   Such	   (zero-‐dimensional!)	  
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transitions	   are	   analysed	   within	   a	   mean-‐field	   approx-‐imation	   and	   Monte	   Carlo	  
simulations.	  At	   \alpha	  =	  1	   (linear	   increase),	  most	  of	   the	   links	  virtually	  vanish	  and	   the	  
model	  undergoes	  a	  dra-‐	  matic	  change	  of	  the	  community	  structure.	  
Keywords.	   Social	   structures,	   evolving	   weighted	   network,	   preferential	   selection,	  
community	  structure	  	  
	  
Invited	  talk	  
TempoRank:	  A	  random	  walk	  centrality	  for	  temporal	  networks	  	  
Luis	  Rocha	  (Karolinska	  Institutet	  &	  University	  of	  Namur)	  	  
Ranking	  algorithms	  based	  on	  random	  walks	  are	  particularly	  useful	  because	  they	  connect	  
topological	  and	  diffusive	  properties	  of	  the	  network.	  Previous	  methods	  based	  on	  random	  
walks,	  as	  for	  example	  the	  PageRank,	  have	  focused	  on	  static	  structures.	  Several	  realistic	  
networks	  are	  however	  dynamic,	  meaning	  that	  their	  structure	  varies	  in	  time.	  We	  propose	  
a	   centrality	   measure	   for	   temporal	   networks	   based	   on	   random	   walks	   that	   we	   call	  
TempoRank.	   TempoRank	   is	   the	   average	   stationary	   density	   of	   a	   random	   walker	   in	   a	  
sequence	   of	   snapshots	   under	   periodic	   boundaries.	   While	   in	   a	   static	   network,	   the	  
stationary	  density	  of	  the	  random	  walk	  is	  proportional	  to	  the	  degree	  or	  the	  strength	  of	  a	  
node,	  we	  find	  that	  in	  temporal	  networks,	  the	  stationary	  density	  is	  proportional	  to	  the	  in-‐
strength	   of	   the	   so-‐called	   effective	   network,	   a	  weighted	   and	   directed	   network	   derived	  
from	  the	  original	  transition	  matrix.	  The	  stationary	  density	  also	  depends	  on	  the	  sojourn	  
probability	  that	  regulates	  the	  tendency	  of	  the	  walker	  to	  stay	  in	  the	  node.	  We	  apply	  our	  
method	   to	   human	   interaction	   networks	   and	   show	   that	   although	   it	   is	   important	   for	   a	  
node	  to	  connect	  to	  another	  node	  with	  many	  random	  walkers	  at	  the	  right	  moment	  (one	  
of	   the	   principles	   of	   the	   PageRank),	   this	   effect	   is	   negligible	   in	   practice	   when	   the	   time	  
order	  of	  link	  activation	  is	  included.	  	  
	  
Contributed	  talk	  
Navigating	  Internet	  with	  group	  and	  degree	  information	  	  
Alok	  Kumar	  (Univeristé	  catholique	  de	  Louvain)	  	  
In	  this	  work,	  we	  present	  a	  new	  navigation	  scheme	  for	  the	  Internet.	  It	  exploits	  the	  degree	  
and	   group	   of	   nodes	   for	   searching	   the	   path	   between	   the	   source	   and	   destination.	   The	  
simulation	  results	  show	  that	  the	  scheme	  can	  successfully	  navigate	  information	  in	  a	  near-‐
optimal	  manner.	  	  
Keywords.	  Navigation,	  routing,	  Internet,	  degree,	  group.	  	  
	  
Contributed	  talk	  
Citation	  networks	  and	  their	  time	  constraint	  	  
James	  Clough	  (Imperial	  College	  London)	  	  
In	  many	  complex	  networks	  the	  vertices	  are	  ordered	  in	  time	  and	  edges	  represent	  causal	  
connections.	  Citation	  networks	  have	  this	  causal	  structure	  because	  documents	  can	  only	  
cite	  something	  that	  was	  written	  in	  the	  past.	  Such	  `temporal	  vertex	  networks'	  therefore	  
form	  a	  directed	  acyclic	  graph.	  We	  argue	  that	  analysis	  methods	  for	  such	  networks	  must	  
take	   the	   temporal	   constraint	   into	   account.	   We	   illustrate	   our	   approach	   by	   using	  
Transitive	   Reduction	   on	   three	   very	   different	   examples	   and	   their	   appropriate	   null	  
models:	  arXiv	  academic	  papers,	  US	  patents,	  and	  US	  Supreme	  Court	  verdicts.	  Transitive	  
Reduction	   removes	   all	   edges	   which	   are	   unnecessary	   for	   the	   causal	   structure	   and	   so	  
highlights	  connections	  essential	  for	  information	  transfer	  in	  the	  network.	  
We	   find	   that	   Transitive	   Reduction	   reveals	   significant	   differences	   between	   citation	  
patterns	   in	   these	   networks,	   and	   between	   individual	   documents	   within	   them.	   For	  
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instance,	   we	   find	   one	   academic	   paper	   which	   has	   1641	   citations	   only	   has	   3	   after	   TR,	  
while	   another	   is	   only	   reduced	   from	  806	   to	  77	   citations.	  On	   average	  we	   find	   that	   only	  
20%	   of	   the	   citations	   between	   academic	   papers	   are	   required	   to	  maintain	   their	   causal	  
structure,	  matching	   estimates	  made	  elsewhere	  with	  other	   techniques	   (e.g.	   Simkin	   and	  
Roychowdhury,	  2005).	  On	  the	  other	  hand	  around	  90%	  of	  citations	  between	  patents	  are	  
needed	   to	   maintain	   the	   causal	   structure	   there,	   revealing	   fundamental	   structural	  
differences	  between	  citation	  networks	  in	  different	  contexts.	  We	  also	  find	  that	  in	  all	  cases	  
Transitive	  Reduction	   is	  a	  powerful	   tool	   to	   tackle	   the	  effect	   that	   the	  age	  of	  a	  document	  
has	  on	  its	  citation	  count.	  
We	  also	  show	  that	  Transitive	  Reduction	  reveals	  that	  null	  models	  of	  citations	  networks	  
which	  generate	  networks	  with	  similar	  degree	  distributions	  to	  real	  networks	  often	  do	  not	  
have	   the	   same	   degree	   distributions	   after	   Transitive	   Reduction,	   and	   so	   actually	   have	  
significantly	  different	  causal	  structure.	  
Just	   as	   citation	   networks	   can	   only	   cite	   older	   documents,	   the	   causal	   sets	   approach	   to	  
quantum	   gravity	   starts	   from	   a	   set	   of	   discrete	   space-‐time	   points,	   related	   only	   by	   their	  
causal	   relationship.	   In	   both	   cases	   we	   have	   'temporal	   vertex	   networks'	   which	   are	  
examples	   of	   directed	   acyclic	   graphs.	   In	   the	   quantum	   gravity	   context	   the	   discrete	  
structure	   is	  sufficient	   to	   fix	   the	  properties	  of	   the	   large	  scale	  continuous	  space-‐time	  we	  
experience.	   In	   particular	   the	   space-‐time	   dimension	   can	   be	   estimated	   using	   just	   the	  
causal	   relationships	   between	   the	   discrete	   points.	   We	   will	   show	   how	   to	   adapt	   these	  
estimates	   of	   manifold	   dimension	   in	   order	   to	   characterise	   the	   structure	   of	   different	  
citation	  networks.	  
We	   apply	   our	   dimension	   measures	   to	   the	   same	   three	   examples	   of	   citation	   network:	  
academic	  papers	  on	  arXiv,	  US	  patents,	  and	  US	  Supreme	  Court	  judgements.	  We	  find	  that	  
independent	  estimates	  of	  dimension	  converge	  on	  a	  consistent	  value	  for	  a	  given	  citation	  
network.	  However,	   again	  we	   find	   that	  networks	   that	  otherwise	  appear	  very	   similar	   in	  
structure	  turn	  out	  to	  have	  significantly	  different	  dimensions.	  We	  will	  show	  that	  by	  using	  
network	  analysis	  methods	   that	   take	   the	   causal	   constraints	   into	  account,	   our	   approach	  
reveals	  interesting	  distinctions	  in	  the	  structure	  of	  these	  temporal	  networks.	  
Note	  that	  most	  work	  on	  temporal	  networks	  is	  on	  data	  where	  the	  natural	  representation	  
gives	  the	  edges	  a	  time	  (e.g.	  phone	  call	  networks).	  Such	  `temporal	  edge	  networks'	  are	  not	  
directed	   acyclic	   graphs	   and	   the	   constraint	   of	   time	   appears	   in	   a	   different	  way	   in	   such	  
cases.	  	  
	  
Invited	  talk	  
How	  Basin	  Stability	  Complements	  the	  Linear-‐Stability	  Paradigm	  	  
Jürgen	  Kurths	  (Potsdam	  Institute	  for	  Climate	  Impact	  Research	  and	  Humboldt	  
University	  Berlin)	  
The	  human	  brain,	  power	  grids,	  arrays	  of	  coupled	  lasers	  and	  the	  Amazon	  rainforest	  are	  
all	  characterized	  by	  multistability.	  The	  likelihood	  that	  these	  systems	  will	  remain	  in	  the	  
most	  desirable	  of	  their	  many	  stable	  states	  depends	  on	  their	  stability	  against	  significant	  
perturbations,	   particularly	   in	   a	   state	   space	   populated	   by	   undesirable	   states.	   Here	   we	  
claim	   that	   the	   traditional	   linearization-‐based	   approach	   to	   stability	   is	   too	   local	   to	  
adequately	  assess	  how	  stable	  a	  state	  is.	  Instead,	  we	  quantify	  it	  in	  terms	  of	  basin	  stability,	  
a	  new	  measure	  related	   to	   the	  volume	  of	   the	  basin	  of	  attraction.	  Basin	  stability	   is	  non-‐
local,	   nonlinear	   and	  easily	   applicable,	   even	   to	  high-‐dimensional	   systems.	   It	   provides	   a	  
long-‐sought-‐after	  explanation	  for	  the	  surprisingly	  regular	  topologies	  of	  neural	  networks	  
and	   power	   grids,	   which	   have	   eluded	   theoretical	   description	   based	   solely	   on	   linear	  
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stability.	   We	   anticipate	   that	   basin	   stability	   will	   provide	   a	   powerful	   tool	   for	   complex	  
systems	  studies,	  including	  the	  assessment	  of	  multistable	  climatic	  tipping	  elements.	  	  
Specifically,	  we	  employ	  a	  novel	   component-‐wise	  version	  of	  basin	  stability,	   a	  nonlinear	  
inspection	  scheme,	  to	  investigate	  how	  a	  grid's	  degree	  of	  stability	  is	  influenced	  by	  certain	  
patterns	   in	   the	   wiring	   topology.	   Various	   statistics	   from	   our	   ensemble	   simulations	   all	  
support	   one	   main	   finding:	   The	   widespread	   and	   cheapest	   of	   all	   connection	   schemes,	  
namely	   dead	   ends	   and	   dead	   trees,	   strongly	   diminish	   stability.	   For	   the	   Northern	  
European	   power	   system	  we	   demonstrate	   that	   the	   inverse	   is	   also	   true:	   `Healing'	   dead	  
ends	  by	  addition	  of	  transmission	  lines	  substantially	  enhances	  stability.	  This	  indicates	  a	  
crucial	   smart-‐design	  principle	   for	   tomorrow's	   sustainable	  power	   grids:	   add	   just	   a	   few	  
more	  lines	  to	  avoid	  dead	  ends.	  	  
References:	  	  
P.	  Menck,	  J.	  Heitzig,	  N.	  Marwan,	  and	  J.	  Kurths,	  Nature	  Physics	  9,	  89	  (2013)	  	  
P.	  Menck,	  J.	  Heitzig,	  J.	  Kurths,	  and	  H.	  Schellnhuber,	  Nature	  Communication	  (2014)	  	  
	  
Contributed	  talk	  
Stochastic	  Optimal	  Control	  in	  Cooperative	  Multi-‐Agent	  Systems	  	  
Dimitri	  Papadimitriou	  (Bell	  Labs)	  
In	   this	   paper,	   we	   consider	  multi-‐agent	   systems	  where	   agents	   perform	   a	   joint	   task	   to	  
satisfy	   time-‐varying	   and	   uncertain	   demands	  modeled	   by	   a	   stochastic	   process.	   Agents	  
operate	  in	  a	  cooperative	  mode	  with	  partial	  knowledge/visibility	  of	  the	  global	  state	  of	  the	  
system.	   In	   this	   context,	   Stochastic	   Optimal	   Control	   (SOC)	   enables	   to	   formulate	   agents	  
best	  response	  as	  an	   infinite	  horizon	  discounted	  cost	  minimization	  problem	  and	  derive	  
the	  optimal	  control	   law	  that	  agents	  have	  to	  apply	  to	  optimize	  their	  value	  function.	  The	  
performance	  of	  agents	  is	  valued	  by	  a	  global	  cost	  function	  which	  is	  an	  integral	  of	  running	  
costs	  plus	  an	  intervention	  cost,	  modeling	  an	  impulse	  control.	  	  
	  
Contributed	  talk	  
Wave	  propagation	  in	  nonlinear	  networks	  	  
J.-‐G.	  Caputo	  (INSA	  de	  Rouen)	  	  
The	   propagation	   of	   localized	   waves	   in	   nonlinear	   networks	   is	   an	   ubiquitous	   problem.	  
Examples	  are	   fluxon	  motion	   in	  arrays	  of	   Josephson	   junctions,	  pulse	  propagation	   in	  the	  
circulatory	  system..	  Modeling	  such	  problems	  is	  difficult	  and	  it	   is	  helpful	  to	  simplify	  the	  
equation	   and	   the	   geometry.	   We	   will	   illustrate	   these	   issues	   with	   the	   analysis	   of	   the	  
propagation	  of	   sine-‐Gordon	  waves	   through	  Y	   junctions.	   This	   is	   joint	  work	  with	  Denys	  
Dutykh.	  	  
	  
Invited	  talk	  
Real-‐world	  spreading	  phenomena:	  experiments	  on	  a	  large-‐scale	  P2P	  system	  	  
Fabien	  Tarissan	  (Université	  Pierre	  et	  Marie	  Curie)	  	  
Understanding	   the	   spread	   of	   information	   on	   complex	   networks	   is	   a	   key	   issue	   from	   a	  
theoretical	  and	  applied	  perspective.	  Despite	  the	  effort	  in	  developing	  theoretical	  models	  
for	   this	   phenomenon,	   gauging	   them	   with	   large-‐scale	   real-‐world	   data	   remains	   an	  
important	  challenge	  due	  to	  the	  scarcity	  of	  open,	  extensive	  and	  detailed	  data.	  In	  this	  talk,	  
we	   explain	   how	   traces	   of	   peer-‐to-‐peer	   file	   sharing	   may	   be	   used	   to	   this	   goal.	   We	  
reconstruct	   the	   underlying	   social	   network	   of	   peers	   sharing	   content	   and	   perform	  
simulations	  on	  it	  in	  order	  to	  assess	  the	  relevance	  of	  the	  standard	  SIR	  model	  to	  mimic	  key	  
properties	  of	   real	   spreading	  cascades.	  The	  results	   show	  that	   it	   is	   insufficient	   to	  mimic	  
real	  spreading	  cascades,	  thus	  raising	  an	  alert	  against	  the	  careless,	  widespread	  use	  of	  this	  
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model.	  However,	  we	  also	  show	  that	  using	   the	  available	   temporal	  data	   in	   the	   trace	  and	  
integrating	  it	  into	  an	  heterogeneous	  version	  for	  the	  spreading	  model	  enables	  to	  improve	  
its	  relevance	  in	  this	  context.	  	  
Back	  to	  program.	  
	  
Contributed	  talk	  
Dynamics	  of	  media	  attention	  	  
V.A.	  Traag	  (KITLV,	  Leiden)	  	  
Studies	   of	   human	   attention	   dynamics	   analyses	   how	   attention	   is	   focused	   on	   specific	  
topics,	   issues	   or	   people.	   In	   online	   social	   media,	   there	   are	   clear	   signs	   of	   exogenous	  
shocks,	  bursty	  dynamics,	  and	  an	  exponential	  or	  powerlaw	  lifetime	  distribution.	  We	  here	  
analyse	   the	   attention	   dynamics	   of	   traditional	   media,	   focussing	   on	   co-‐occurrence	   of	  
people	  in	  newspaper	  articles.	  The	  results	  are	  quite	  different	  from	  online	  social	  networks	  
and	   attention.	  Different	   regimes	   seem	   to	   be	   operating	   at	   two	  different	   time	   scales.	   At	  
short	   time	  scales	  we	  see	  evidence	  of	  bursty	  dynamics	  and	  fast	  decaying	  edge	   lifetimes	  
and	  attention.	  This	  behaviour	  disappears	  for	   longer	  time	  scales,	  and	  in	  that	  regime	  we	  
find	  Poissonian	  dynamics	  and	  slower	  decaying	  lifetimes.	  This	  suggests	  that	  a	  cascading	  
Poisson	  process	  may	  take	  place,	  with	  issues	  arising	  at	  a	  constant	  rate	  over	  a	  long	  time	  
scale,	  and	  faster	  dynamics	  at	  a	  smaller	  time	  scale.	  
Keywords:	  Co-‐occurrence	  network,	  media	  attention,	  attention	  dynamics,	  lifetime,	  
Poisson	  process.	  	  
	  
Invited	  talk	  
Community	  structure	  in	  multilayer	  networks	  	  
Marya	  Bazzi	  (University	  of	  Oxford)	  
An	  important	  feature	  in	  many	  networks	  is	  the	  existence	  of	  "communities",	  sets	  of	  nodes	  
that	  are	  `more	  strongly'	  connected	  to	  each	  other	  than	  to	  nodes	  in	  the	  rest	  of	  a	  network.	  
We	   investigate	   the	  detection	  of	   communities	   in	  multilayer	  networks	  using	  modularity	  
maximization.	   "Modularity"	   is	   a	   function	   that	   measures	   the	   quality	   of	   a	   partition	   of	  
nodes	  in	  a	  network	  by	  comparing	  edge	  weights	  within	  sets	  in	  the	  observed	  network	  to	  
edge	  weights	  within	  sets	   in	  a	   "null	  network",	  generated	   from	  a	  specified	   "null	  model".	  
We	   illustrate	   using	   financial	   asset	   correlation	   networks	   that	   the	   choice	   of	   null	  model	  
should	  depend	  on	  the	  problem	  being	  studied.	  	  
To	   represent	   the	   temporal	   dimension	   of	   a	   network	   explicitly	   in	   the	   multilayer	  
framework,	   one	   can	   adopt	   a	   choice	   of	   inter-‐layer	   connection	   that	   is	   uniform	   and	  
"ordinal".	  We	  investigate	  this	  choice	  of	  representation	  in	  a	  generalization	  of	  modularity	  
maximization	   to	   multilayer	   networks.	   We	   introduce	   a	   diagnostic	   to	   measure	  
"persistence"	   in	  a	  multilayer	  partition,	  an	   indication	  of	  change	  in	  community	  structure	  
through	  time.	  We	  prove	  some	  results	  to	  show	  how	  multilayer	  modularity	  maximization	  
reflects	   the	   trade-‐off	   between	   static	   community	   structure	   within	   layers	   and	   higher	  
values	   of	   persistence	   across	   layers.	  We	   discuss	   some	   issues	   that	   the	   popular	   Louvain	  
algorithm	   faces	  when	   applied	   to	  multilayer	   networks	  with	   uniform	   and	   ordinal	   inter-‐
layer	   connections,	   and	   we	   suggest	   ways	   to	   mitigate	   them.	   Our	   results	   extend	   to	  
maximization	   problems	   where	   the	   quality	   function	   is	   not	   the	   modularity	   quality	  
function,	  provided	  the	  resulting	  maximization	  problem	  has	  the	  same	  form.	  	  
	  
Contributed	  talk	  
Driving	  forces	  of	  researchers'	  mobility	  	  
Floriana	  Gargiulo	  (University	  of	  Namur)	  
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Using	   methods	   from	   network	   theory	   and	   complex	   systems	   analysis	   we	   study	   the	  
researchers	   mobility	   in	   the	   framework	   of	   the	   research	   job	   market.	   Our	   aim	   is	   to	  
understand	   which	   are	   the	   driving	   forces	   responsible	   for	   the	   choice	   of	   an	   academic	  
position.	   Starting	   from	   the	   large	   corpus	   of	   papers	   published	   on	   the	   journals	   of	   the	  
American	  Physical	  Society	  during	  the	  period	  1955-‐2009,	  we	  reconstruct	  the	  individual	  
researchers	  careers,	  namely	  the	  sequence	  of	  the	  consecutive	  affiliations	  for	  each	  scholar.	  	  
	  
Contributed	  talk	  
Are	  power	  grids	  scale	  invariant?	  	  
Nicolas	  Retiere	  (Université	  de	  Grenoble)	  	  
Power	  grids	  are	  complex	  systems	  resulting	  from	  the	  interconnection	  of	  power	  sources	  
and	   loads.	  A	  major	   source	  of	   their	   increasingly	   complexity	   comes	   from	   the	   large-‐scale	  
implementation	   of	   intermittent	   generation	   and	   storage	   elements.	   Others	   factors	   of	  
complexity	  are	  the	  development	  of	  new	  active	  loads	  such	  as	  electric	  vehicles	  and	  and	  the	  
liberalization	   of	   the	   energy	   market.	   Hence,	   power	   grids	   analysis	   and	   design	   should	  
benefit	   from	   the	   approaches	   adopted	   in	   various	   scientific	   fields	   to	   investigate	  
complexity.	  In	  our	  case,	  we	  propose	  to	  establish	  whether	  power	  grids	  are	  scale	  invariant	  
or	  not,	  meaning	  that	  there	  is	  power-‐law	  relations	  between	  the	  scale	  of	  observation	  and	  
characteristic	  properties.	  If	  this	  assertion	  is	  proved	  to	  be	  true,	  the	  power-‐law	  relations	  
could	   offer	   a	   comprehensive	   understanding	   of	   the	   emergence	   of	   grid	   properties	   (e.g.	  
dynamic	   behavior,	   cascade	   resilience)	   without	   requiring	   time-‐consuming	   numerical	  
simulations.	   For	   that	   purpose,	   scale	   invariance	   of	  model	   networks	   built	   from	   fractals	  
will	  be	  first	  investigated.	  A	  particular	  attention	  will	  be	  paid	  to	  the	  dynamic	  properties	  of	  
such	  networks	  and	   to	   the	   links	  with	   their	   self-‐similar	   topology.	  Then,	  we	  will	   study	   if	  
realistic	  power	  grids	  exhibit	  the	  same	  features	  of	  scale	  invariance.	  	  
	  
Contributed	  talk	  
Oscillations	  of	  networks:	  the	  role	  of	  soft	  nodes	  	  
A.	  Knippel	  (INSA	  de	  Rouen)	  	  
To	  describe	  the	   flow	  of	  a	  miscible	  quantity	  on	  a	  network,	  we	  consider	  the	  graph	  wave	  
equation	  where	  the	  standard	  continuous	  Laplacian	   is	  replaced	  by	  the	  graph	  Laplacian.	  
The	   structure	   of	   the	   graph	   influences	   strongly	   the	   dynamics.	   Assuming	   the	   graph	   is	  
forced	  and	  damped	  at	  specific	  nodes,	  we	  derive	  the	  amplitude	  equations	  using	  a	  basis	  of	  
eigenvectors	  of	  the	  graph	  Laplacian.	  These	  lead	  us	  to	  introduce	  the	  notion	  of	  soft	  nodes.	  
We	   give	   sufficient	   conditions	   for	   their	   existence	   in	   general	   graphs.	   They	   can	   cause	  
several	  effects	  as	  we	  show	  on	  small	  graphs,	  for	  example	  the	  ineffectiveness	  of	  damping	  
applied	  to	  them.	  Soft	  nodes	  may	  be	  of	  critical	  importance	  for	  complex	  physical	  networks	  
and	  engineering	  networks	  like	  power	  grids.	  This	  is	  joint	  work	  with	  Jean-‐Guy	  Caputo	  and	  
Elie	  Simo.	  	  
	  
Invited	  talk	  
Temporal	  patterns	  in	  mobile	  call	  networks	  	  
Jari	  Saramäki	  (Aalto	  University)	  
The	  temporal	  network	  framework	  is	  directly	  based	  on	  the	  activation	  timelines	  of	  links	  -‐	  
in	  other	  words,	  contact	  sequences	  between	  nodes.	  This	  makes	  it	  especially	  suitable	  for	  
studies	  of	   social	  networks	  and	  processes	   taking	  place	  on	   them.	   Instead	  of	   focusing	  on	  
who	  knows	  who,	  much	  can	  be	  learned	  from	  studying	  in	  detail	  when	  individuals	  interact	  
and	   the	   temporal	   patterns	   formed	   by	   their	   interaction	   events.	   I	   will	   present	   some	  
findings	   on	   such	   patterns	   in	   mobile	   telephone	   communication,	   from	   temporal	  
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inhomogeneities	   beyond	   burstiness	   to	   temporal	   motifs	   describing	   group-‐level	  
communication	  patterns.	  	  
	  
Contributed	  talk	  
Cluster	  Explosive	  Synchronization	  in	  Complex	  Networks	  	  
Peng	  Ji	  (Potsdam	  Institute	  for	  Climate	  Impact	  Research)	  	  
The	  emergence	  of	  explosive	  synchronization	  has	  been	  reported	  as	  an	  abrupt	  transition	  
in	  complex	  networks	  of	  first-‐order	  Kuramoto	  oscillators.	  In	  this	  Letter	  we	  demonstrate	  
that	   the	   nodes	   in	   a	   second-‐order	   Kuramoto	   model,	   perform	   a	   cascade	   of	   transitions	  
toward	   a	   synchronous	  macroscopic	   state,	   which	   is	   a	   novel	   phenomenon	   that	   we	   call	  
cluster	   explosive	   synchronization.	  We	   provide	   a	   rigorous	   analytical	   treatment	   using	   a	  
mean-‐field	  analysis	  in	  uncorrelated	  networks.	  Our	  findings	  are	  in	  good	  agreement	  with	  
numerical	   simulations	   and	   fundamentally	   deepen	   the	   understanding	   of	   microscopic	  
mechanisms	  toward	  synchronization.	  	  
Keywords:	  Cluster	  explosive	  synchronization,	  Second-‐order	  Kuramoto	  model,	  Complex	  
networks,	  Hysteresis,	  degree-‐frequency	  correlation	  	  
	  
Contributed	  talk	  
Diffusion	  on	  atomistic,	  network	  models	  of	  proteins	  identifies	  allosteric	  sites	  and	  
allosteric	  pathways	  	  
Ben	  Amor	  (Imperial	  College	  London)	  	  
Regulation	   of	   proteins	   at	   binding	   sites	   other	   than	   the	   active-‐site	   is	   central	   to	   many	  
biochemical	   processes	   and	   such	   `allosteric'	   sites	   are	   currently	   major	   drug	   targets.	  
However,	   classical	   models	   of	   allostery	   are	   phenomenological	   and	   cannot	   identify	  
allosteric	  sites	  or	  predict	  how	  perturbations	  propagate	  through	  proteins.	  In	  this	  talk,	  we	  
present	   a	   novel	   network-‐based	   method	   for	   identifying	   perturbation	   pathways	   in	  
proteins	   which	   offers	   a	   number	   of	   advantages	   over	   previous	   approaches.	   Firstly,	   we	  
start	  from	  an	  atomistic	  description	  where	  the	  edge	  weights	  in	  our	  network	  are	  based	  on	  
the	  actual	   interaction	  energy	  between	  atoms.	  Secondly,	  since	  allosteric	  communication	  
is	   transmitted	   through	  changes	   in	  weak	   interactions,	  we	   focus	  on	   long-‐range	   coupling	  
between	  bonds	  (edges)	  in	  the	  network.	  Through	  the	  behaviour	  of	  a	  diffusive	  process	  on	  
this	   network	   representation	   of	   the	   protein	   we	   derive	   a	   matrix	   in	   which	   the	   entries	  
describe	   the	   coupling	   between	   weak	   interactions.	   We	   use	   this	   to	   determine	   which	  
distant	  bonds	  are	  most	  closely	  coupled	  to	  the	  active	  site.	  We	  apply	  our	  method	  to	  three	  
well-‐studied	  allosteric	  proteins,	  demonstrating	  in	  each	  case	  that	  we	  are	  able	  to	  correctly	  
predict	  the	  allosteric	  site	  and	  important	  allosteric	  pathways.	  Furthermore,	  by	  analysing	  
NMR	  ensembles	  and	  including	  water	  molecules	  in	  our	  network,	  we	  uncover	  information	  
about	   pathways	   that	   would	   otherwise	   be	   missed;	   demonstrating	   the	   importance	   of	  
dynamics	  and	  interaction	  with	  the	  solvent	  for	  allosteric	  behaviour.	  	  
	  
Contributed	  talk	  
Semi-‐Formal	  Methodology	  for	  the	  modeling	  of	  high-‐dimensional	  and	  uncertain	  
dynamical	  systems:	  Application	  to	  the	  Iron	  Homeostasis	  Network.	  	  
E.	  Fanchon	  (Univ.	  Grenoble	  Alpes)	  	  
Understanding	  the	  biological	  mechanisms	  at	  work	  within	  cells	  is	  a	  fundamental	  issue	  for	  
improved	   diagnosis	   and	   the	   development	   of	   new	   therapeutic	   strategies	   (e.g.	  
combinatorial	   therapies).	  The	  agents	  of	  biological	  processes	  at	   the	  molecular	   level	  are	  
metabolites,	   proteins	   and	   other	   macromolecules	   interacting	   one	   with	   the	   other.	   The	  
concept	  of	  network	  is	  thus	  central	   in	  Systems	  Biology,	  and	  networks	  of	  different	  types	  
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are	   studied	   (biochemical	   network,	   genetic	   network,	   signaling	   network).	   Such	   systems	  
have	   complex	   dynamics	   due	   to	   the	   nonlinearity	   of	   the	   basic	   kinetic	   laws,	   and	   the	  
presence	  of	  numerous	  feedback	  loops.	  It	  is	  well	  recognized	  that	  two	  main	  features	  make	  
the	  building	  and	  analysis	  of	  models	  of	  biological	  networks	  very	  difficult:	  (i)	  the	  state	  and	  
parameter	   spaces	   are	   high-‐dimensional;	   (ii)	   the	   numerical	   values	   of	   many	   model	  
parameters	  are	  poorly	  known,	  and	  biological	  data	  on	  behavior	  are	  often	  of	  a	  qualitative	  
nature,	  and	  heterogeneous.	  	  
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EMERGENCE OF SOCIAL STRUCTURES VIA PREFERENTIAL

SELECTION

Adam Lipowski and Dorota Lipowska ∗†‡

Abstract. We examine a weighted-network model of the formation

of social structures. The model is based on preferential selection

where individuals choose partners with the probability p(w), where

w is the number of their past selections. When p(w) increases sub-

linearly with the number of past selections (p(w) ∼ wα, α < 1),

agents develop a uniform preference for all other agents. For a

superlinear increase (α > 1), strong heterogeneities emerge and

agents make selections mainly within small clusters. Formation of

such clusters can be considered as a spontaneous symmetry break-

ing and might take place even in a few-agents case. Such (zero-

dimensional!) transitions are analysed within a mean-field approx-

imation and Monte Carlo simulations. At α = 1 (linear increase),

most of the links virtually vanish and the model undergoes a dra-

matic change of the community structure.

Keywords. Social structures, evolving weighted network, prefer-

ential selection, community structure

1 Introduction

Analysis of social networks is a rapidly growing research
field, which draws an interdisciplinary interest of sociol-
ogists, psychologists but also statisticians, computer sci-
entists, and many others [1]. Such networks reflect the
nature of social interactions that are in fact responsible
for many aspects of our life and political sentiments, dis-
ease spreading, business or friendship are just a hand-
ful of examples. To understand formation, structure and
functioning of these intricate networks it is tempting to
use statistical mechanics approaches where the global be-
haviour could be inferred from the behaviour of some ba-
sic building elements.

Taking into account that social links are of various na-
ture or strength, and moreover, they often vary in time,
one might expect that an adequate description of social
structures should be provided within the framework of
evolving weighted networks. However, substantial com-
plexity of such models hampers their analysis and their
understanding is still rather poor [3]. Let us notice that
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University in Poznań, Poland. E-mail: lipowski@amu.edu.pl

†Dorota Lipowska is with Institute of Linguistics, Adam Mick-
iewicz University in Poznań, Poland. E-mail: lipowska@amu.edu.pl

‡Manuscript received April 21, 2014

since social networks are examples of complex networks
[2], progress in this area mihgt have a wider significance.

The motivation of the present work is to examine a
model of the emergence of a social structure in a popula-
tion of agents. In our model, interactions between agents
constitute an evolving weighted network, the behaviour
of which is analysed within some analytical as well as
numerical approaches.

2 Model and Results

In our model, we consider N agents and we assign a (time-
dependent) weight wi,j to each link connecting agents i
and j (i, j = 1, 2, . . . , N). The dynamics of the model
is defined by the following rules: In each step, one se-
lects an agent with the probability 1/N . The selected
agent, using the roulette-wheel selection [4], chooses one
of its neighbours with the probability proportional to wα

i,j

(where α > 0 is a preference exponent) and the weight of
the corresponding link increases by one (wi,j → wi,j +1).
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Figure 1: Asymptotic coefficients ai,j calculated for the
N = 3 system using the mean-field approximation (2)
and Monte Carlo simulations

Some analytical insight into the behaviour of our model
can be obtained using mean-field arguments. In partic-
ular, from the dynamical rules one can deduce that an
average evolution of weights should approximately obey
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the following set of N(N − 1)/2 equations:

〈wi,j〉t+1 = 〈wi,j〉t +
1

N
〈wi,j〉α

t

(
1

zi
+

1

zj

)
(1)

where t is the number of steps and zi =
∑

k 6=i〈wi,k〉α.
In general, it is difficult to solve Eqs. (1). However, it is
plausible to assume that asymptotically (i.e., for large t)
〈wi,j〉t = ai,jt and this transforms Eqs. (1) into a set of
nonlinear equations. To examine the validity of the above
equations, we have also analysed the behaviour of our
model using Monte Carlo simulations, which implement
the dynamical rules of the model. First, let us analyse the
smallest N of a nontrivial behaviour, namely N = 3. In
this case coefficients ai,j obey equations of the following
form:

a1,2 =
1

3

(
aα
1,2

aα
1,2 + aα

2,3

+
aα
1,2

aα
1,2 + aα

3,1

)

a2,3 =
1

3

(
aα
2,3

aα
2,3 + aα

3,1

+
aα
2,3

aα
2,3 + aα

1,2

)
(2)

a3,1 =
1

3

(
aα
3,1

aα
3,1 + aα

1,2

+
aα
3,1

aα
3,1 + aα

2,3

)

From the solution of Eqs. (2) and from Monte Carlo sim-
ulations, one finds that for α < 1 the only stable solution
is the egalitarian one with a1,2 = a2,3 = a3,1 = 1/3, in
which case agents develop equal preferences for each other
(Fig. 1). For 1 < α < 2.5, the solutions are of the form
a1,2 = a2,3 = 1/2, a3,1 = 0 (and all permutations). It
means that the spontaneous symmetry in the three-agent
system gets broken and two agents never select each other.
As a result, the third agent becomes a symmetric leader,
which is being selected much more often (2/3) than the
remaining two agents (1/6). For α > 2.5, the symmetry
between those agents breaks even more and an asymmet-
ric leader appears with a larger preference for one of the
two agents.

Let us notice that despite being only approximate,
Eqs. (2) provide quite an accurate description of the
model. Some discrepancy with Monte Carlo simulations
exists in the vicinity of α = 2.5 (’the critical point’; see
Fig. 1). We performed similar analyses for a larger num-
ber of agents N . Our results show that in this case even
richer structures are formed and the parameter α plays an
important role in determining their stability. In general,
for α < 1 egalitarian solutions were found to be stable
and for α > 1 various clusters of agents emerge. A cer-
tain insight into the behaviour of the model for large N
can be obtained by determining the community structure
of our weighted network (we used a modularity maxi-
mization method [5]). As shown in Fig. 2, the average
size of a giant community drastically changes at α = 1
too. The decomposition into rather small communities at
α = 1 is also accompanied by vanishing of a substantial
proportion of weights. A small fraction of non-vanishing
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Figure 2: The average size of the giant community sg as
a function of α for N = 100 agents.

weights (at α > 1) is apparently not able to sustain large
(global) clusters, which suggests that the transition at
α = 1 might be a kind of a percolation transition.

3 Conclusions

In the present paper we introduced a simple model of
formation of social structures via a preferential selection
mechanism. Our model predicts the transition between
two phases: (i) the egalitarian one, where agents select
each other with an equal probability and (ii) the phase,
where agents select each other only within small clusters.
Some of the clusters are asymmetric, which suggests that
the model might describe formation of more complex so-
cial structures. The largest and most complex clusters are
particularly likely at the transition point between the two
phases (α = 1). Does it suggest that complex societies
operate in the linear regime?
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DYNAMICS OF MEDIA ATTENTION
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Abstract. Studies of human attention dynamics analyses how at-
tention is focused on specific topics, issues or people. In online
social media, there are clear signs of exogenous shocks, bursty dy-
namics, and an exponential or powerlaw lifetime distribution. We
here analyse the attention dynamics of traditional media, focussing
on co-occurrence of people in newspaper articles. The results are
quite different from online social networks and attention. Different
regimes seem to be operating at two different time scales. At short
time scales we see evidence of bursty dynamics and fast decaying
edge lifetimes and attention. This behaviour disappears for longer
time scales, and in that regime we find Poissonian dynamics and
slower decaying lifetimes. This suggests that a cascading Poisson
process may take place, with issues arising at a constant rate over
a long time scale, and faster dynamics at a smaller time scale.

Keywords. co-occurrence network • media atten-
tion • attention dynamics • lifetime • Poisson process.

1 Introduction

With the arrival of large scale data sets, interest in
quantifying human attention rose. It became possible
to measure quite precisely how attention grew and de-
cayed [1]. Moreover, it appeared that many human dy-
namics showed signs of bursty behaviour: short windows
of intense activity with long intermittent time spans of
inactivity [2]. The duration a person is active—the time
between its first and last occurrence, i.e. its lifetime—
seems to decay as an exponential, while the edge lifetime
seems to follow a powerlaw distribution [3, 4].

We analyse a large dataset of newspaper articles from
traditional printed media. We show that the dynamics
of this dataset are quite different from social media. Our
data consist of 140 263 newspaper articles from Indonesia
from roughly 2004 to 2012, gathered by a news service
called Joyo, mainly focussing on political news. We auto-
matically identify entities by using a technique known as
named entity recognition, and only retain person names
(we discard organisations and locations) [5]. We then
construct a network by creating a node for every person
and an edge for each co-occurrence between two persons,
and we record the date of the co-occurrence. We only
take into account co-occurrences of people in the same
sentence, and only about 3.2% of the sentences contain

∗Corresponding author: vincent@traag.net
†All authors are with the KITLV, Leiden, the Netherlands
‡R. Reinanda is associated to Faculty of Sciences, University of

Amsterdam, the Netherlands
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Figure 1: Daily node frequency. The first panel contains
the number of nodes in the newspaper (that have at least
one co-occurrence) per day (in gray), with the solid black
line representing a smoothing (using convolution with a
Hann window of 8 weeks) of this daily frequency. The
second panel shows the autocorrelation function, which
shows a clear peak at a lag of 7 days, indicating there is
a weekly pattern in the data. This is also confirmed by
Fourier analysis in the third panel, which shows a clear
peak at a frequency of 1/7 ≈ 0.14.

more than one person, so this is quite restrictive. All time
is measured in days.

2 Results

In total, there are n = 9 467 nodes and they have about
〈ki〉 ≈ 12 neighbours on average. Two people co-occur on
average about 3 times. Let us first simply look at how
these quantities vary over time. Let Et be the number of
co-occurrences at time t, and Nt the number of nodes that
have a co-occurrence at time t. The dynamics of Nt follow
a distinctive weekly pattern (Fig. 1). This is confirmed
by the autocorrelation function, which shows a clear peak
at a lag of 7 days with a correlation of about 0.57, while
the Fourier transform shows clear peaks at a frequency
of about 1/7 ≈ 0.14. Results for Et follow a similar pat-
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Figure 2: Number of nodes and edges per article per day
of the week. Although the largest part of the cyclical
behaviour is due to the weekly newscycle (weekend vs.
weekday), there still remains some cyclical patterns after
normalisation.

tern. Although this largely follows the weekly cycle of
the number of articles, some cyclic pattern remains if the
node frequencies are normalised by the article frequen-
cies (Fig. 2). For the nodes this pattern is quite weak,
but for the edges more noticeable. Surprisingly, the cycle
seems to be at its high point at the end/beginning of the
week, while its low point is attained in the middle of the
week.

Let us denote by Nt(i) the number of co-occurrences of
node i with any other node at time t. Neighbours tend
to show quite similar patterns of attention, much more
than compared to the overall trend. This suggests that
attention for people rises and falls together, hinting at
some underlying commonality. One possible explanation
is that issues arise in which people play a role together,
so that they tend to show similar patterns of attention.

Let tp(i) = arg maxtNt(i) be the peak of the number of
co-occurrences of node i with any other node (if there are
multiple such times the first is used). We then normalise
the time series, such that the peak is centred at 0 with
a value of 1, and denote the average of these time series
by Ñt (see Fig. 3a). Hence Ñ0 = 1, and we are interested
in how Ñt grows for t < 0 and decays for t > 0. It was
suggested that Ñt ∼ |t|−β , where different exponents β
would correspond to different universal classes [1]. How-
ever, it was also suggested that Ñt ∼ −β log |t|, which
is unrealistic for large times since − log |t| < 0 for suffi-
ciently large t. Alternatively, an exponential growth and
decay Ñt ∼ e−β|t| is a common phenomena, suggesting
the rate of growth/decay is constant throughout time.

However, we find that none of these satisfactorily model
the growth and decay of attention. The logarithmic
and exponential grow/decay too slowly at a small time

(around 10–30 days), while the powerlaw poorly fits the
dynamics for larger times. This suggests that Ñt ∼
e−β|t||t|−γ might be a better fit. Indeed, this functional
form quite accurately captures the growth and decay in
our data, and comparing AIC values, clearly points to
this model (see Table 1 for results). This suggests that
at a short timescale there is a very fast (powerlaw) decay,
but that at longer timescales the exponential decay dom-
inates. In fact, it suggest that the attention essentially
diverges for |t| → 0.

Although there is a large degree of symmetry, which
would suggest an endogenous pattern following [1], we do
find different exponents for the growth and decay (see
Table 1). In particular, the decay seems slightly slower
than the growth at short time scales, and nodes tend to
occur more frequently after their peak than before their
peak on longer time scales, contrary to [6].

Let ts(i, j) be the time of the sth co-occurrence between
node i and j. The inter-event time can then be denoted by
δs(i, j) = ts+1(i, j)−ts(i, j), which can possibly be 0 if two
(or more) co-occurrences happened at the same day. Sim-
ilarly for nodes, we denote by ts(i) the sth co-occurrence
of i with another node, and by δs(i) = ts+1(i)− ts(i) the
inter-event time. If events happen at a constant rate, we
would expect an exponential distribution of inter-event
times. If events follow a bursty patter however, we ex-
pect to find a powerlaw inter-event time distribution, of-
ten observed in other settings [2]. We find that although
the inter-event times decay quite fast at a relatively short
time scale, the inter-event times for a larger time scale
follow an exponential distribution (Fig. 3b). Altogether,
a powerlaw with exponential cutoff p(x) ∼ x−αe−βx pro-
vides the better fit , compared to a pure powerlaw or pure
exponential distribution (log-likelihood ratios 6.3·104 and
3 · 104). For the edges, using MLE we find coefficients
α ≈ 1.003± 2.6 · 10−3 and β ≈ 0.00151± 1.1 · 10−5, while
for the nodes the distribution is slightly less skewed, but
decays slightly faster, with α = 1.045 ± 3.7 · 10−3 and
β = 0.00244 ± 2.3 · 10−5, both using xmin = 10. Indeed,
for even shorter time intervals, the decay is very fast, and
using lower xmin gives poorer fits.

One possible explanation is that if somebody is involved
in an issue, his co-occurrence will show a bursty pattern
at this shorter time scale, but that the rate at which some-
body is involved in an issue follows a Poisson process over
a longer time scale, suggesting something like a cascading
Poisson process [2].

If the processes would be stationary, then the expected

first time we observe a node would be 〈t0(i)〉 = 〈δs(i)2〉
2〈δs(i)〉

(and similarly so for edges). Of course there is some cen-
soring in the data, and for those nodes (and edges) we
would expect to find t0(i) ≈ 〈t0(i)〉. However, if the ac-
tual first time a node appears in the paper t0(i) is much
larger than this expected value 〈t0(i)〉, it suggest this re-
ally is the first time this person appears in the media. We
call the difference ∆t0(i) = t0(i) − 〈t0(i)〉 the “first time
delay”, and the distribution is plotted in Fig. 3c. First,
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Figure 3: Attention statistics. Panel (a) shows how attention—as in the frequency of occurring—grows and decays
with the peak attention centred at zero. Panel (b) shows the inter-event time distribution, which has a clear
exponential tail, suggesting a Poisson process. Panel (c) shows the distribution of the first time delay. This delay
represents the difference between the time at which we would expect to first observe a node (or edge) and the time
at which we actually observed it in the dataset. This suggests that new nodes and edges are continuously being
observed. Finally, in panel (d) the lifetime—the amount of time between the first and last time of observing that
node or edge—follows a very peculiar distribution. The edge lifetime decays very fast for the first few days, but then
only decays very slowly. The node lifetime actually shows an increasing distribution, suggesting they can have a very
long lifetime.

there is a clear peak around ∆t0(i) = 0, suggesting that
censoring played a role in observing these nodes for the
first time. The fast decay that is visible on the negative
part, does not show at the positive part. This implies that
many nodes and edges are first observed much later than
expected. This suggests that these nodes and edges are
only introduced at a later time. Hence, there are contin-
uously new edges and nodes appearing in the news. This
seems especially prominent for the edges, which show an

almost uniform distribution between 250–2 000 days of
difference, whereas the distribution for the nodes decays
more continuously.

We denote by ∆(i, j) = max ts(i, j) − min ts(i, j) the
lifetime of an edge, and similarly by ∆(i) the lifetime of
a node (Fig. 3d). Most edges have a very low lifetime
of only a single day, and the probability to have a larger
lifetime quickly decreases. Nonetheless, after an initial
rapid decay, the probability decays much slower. This
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Model α− β log |t| α|t|−β αe−βt αe−β|t||t|−γ

Growth

α 0.011± 6.9 · 10−5 0.031± 3.2 · 10−4 0.0056± 6.3 · 10−5 0.0233± 1.9 · 10−4

β 0.0013± 9.8 · 10−6 0.49± 2.3 · 10−3 0.0019± 3.1 · 10−5 6.6 · 10−4 ± 1.2 · 10−5

γ − − − 0.36± ·2.3 · 10−3

∆AIC 3 117 3 045 4 883 −

Decay

α 0.014± 8.1 · 10−5 0.037± 3.8 · 10−4 0.0067± 7.1 · 10−5 0.028± 2.3 · 10−4

β 0.0017± 1.1 · 10−5 0.46± 2.1 · 10−3 0.0015± 2.3 · 10−5 5.5 · 10−4 ± 9.8 · 10−6

γ − − − 0.34± 2.2 · 10−3

∆AIC 2 559 2 986 4 820 −

Table 1: Growth and decay estimates and model performance. The AIC differences are quite high, and suggest that
αe−β|t||t|−γ is the best model.

suggests that besides the more volatile short term links,
there are quite some long term stable links. The node
lifetimes show a quite unexpected behaviour. Although
there are nodes that have a lifetime that is quite short,
nodes tend to have a longer lifetime, only cutoff by the
duration of the dataset. This suggests that the lifetime
of nodes can be extremely long, and can easily run in the
decades.

3 Conclusion

Online social media show signs of exogenous shocks,
bursty dynamics and exponential lifetime distributions.
We have shown here that traditional media seems to op-
erate differently. The current results suggest the media
operates at two different time scales. There is a short time
scale which operates at the level of issues: links have short
lifetime, attention decays quickly and there are indica-
tions of burstiness. However, at a longer time scale, these
issues seem to occur at a uniform rate, and often involve
similar actors: nodes and links have a relatively long life-
time, attention decays slower, and inter-event times decay
exponentially. We aim to further analyse this idea in fu-
ture research, following the cascading Poisson model [2].
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Description	  
	  
The	  STDL	  satellite	  workshop	  will	  survey	  and	  deepen	  recent	  aspects	  of	  the	  application	  of	  
Complexity	  Theory	  (henceforth,	  CT)	  to	  linguistic	  data	  or	  to	  issues	  related	  to	  spatial	  and	  
social	   diffusion	   of	   language	   (dialects	   or	   standard	   languages,	   “dominant”	   versus	  
“minority”	  languages:	  see	  Massip-‐Bonet	  &	  Bastardas-‐Boada,	  2013;	  Patriarca	  &	  al.	  2012).	  
A	  focus	  on	  geolinguistics	  (dialect	  variation	  in	  space	  and	  time),	  and	  the	  study	  of	  dialect	  or	  
sociolinguistic	  networks	  (cf.	  Milroy,	  1980,	  2002,	  Milroy	  &	  Gordon,	  2008;	  Mercklé,	  2004)	  
is	   strongly	  encouraged.	  The	  quantitative	   turn	   in	   linguistics,	  especially	   in	  geolinguistics	  
(dialectometry,	  see	  Goebl,	  1981,	  2002;	  Levensthein	  algorithm,	  see	  Bolognesi	  &	  Heeringa,	  
2002,	   Beijering,	   Gooskens	   &	   Heeringa	   2008;	   Brown,	   Holman,	  Wichmann	   &	   Velupillai,	  
2008,	  etc.),	  make	   linguistic	  data	  more	  available	  than	  ever	  to	  CT	  applications.	  Modeling	  
and	   simulation	   is	   easier	   on	   quantitative	   values,	   e.g.	   on	   interlinguistic	   distance	   or	  
similarity,	   than	   on	   phonemes	   and	   morphemes.	   In	   sociolinguistics,	   even	   the	   co-‐
variationist	  method,	   initially	   contrived	  by	  William	  Labov	   (1972,	   1994,	   2001),	   is	   being	  
applied	  to	  endangered	  languages,	  or	  languages	  scarcely	  described	  up	  to	  now	  (Stanford	  &	  
Preston,	   2009).	   CT	   enters	   the	   field	   of	   quantitative	   linguistics,	   especially	   in	   fields	  
connected	   to	   linguistic	   ecology	   (Mufwene,	   2013,	   2001),	   beyond	   the	   bit	   complexity	  
approach	   (Miestamo,	   Sinnemaki	  &	  Karlsson,	   2008).	  The	   STDL	   satellite	  workshop	   calls	  
for	   participants	   from	   various	   background,	   such	   as	   mathematics,	   physics,	   taxonomy,	  
biology,	  linguistics,	  to	  analyse	  geolinguistic	  or	  sociolinguistic	  data,	  from	  a	  CT	  standpoint	  
(Gribbin,	  2004;	  Weisburch	  &	  Swirn,	  2010).	  It	  will	  explore	  three	  strands:	  
Evolution	  &	  diffusion	  of	  language(s)	  in	  space	  and	  time:	  modeling	  and	  visualization.	  
Competition	  models	  and	  Geolinguistic	  Spaciality	  
Game	  theory	  (naming	  game,	  toy-‐models,	  etc.),	  Geospatiality	  and	  Topology.	  
A	   focus	   not	   only	   on	  modeling	   of	   language	   diffusion	   processes,	   but	   also	   on	   simulation	  
(Patriarca	  &	  Heinsalu,	   2009)	   and	   visualization	   (Doan	  &	   Lebbah,	   2013;	   Lima,	   2013)	   is	  
expected.	  In	  these	  domains,	  CT	  turns	  out	  to	  be	  a	  seminal	  and	  challenging	  approach,	  due	  
to	   the	   long	   tradition	   and,	   to	   a	   certain	   extent,	   the	   overload	   of	   empirical	   research	   in	  
geolinguistics,	  sociolinguistics	  and	  language	  diffusion	  studies.	  
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Programme	  
	  
Salikoko	  S.	  Mufwene	  (University	  of	  Chicago)	  	  
Title	   :	   What	   Makes	   Language	   Evolution	   So	   Complex	   and	   Difficult	   to	   Model	  
Accurately?	  	  
Scheduled	  :	  Monday	  June	  23,	  2014,	  16:00-‐17:30	  	  
Abstract:	  Like	  any	  other	  kind	  of	  evolutionary	  process,	  language	  evolution	  is	  unplanned.	  
It	   is	   the	   outcome	   of	   how	   adaptively	   individuals	   interacting	   with	   each	   other	   both	  
reproduce	   and	   innovate	   ways	   of	   communicating	   information	   successfully,	   a	   process	  
marked	   by	   successive	   changes	   between	   time	   t1	   and	   tn	   (t1,	   t2,	   t3…	   tn).	   While	   it	   is	  
convenient	   and	   relatively	   easier	   to	   describe	   changing	   norms	   or	   communal	   patterns	  
within	  a	  population,	  it	  is	  more	  difficult	  to	  account	  for	  the	  actuation	  of	  the	  changes.	  In	  the	  
latter	   case,	   there	   are	   several	   ecological	   factors	   that	   bear	   on	   the	   evolutionary	   process,	  
including:	   1)	   the	   error-‐prone	   process	   of	   spreading	   innovations	   by	   learning	   and	  
instantiating	   them	   (unlike	   in	   the	   inheritance	   of	   genetic	   traits);	   2)	   variation	   in	  
innovations,	   which	   generates	   competition	   between/among	   variants	   (during	   the	  
convergence	  towards	  communal	  norms);	  3)	  the	  periodization	  following	  from	  differences	  
between	   the	   times	   of	   particular	   innovations	   (and	   their	   consequences);	   and	   4)	  
population	  structure	  (which	  constrains	  how	  innovations	  spread	  and	  how	  far).	  Perhaps	  
more	   difficult	   is	   the	   fact	   that	   evolutionary	   theories	   have	   focused	   on	   documenting	  
population-‐level	  outcomes	  of	  behaviors	  that	  are	  actually	  specific	  to	  and	  centered	  around	  
individual	   agents,	   none	   of	   whom	   is	   aware	   of	   the	   full	   extant	   system	   at	   the	   time	   they	  
innovate	  or	  borrow	  an	  innovation	  (and	  thereby	  contribute	  to	  spreading	  it).	  Often,	  they	  
are	  not	  even	  aware	  of	  alternatives	  that	  already	  exist	  or	  are	  being	   innovated	  by	  others,	  
though	   not	   exactly	   in	   the	   same	   way,	   at	   the	   time	   of	   their	   behavior.	   This	   is	   when	   the	  
distinction	   between	   internally-‐	   and	   externally-‐motivated	   change	   (articulated	  
inaccurately	   in	   traditional	   historical	   linguistics!)	   becomes	   significant	   to	   whoever	   in	  
concerned	  with	   the	   actuation	   of	   change.	   Self-‐organization	   is	   of	   course	   part	   of	   the	   big	  
picture,	  to	  the	  extent	  that	  it	  explains	  (or	  does	  it?)	  how	  everything	  comes	  together	  in	  the	  
emergent	   system,	   but	   we	   do	   face	   the	   challenge	   of	   explaining	   the	   nature	   of	   the	  
complexity	  inherent	  in	  language	  evolution.	  I	  submit	  an	  account	  that	  applies	  not	  only	  to	  
structural	  changes	  but	  also	  to	  language	  vitality.	  
	  
Léo	   Léonard	   (IUF	   &	   Paris	   3,	   UMR	   7018)	   &	   Vittorio	   dell'Aquila	   (CELE,	   Milan	   &	  
Vaasa)	  Avec	  la	  collaboration	  da	  Antonella	  Gaillard-‐Corvaglia	  (Postdoc,	  Inalco)	  	  
Title	  :	  Algorithmic	  complexity	  applied	  to	  geolinguistic	  networks	  	  
Scheduled	  :	  Monday	  June	  23,	  2014,	  17:30-‐18:00	  	  
Abstract:	  Dialectology	  has	  long	  been	  considered	  as	  a	  marginal	  field	  in	  linguistics,	  mainly	  
concerned	   with	   the	   recollection	   of	   empirical	   facts,	   with	   low	   theoretical	   expectations.	  
Nevertheless,	   thanks	   to	   quantification	   of	   dialectical	   data	   (dialectometry,	   see	   Goebl,	  
1981,	   1982,	   2002)),	   geolinguistics	   in	   particular	   turns	   out	   to	   be	   one	   of	   the	   most	  
promising	  horizon	  for	  Complexity	  Theory	  (CT)	  -‐	  as	  much	  as	  CT	  opens	  new	  horizons	  for	  
dialectology.	   We'll	   apply	   various	   methods	   to	   a	   Mazatec	   database	   from	   Paul	   L.	   Kirk	  
(1966),	   providing	   9000	   tokens	   (750	   cognates	   x	   12	   locolects):	   patristic	   distances	  
(cladistics,	   see	   Hennig,	   1950,	   1966),	   Levenshtein	   algorithm	   (Beijering	   &	   al.	   2008,	  
Bolognesi	   &	   Heeringa,	   2002)	   and	   dialect	   intelligibility	   tests	   (Kirk,	   1970),	   in	   order	   to	  
show	   multiplicity	   of	   prospects	   on	   a	   geolinguistic	   space.	   Mazatec	   as	   a	   case	   study	   for	  
testing	  algorithmic	  complexity	  has	  been	  chosen	  on	  several	  grounds:	  i)	  it	  once	  provided	  
the	   empirical	   base	   for	   a	   landmark	   study	   by	   Sarah	   Gudschinsky	   (1958)	   on	   the	  
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reconstruction	  of	  dialect	  diversification	  process	  (1958),	  ii)	  Kirk's	  data,	  with	  less	  than	  10	  
000	  tokens	  is	  easier	  to	  process	  than	  bigger	  data	  available	  on	  European	  languages,	  iii)	  we	  
have	   thoroughly	   checked	   and	   revisited	   Kirk's	   data	   through	   fieldwork	   within	   the	  
framework	   of	   an	   empirical	   research	   project	   (IUF,	   MAmP,	   2009-‐14,	   see	   Léonard	   &	   al.	  
2012),	  iv)	  phonology	  and	  grammar	  of	  Mazatec	  dialects	  have	  been	  formalized	  within	  the	  
same	   project	   (with	   declarative	   phonology	   and	   Paradigm	   Function	   Morphology).	  
Conditions	   for	   a	   survey	   of	   algorithmic	   complexity	   are	   therefore	   met,	   allowing	   a	  
multiplex	  modeling	  of	  Mazatec	  geolinguistics.	  	  
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Stefan	  Balev	   (ISCN,	  Le	  Havre),	  Gérard	  H.E.	  Duchamp	  (LIPN,	  Paris	  13)	  &	   Jean	  Léo	  
Léonard	  (IUF	  &	  Paris	  3)	  	  
Title	  :	  Visualizing	  and	  Revisiting	  Dialect	  Intelligibility	  Networks:	  Mazatec	  as	  a	  case	  
study	  	  
Scheduled	  :	  Monday	  June	  23,	  2014,	  18:00-‐18:30	  	  
Abstract:	   Dialect	   Intelligibility	   Testing	   (DIT)	   has	   long	   been	   the	   focus	   of	   attention	   in	  
Native	   American	   linguistics	   (Hockett,	   1958:	   321-‐30),	   as	   an	   alternative	   standpoint	   to	  
taxonomies	   based	   on	   comparative	   or	   quantitative	   linguistics.	   It	   has	   contributed	   to	  
enhance	   the	   heuristic	   value	   of	   continuous	   chain	  models,	   over	   discontinuous	   tree-‐like	  
models	   in	   dialectology.	   DIT	   also	   highlights	   epigenetic	   trends	   over	   phylogenetic	   and	  
ontogenetic	  assessments	  on	  dialect	  variation.	  In	  this	  talk,	  we'll	  revisit	  Kirk's	  and	  Casad's	  
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data	  on	  Mazatec	  mutual	  intelligibility	  patterns	  (Kirk,	  1970;	  Casad,	  1974:	  46-‐51,	  167-‐79)	  
with	  visualizing	  tools	  such	  as	  GraphStream	  (http://graphstream-‐project.org/),	  and	  we'll	  
question	   relevant	   thresholds	   in	  Mutual	   Intelligibility	   Networks	   (MIN).	  We'll	   suggest	   a	  
finer-‐grained	  grid	  than	  the	  one	  initially	  used	  by	  Kirk	  &	  Casad,	  in	  the	  seventies,	  and	  we'll	  
show	   how	   previously	   unobserved	   communal	   clusters	   may	   emerge	   from	   algorithmic	  
complexity,	   out	   of	   raw	  MIN	  data,	   through	   visualization	  devices	   now	   currently	   used	   in	  
processing	  complex	  systems.	  
	  
Àngels	   Massip	   i	   Bonet	   (Departament	   de	   Filologia	   Catalana,	   Universitat	   de	  
Barcelona)	  	  
Title	  :	  Complexity	  as	  a	  framework	  for	  understanding	  transdisciplinarity	  	  
Scheduled	  :	  Monday	  June	  23,	  2014,	  18:30-‐19:00	  	  
Abstract:	  The	  goal	  of	  this	  talk	  is,	  on	  the	  one	  hand,	  to	  introduce	  the	  results	  of	  the	  work	  we	  
have	   undertaken	   in	   recent	   years	   in	   the	   group	   Complexity,	   Sociolinguistics	   and	  
Communication	   (http://www.sociocomplexitat.ub.edu/grup-‐de-‐complexitat-‐
comunicacio-‐i-‐sociolingueistica)	  at	   the	  University	  of	  Barcelona	  and,	  on	   the	  other	  hand,	  
to	   provide	   some	  prospects	   on	   how	   the	  modeling	   of	   sociocomplexity	   can	   be	   improved	  
and	  further	  developed.	  
We	  will	  first	  highlight	  the	  importance	  of	  current	  epistemological	  agreement,	  in	  order	  to	  
work	  from	  a	  transdisciplinary	  standpoint.	  We	  also	  wish	  to	  review	  which	  languages	  and	  
which	  tools	  are	  appropriate	  for	  modeling	  sociocomplexity.	  	  
In	  order	   to	  ground	   the	   theory	  on	   relevant	   linguistic	  and	  sociolinguistic	   topics,	  we	  will	  
point	  at	  a	  complexic	  vision	  of	  linguistic	  change,	  exemplified	  with	  data	  from	  Catalan	  and	  
French.	  We	  will	  also	  provide	  insight	  on	  language	  shift,	  comparable	  to	  other	  ones	  about	  
the	  issue	  at	  stake	  in	  the	  STDL	  (Space,	  Topology,	  Diffusion	  &	  Language)	  workshop.	  	  
Bibliography	  :	  

• Bastardas-‐Boada,	   Albert	   (2013),	   “Language	   policy	   and	   planning	   as	   an	  
interdisciplinary	   field:	   towards	   a	   complexity	   approach”,	   Current	   Issues	   in	  
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• Durand,	  Daniel	  (1979),	  La	  Systémique.	  PUF	  
	  
Marco	  Patriarca	   (National	   Institute	   of	   Chemical	   Physics	   and	  Biophysics,	   Tallinn,	  
Estonia)	  	  
Title	  :	  Models	  of	  language	  competition	  	  
Scheduled	  :	  Tuesday	  June	  24,	  2014,	  14:00-‐15:00	  	  
Abstract:	  This	  contribution	  presents	  an	  overview	  of	   language	  competition	  models	   that	  
have	   been	   introduced	   and	   studied	   for	   many	   years	   by	   now	   in	   different	   fields	   such	   as	  
mathematics,	  physics,	  and	  linguistics.	  The	  overview	  covers	  some	  relevant	  models	  which	  
resemble	  the	  classical	  mathematical	  models	  of	  competition	  between	  biological	  species.	  
A	  first	  aspect	  that	  we	  try	  to	  clarify	  is	  the	  statistical	  interpretation	  of	  the	  models	  and	  their	  
corresponding	   meaning,	   in	   particular	   concerning	   the	   role	   of	   bilinguals	   in	   the	  
competition	   between	   two	   languages.	   We	   begin	   with	   the	   Baggs-‐Freedman	   models,	  
proceed	  through	  the	  Abrams-‐Strogatz	  and	  Minett-‐Wang	  models,	  and	  then	  turn	  to	  more	  
recent	  models.	  Also	  the	  spatial	  side	  of	  language	  spreading	  is	  considered,	  by	  illustrating	  
various	  ways	  in	  which	  the	  spreading	  of	  language	  (features)	  through	  space	  and	  time	  has	  
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been	   modeled	   so	   far	   in	   order	   to	   take	   into	   account	   geographical,	   cultural,	   and	   social	  
factors.	  
	  
Adam	  Lipowski	  (Faculty	  of	  Physics,	  Adam	  Mickiewicz	  University,	  Poznan,	  Poland)	  	  
Title	  :	  Dynamics	  of	  Naming	  Games:	  Why	  is	  it	  slow	  and	  how	  to	  make	  it	  faster?	  	  
Scheduled	  :	  Tuesday	  June	  24,	  2014,	  15:00-‐15:30	  	  
Abstract:	  Naming	  Game	  is	  an	  important	  model	  of	  agreement	  dynamics.	  It	  might	  be	  used	  
to	   describe	   emergence	   of	   a	   common	   vocabulary	   but	   it	   was	   also	   used	   to	   describe	   an	  
opinion	  formation	  in	  a	  large	  scale	  sensor	  network,	  simple	  grammar	  or	  leader	  formation	  
mechanism.	  Since	  the	  time	  to	  reach	  consensus	  is	  an	  important	  characteristics	  of	  Naming	  
Game,	  its	  dynamics	  has	  been	  intensively	  studied.	  We	  show	  that	  some	  previous	  results	  on	  
the	  Naming	  Game	  needs	  to	  be	  modified.	  It	  turns	  out	  that	  due	  to	  the	  formation	  of	  stripe	  
structures	  dynamics	  of	  this	  model	  is	  much	  slower	  than	  expected.	  We	  also	  show	  that	  one	  
can	  construct	  a	  Naming	  Game	  that	  does	  not	  suffer	  from	  the	  formation	  of	  such	  structures	  
and	  has	  a	  much	  faster	  dynamics.	  We	  suggest	  the	  relation	  of	  the	  dynamics	  of	  this	  model	  
with	   some	   percolation	   problems	   as	   well	   as	   with	   some	   other	   statistical	   mechanics	  
models.	  	  
Bibliography	  :	  

• Lipowska	  Dorota	  &	  Adam	  Lipowski,	  2013.	  "Phase	  transition	  and	  fast	  agreement	  
in	   Naming	   Game	   with	   preference	   for	   multi-‐word	   agents",	   eprint:	  
http://arxiv.org/abs/1308.3781	  
	  

Didier	  Demolin	  (Gipsa-‐lab,	  Université	  de	  Grenoble,	  Alpes,	  Fr)	  	  
Title	  :	  Evaluating	  the	  complexity	  of	  phonological	  systems	  	  
Scheduled	  :	  Tuesday	  June	  24,	  2014,	  15:30-‐16:00	  	  
Abstract:	   Phonological	   complexity	   has	   been	   the	   subject	   of	   many	   discussions	   for	   a	  
century,	  e.g.	  Zipf	  and	  more	  recently	  Pellegrino	  et	  al.	  (2009).	  However,	  even	  though	  there	  
is	   an	   agreement	   in	   seeing	   phonological	   systems	   as	   complex	   adaptive	   systems,	  we	   are	  
still	  far	  from	  able	  to	  measure	  phonological	  complexity.	  Factors	  typically	  considered	  are	  
the	   inherent	   phonetic	   complexity	   of	   elements	   in	   a	   phonological	   inventory,	   the	   role	   of	  
combinatorial	  possibilities	  and	  the	  combination	  of	  frequency	  of	  occurrences	  of	  different	  
elements	  (Maddieson	  2009).	  Coupé¡¥t	  al.	  (2009)	  emphasize	  that	  a	  system	  is	  said	  to	  be	  
complex	  if	  it	  is	  structured	  in	  different	  levels;	  if	  the	  properties	  of	  the	  global	  level	  differs	  
from	   those	  of	   the	  elements	  of	   the	  basic	   level	   and	   if	   the	   systemic	  properties	   cannot	  be	  
derived	  linearly	  from	  the	  basic	  ones.	  Phonetic	  and	  phonological	  systems	  reflect	  various	  
types	  of	  constraints	  (biological,	  cognitive,	  linguistic	  and	  social)	  but	  the	  understanding	  of	  
their	   interactions	  and	   integration	   is	  still	  quite	   limited.	  Taking	   into	  account	   the	  various	  
levels	  of	  phonological	  systems	  together,	  gestures,	  features,	  vowels,	  consonants,	  syllable,	  
suprasegments)	  is	  a	  possible	  way	  to	  start	  evaluating	  their	  complexity.	  	  
Complexity	  in	  phonology	  also	  focuses	  on	  the	  relation	  between	  the	  number	  of	  phonemes	  
in	  a	   language	  and	  the	  number	  of	  allophones.	  Do	  we	  find	  more	  allophones	  where	  there	  
are	   fewer	   phonemes?	  Do	  we	  have	   fewer	   allophones	  when	   there	   are	  more	  phonemes?	  
Even	   if	   phonological	   descriptions	   are	   not	   always	   comparable	   and	   have	   been	  made	   at	  
different	  times,	  we	  believe	  that	  this	  is	  an	  important	  study	  to	  be	  undertaken	  and	  this	  will	  
be	  discussed	  in	  this	  presentation.	  	  
Bibliography	  :	  

• Coupé	   C.,	   Marsico,	   E.	   &	   Pellegrino,	   F.	   (2009).	   Structural	   complexity	   in	  
phonological	   systems.	   In	   Pellegrino,	   F.	   Marsico,	   E.,	   Chitoran,	   I.	   Coupé	   (Eds.).	  
Approaches	  to	  phonological	  complexity.	  Berlin,	  Mouton	  de	  Gruyter.	  141-‐169.	  

312 ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014



• Maddieson,	   I.	   (2009).	   Calculating	   phonological	   complexity.	   In	   Pellegrino,	   F.	  
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SW4:	  Round	  table/discussion	  -‐	  Space,	  Topology,	  Diffusion	  &	  Language	  :	  prospects	  
for	  future	  research	  	  
Scheduled	  :	  Tuesday	  June	  24,	  2014,	  16:00-‐16:30	  
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Satellite	  Workshop	  5	  
Combinatorial	  Physics	  and	  Complexity	  

	  
Organizers	  
	  

• Gérard	  H.E.	  Duchamp,	  LIPN,	  University	  of	  Paris	  XIII,	  France,	  
gheduchamp@gmail.com	  

• Hoang	  Ngoc	  Minh,	  LIPN,	  University	  of	  Paris	  XIII,	  France,	  
hoang.ngocminh@lipn.univ-‐paris13.fr	  

	  
Description	  
	  
The	  science	  of	  Complex	  Systems	  likes	  to	  consider	  the	  notion	  of	  "level	  of	  description".	  On	  
the	  other	  hand,	  the	  unfolding	  of	  new	  ideas	  in	  physics	  is	  often	  tied	  to	  the	  development	  of	  
new	  combinatorial	  methods,	  and	  conversely	  some	  problems	  in	  combinatorics	  have	  been	  
successfully	   attacked	   using	   methods	   inspired	   by	   statistical	   physics	   or	   quantum	   field	  
theory.	  This	  Satellite	  Workshop	  is	  dedicated	  to	  research	  announcements	  and	  surveys	  in	  
which	   combinatorics,	   physics	   and	   complexity	   interact	   in	   all	   directions.	   The	   list	   of	  
specific	  subject	  areas	  awaited	  here	  includes:	  

• Mathematical	  and	  Combinatorial	  local	  rules	  
• Combinatorics	  of	  renormalization	  
• Theoretical	  Computer	  Science	  for	  Complex	  Systems	  
• Statistical	  Physics	  
• Exactly	  solved	  models	  
• Combinatorial	  models	  for	  and	  of	  emergence	  
• Graph	  polynomials	  and	  families	  of	  polynomials	  indexed	  by	  discrete	  structures	  
• Noncommutative	  differential	  and	  difference	  equations	  
• Explicit	   schemes	   for	   analysis	   of	   dynamical	   systems:	   finite	   (combinatorial)	   and	  

infinite	  (based	  on	  functional	  analysis)	  
	  
Programme	  
	  
Cyril	  Banderier	  	  
Dirichlet	  series,	  Mellin	  transform,	  number	  theory	  and	  physics.	  	  
Scheduled	  :	  Wednesday	  June	  25,	  11:00-‐11:30	  	  
Numerous	  problems	   in	   combinatorics	   and	  number	   theory	   are	   related	   to	   some	   integer	  
sequences	   having	   some	   "multiplicative	   properties".	   For	   such	   sequences,	   we	   will	  
illustrate	  how	  Dirichlet	  series	  and	  Mellin	  transforms	  are	  a	  powerful	  tool	  to	  get	  formulas	  
and	  their	  asymptotics.	  We	  will	  also	  give	  recent	  applications	  to	  the	  number	  of	  residues	  in	  
Z/nZ,	  integer	  factorization,	  and	  to	  problems	  in	  physics	  (in	  quantum	  tomography).	  
	  
Bui	  van	  Chiên	  	  
Algebra	  on	  words	  with	  $q$-‐deformed	  stuffle	  product	  and	  expressing	  polyzetas	  	  
Scheduled	  :	  Tuesday	  June	  24,	  17:30-‐18:00	  	  
From	   an	   infinite	   alphabet	   $\{y_s:	   s\in	   \mathbb{N}	   ^*	   \}$,	   we	   construct	   a	   completed	  
Hopf	  algebraic	  structure	  with	  bases	  in	  duality	  thanks	  to	  concatenation	  product	  and	  $q$-‐
deformed	   stuffle	   product.	  We	   also	   establish	   structures	   of	   polyzetas	   by	   expressing	   on	  
these	  bases.	  
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Gérard	  H.	  E.	  Duchamp	  and	  Hoang	  Ngoc	  Minh	  	  
An	   interface	   between	   physics	   and	   number	   theory	   via	   an	   analytic	   version	   of	  
Cartier-‐Quillen-‐Milnor-‐Moore	  theorem	  	  
Scheduled	  :	  Tuesday	  June	  24,	  17:00-‐17:30	  	  
The	  functional	  expansions	  were	  common	  in	  physics	  as	  well	  as	  in	  engineering	  and	  have	  
been	  developped	  to	  represent	  the	  evolution	  systems	   in	  QED.	  The	  main	  difficulty	   is	   the	  
divergence	  of	  these	  expansions	  at	  $0$	  or	  at	  $+\infty$	  and	  leads	  to	  the	  problems	  of	  {\it	  
regularization}	  and	  {\it	  renormalization}	  which	  can	  be	  solved	  by	  combinatorial	  technics.	  
Recently,	  the	  combinatorial	  aspects	  of	  noncommutative	  formal	  power	  series	  (monoidal	  
factorization,	   transcendence	   bases,	   PBW	   bases,	   CQMM,	   \ldots)	   were	   intensively	  
amplified	  for	  the	  asymptotic	  expansions,	  the	  computation	  of	  the	  monodromy	  and	  of	  the	  
Galois	   differential	   groups	   of	   the	   KZ	   equation,	   \ldots	   facilitating	   mainly	   the	  
renormalization	   and	   the	   computation	   of	   the	   associators	   via	   polylogarithms	   and	   their	  
special	   values.	   In	   this	   work,	   we	   show	   how	   a	   fine	   study	   of	   convolution	   allows	   to	  
understand	   the	   meaning	   of	   the	   nilpotence	   of	   this	   operator	   and	   we	   focus	   on	   this	  
approach	   to	   study	   the	   renormalization	   at	   the	   singularities	   in	   $\{0,1,+\infty\}$	   of	   the	  
solutions	  of	  nonlinear	  differential	  equations	  involved	  in	  QED	  
	  
Hoan	  Quoc	  Ngo	  	  
A	  scheme	  of	  noncommutative	  Combinatorial	  Number	  Theory	  and	  Physics	  	  
Scheduled	  :	  Tuesday	  June	  24,	  18:00-‐18:30	  	  
In	   this	   talk,	  we	  say	  about	  a	  result	  of	   the	  polylogarithm	  and	   the	  harmonic	  sum.	  We	  wil	  
talk	  about	  an	  analytic	  presentation	  of	  the	  harmonic	  sums	  and	  the	  polylogarithms.	  By	  this	  
way,	  we	  define	  the	  polylogarithm	  on	  the	  negative	  points.	  And	  so	  we	  will	  study	  about	  the	  
values	   of	   zetafunction	   at	   negative	   points.	   On	   the	   other	   hand,	   we	   also	   give	   some	  
applications	  of	  Bernoulli’s	  numbers	  in	  the	  study.	  Finally,	  we	  consider	  the	  polylogarithm	  
and	  harmonic	  sums	  in	  a	  relation	  with	  words	  on	  an	  alphabet.	  
	  
Ladji	  Kane	  	  
Combinatoire	  et	  algorithmique	  des	  factorisations	  tangentes	  à	  l'identité.	  	  
Scheduled	  :	  Wednesday	  June	  25,	  12:00-‐12:30	  	  
Dans	  cet	  exposé,	  nous	  présenterons	  un	  résumé	  des	  résultats	   les	  plus	   importants	  et	  de	  
nos	   apports	   sur	   l'étude	   des	   factorisations	   tangentes	   à	   l'identité	   grâce	   à	   l'ulisation	  
d'outils	   combinatoires	   et	   algorithmiques.	   L'écriture	   des	   factorisations	   tangentes	   à	  
l'identité	  passe	  par	   la	  construction	  effective	  d'une	  paire	  de	  bases	  en	  dualité	  et	  permet	  
l'écriture	   d'un	   produit	   infini.	   Ce	   produit	   ne	   donne	   exactement	   l'identité	   que	   sous	   des	  
conditions	   très	   restrictives	   que	   nous	   préciserons.	   Dans	   bien	   des	   cas,	   la	   construction	  
d'une	  paire	  de	  bases	  en	  dualité	  passe	  par	  celle	  d'une	  base	  duale	  à	  partir	  d'une	  base	  dont	  
on	   connaît	   certaines	   propriétés.	   Nous	   nous	   proposons	   donc	   de	   déterminer	   les	  
conditions	  requises	  que	  doivent	  satisfaire	  la	  base	  dont	  nous	  partons	  de	  sorte	  que	  la	  base	  
duale	  permette	  l'écriture	  des	  factorisations.	  
	  
Christian	  Lavault	  	  
On	  Miki-‐Gessel	  Bernoulli	  identities	  	  
Scheduled	  :	  Wednesday	  June	  25,	  11:30-‐12:00	  	  
The	   Miki-‐Gessel	   (MG)	   and	   the	   Faber-‐Pandharipande-‐Zagier	   (FPZ)	   Bernoulli	   numbers	  
identities	   can	   be	   proved	   and	   expressed	   under	   several	   forms	   (e.g.	   Matiyasevich's).	  
Generalizations	  may	   be	   investigated	   in	   plenty	   directions,	   such	   as	  Bernoulli,	   Euler	   and	  
Gennochi	   polynomials,	   "mixed"	  MG	  and	  FPZ	   identities	   extended	  Bernoulli	   convolution	  
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identities,	   etc.	   They	   also	   provide	   interesting	   new	   proofs	   using	   various	   tools,	   such	   as	  
digamma	   and	  polygamma	   function,	   and	  methods,	   e.g.	  Dunne	   and	   Schubert's	   approach	  
from	  quantum	  field	  theory	  and	  topological	  string	  theory.	  
	  
Nguyên	  Hoàng	  Nghia	  	  
A	  combinatorial	  non-‐commutative	  Hopf	  algebra	  of	  graphs	  	  
Scheduled	  :	  Tuesday	  June	  24,	  2014	  18:30-‐19:00	  	  
A	   non-‐commutative,	   planar,	   Hopf	   algebra	   of	   planar	   rooted	   trees	   was	   defined	  
independently	  by	  one	  of	  the	  authors	  in	  Foissy	  (2002)	  and	  by	  R.	  Holtkamp	  in	  Holtkamp	  
(2003).	   In	   this	  paper	  we	  propose	  such	  a	  non-‐commutative	  Hopf	  algebra	   for	  graphs.	   In	  
order	   to	  define	   a	  non-‐commutative	  product	  we	  use	   a	   quantum	   field	   theoretical	   (QFT)	  
idea,	   namely	   the	  one	  of	   introducing	  discrete	   scales	  on	   each	   edge	  of	   the	   graph	   (which,	  
within	  the	  QFT	  framework,	  corresponds	  to	  energy	  scales	  of	  the	  associated	  propagators).	  
	  
Benoit	  Cagnard	  	  
Sarkovski	  et	  les	  Automates	  	  
Scheduled	  :	  Wednesday	  June	  25,	  12:30-‐13:00	  	  
Le	  théorème	  de	  Sarkovski	  porte	  sur	  la	  cardinalité	  des	  orbites	  périodiques	  des	  fonctions	  
continues	  de	  la	  variable	  réelle.	  Il	  existe	  un	  ordre,	  $\triangleright$,	  dit	  ordre	  de	  Sarkovski	  
sur	  les	  entiers	  non	  nuls	  tel	  que	  si	  une	  fonction	  $f$	  continue	  a	  une	  orbite	  périodique	  de	  
cardinalité	   $n$	   et	   $n	   \triangleright	   m$	   alors	   $f$	   possède	   une	   orbite	   périodique	   de	  
cardinalité	  $m$.	  Nous	  remarquons	  tout	  d'abord	  que	  l'ordre	  de	  Sarkovski	  est	  réalisable	  
par	  automate	  si	   l'on	  écrit	   les	  entiers	  en	  base	  $2$.	  Nous	   faisons	  ensuite	   le	   lien	  avec	   les	  
fonctions	   dont	   le	   graphe	   est	   définissable	   par	   automate	   de	   mots	   infinis	   synchrone	   .	  
Lorsque	   la	   numération	   est	   en	  base	  Pisot,	   on	   sait	   que	  pour	  de	   telles	   fonctions	   on	  peut	  
décider	  si	  elles	  définissent	  des	  fonctions	  continues	  sur	  les	  réels.	  Si	  tel	  est	  le	  cas,	  on	  peut	  
aussi	  décider	  si	  elles	  admettent	  des	  orbites	  périodiques	  de	  cardinalité	  $n$	  pour	  tout	  $n$.	  
En	  particulier,	  on	  peut	  décider	  si	  elles	  ont	  des	  orbites	  de	  toutes	  cardinalités.	  De	  plus,	  ces	  
fonctions	   permettent	   de	   construire	   des	   exemples	   de	   fonctions	   ayant	   une	   orbite	  
périodique	   de	   cardinalité	   $m$	   fixé	   et	   aucune	   orbite	   périodique	   de	   cardinalité	   $n	  
\triangleright	  m$	  dans	  l'ordre	  de	  Sarkovski.	  
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Satellite	  Workshop	  6	  
Dynamical	  systems	  applied	  to	  population	  dynamics	  in	  ecology	  and	  in	  

epidemiology	  
	  
Organizers	  
	  

• Pierre	  Auger,	  UMI	  209,	  IRD	  &	  UPMC	  UMMISCO,	  Bondy,	  France,	  
pierre.auger@ird.fr	  

• Rachid	  Mchich,	  ERMEG,	  ENCGT,	  Abdelmalek	  Essaâdi	  University,	  Tangier,	  
Morocco,	  racmchich@yahoo.com	  

• Jean	  Jules	  Tewa,	  UMI	  209,	  IRD	  &	  UPMC	  UMMISCO,	  University	  of	  Yaounde,	  
Cameroon,	  	  tewajules@yahoo.fr	  

• Tri	  Nguyen-‐Huu,	  UMI	  209	  UMMISCO,	  Bondy,	  France,	  tri.nguyen-‐huu@ird.fr	  
	  
Description	  
	  
Ecosystems,	   communities,	   populations	   and	   individuals	   are	   exposed	   to	   important	  
changes	  at	  local	  and	  global	  scales.	  The	  session	  is	  devoted	  to	  the	  presentation	  of	  original	  
works	  in	  population	  dynamics.	  Population	  dynamics	  here	  is	  intended	  in	  a	  broad	  sense,	  
including	   the	   study	   of	  molecule,	   cell,	   animal,	   plant	   populations.	  Hence,	   topics	   of	   the	   «	  
satellite	  workshop	  »	  include	  modelling	  in	  cellular	  biology,	  ecology,	  epidemiology	  as	  well	  
as	  management	  of	  fisheries.	  This	  session	  will	  focus	  on	  modelling	  using	  field	  data,	  model	  
calibration,	  model	  analysis	  and	  decision	  making.	  
	  
List	  of	  papers/presentations	  
	  
R.	  Mchich,	  P.	  Auger	  and	  N.	  Charouki	  	  
"Analysis	  of	  the	  equilibrium	  stability	  of	  a	  Moroccan	  fishery	  management	  model"	  	  
Abstract:	   Mathematical	   models	   in	   ecology	   are	   usually	   nonlinear	   dynamical	   systems	  
including	   a	   large	   number	   of	   coupled	   variables	   (6).	   These	  models	   are	   then	   difficult	   to	  
study	  analytically.	  Aggregation	  of	  variables,	  which	  is	  based	  on	  time	  separation	  methods,	  
permits	  to	  build,	  from	  a	  complete	  model	  involving	  many	  variables,	  a	  reduced	  one	  which	  
governs	  a	  few	  global	  variables	  in	  the	  long	  term.	  In	  this	  work,	  we	  analyze	  the	  stability	  of	  a	  
Moroccan	  multi	   fishery	  management	  model.	   Interpretations	  of	  our	  results	  can	  be	  used	  
by	   the	   authority	   responsible	   of	   fishery	   management,	   the	   Moroccan	   government,	   as	  
general	  recommendations	  for	  a	  better	  management	  of	  Moroccan	  fisheries.	  
	  
Hbid	  M.L,	  Ben	  Miled	  S.,	  Ramzi	  A.,	  Khaladi	  M.A	  	  
"Mathematical	  model	  for	  larvae	  fish	  recruitment	  :	  effects	  of	  temperature	  
fluctuations"	  	  
Abstract:	  Mathematical	  model	  of	  population	  of	  fish	  in	  the	  larval	  stage	  is	  presented.	  The	  
model	  discuss	  the	  influence	  of	  temperature	  fluctuations	  on	  the	  recruitment	  of	  larvae	  in	  
juvenile	   stage.	   The	   temperature	   is	   a	   key	   factor	   influencing	   the	   larval	   survival	   and	  
development.	   It	   is	   also	   considered	   to	   be	   a	   good	   indicator	   of	   most	   forcing	   processes	  
(seasons,	   winds,	   upwellings,...etc).	   We	   also	   present	   and	   discuss	   the	   recruitment	   rate	  
formula	  both	  theoretically	  and	  by	  numerical	  simulation.	  
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Fechichi	  A.,	  Jerry	  M.,	  Ben	  Miled	  S.	  	  
"Fishing	  Policy	  for	  a	  Global	  Hermaphrodite	  Model"	  	  
Abstract:	  In	  this	  work,	  we	  study	  a	  structured	  fishing	  model	  displaying	  the	  three	  stages	  of	  
life	   cycle	   of	   a	   hermaphrodite	   population,	   which	   are	   juvenile,	   female	   and	   male.	   We	  
associate	  to	  this	  model	  the	  maximization	  of	  the	  total	  discounted	  net	  revenues	  derived	  by	  
the	  exploitation	  of	  the	  stock.	  
	  
Chakib	  Jerry	  (jechakib@yahoo.fr),	  Nadia	  Raissi	  	  
"Management	  of	  salt	  water	  in	  irrigation"	  	  
Abstract:	  Let	  us	  consider	  a	  field	  where	  the	  water	  of	  irrigation	  (the	  water	  of	  the	  aquifer)	  
contains	   some	   soluble	   salt	   of	   concentration	   c	   (positive	   constant)	   and	   the	   ground	   also	  
contains	  some	  soluble	  salt	  of	  concentration	  s	  which	   is	  a	   function	  of	  water	   irrigation	  x.	  
The	  dynamical	  model	  applied	   to	  a	   field	  of	   culture	   is	  based	  on	  one	  hand	  of	   the	  salinity	  
evolution	  in	  the	  ground	  (inspired	  by	  the	  work	  of	  Plessner	  Y.	  and	  Feinerman	  E.	   :On	  the	  
Economics	   of	   Irrigation	   with	   Saline	   Water:	   A	   Dynamic	   Analysis,	   Natural	   Resource	  
Modeling),	  the	  water	  of	  aquifer	  dynamics	  and	  the	  quantity	  of	  water	  regenerated	  after	  a	  
while	  in	  the	  groundwater.	  In	  this	  work	  we	  try	  to	  suggest	  an	  irrigation	  policy	  to	  maximize	  
the	  yield	  of	  the	  field	  using	  optimal	  control	  theory.	  
	  
M.	  Jerry	  (jemounir@yahoo.fr)	  and	  C.	  Jerry	  (jechakib@yahoo.fr)	  	  
"A	  viability	  analysis	  for	  structured	  model	  of	  fishing	  problem"	  	  
Abstract:	  In	  this	  work	  we	  study	  a	  structured	  fishing	  model,	  basically	  displaying	  the	  two	  
stages	   of	   the	   ages	   of	   a	   fish	  population,	  which	   are	   in	   our	   case	   juvenile,	   and	   adults.	  We	  
associate	   to	   this	   model	   two	   constraints:	   one	   of	   ecological	   type	   ensuring	   a	   minimum	  
stock	  level,	  the	  other	  one	  of	  economic	  type	  ensuring	  a	  minimum	  income	  for	  fishermen.	  
The	  analytical	  study	  focuses	  on	  the	  compatibility	  between	  the	  state	  constraints	  and	  the	  
controlled	  dynamics.	  Using	  the	  mathematical	  concept	  of	  viability	  kernel,	  we	  define	  a	  set	  
of	  constraints	  combining	   the	  guarantee	  of	  consumption	  and	  a	  stock	  of	  resources	   to	  be	  
preserved	  at	  all	  times.	  
	  
Ali	  Moussaoui	  	  
"Global	  dynamics	  of	  a	  predator-‐prey	  system	  and	  its	  applications	  to	  biological	  
control"	  	  
Abstract:	  A	  predator-‐prey	  model	  is	  considered	  in	  which	  both	  predator	  and	  prey	  are	  
subjected	  to	  harvesting.	  The	  existence	  of	  its	  steady	  states	  and	  their	  stability	  (local	  and	  
global)	  are	  studied	  using	  Eigenvalue	  analysis.	  The	  problem	  of	  determining	  the	  optimal	  
harvesting	  policy	  is	  then	  solved	  by	  using	  Pontryagin’s	  maximum	  principle.	  
	  
N.Raïssi(nraissi@fsr.ac.ma),	  C.Sanogo(csanogo@yahoo.com),	  
M.Serhani(mserhani@hotmail.com)	  	  
"Multi-‐fishery	  Management:	  Differential	  games	  approach"	  	  
Abstract:	   The	   need	   of	   planning	   fishery	   motivate	   the	   development	   of	   multi	   fishery	  
models.	  Halieutic	   resources	   in	  Morocco	  are	   important	  enough	   to	  allow	   foreign	   fleet	   to	  
operate	  in	  its	  Excusive	  Economic	  Area	  (EEA).	  Neverthelessit	  is	  necessary	  to	  define	  terms	  
and	  conditions	  of	  foreign	  fleet	  access	  to	  fishery,	  in	  order	  to	  avoid	  to	  bankrupt	  domestic	  
fleet	  which	  operate	  in	  the	  same	  fishery	  area.	  In	  a	  previous	  work	  N.Raissi	  [4]	  suggests	  a	  
fishery	  model	  analyzed	  in	  the	  framework	  of	  bilevel	  optimization	  theory.	  The	  result	  leads	  
to	   collapse	   of	   less	   efficient	   fleet.	   In	   order	   to	   avoid	   this	   undesirable	   situation	   we	  
usedifferential	  game	  theory	  and	  the	  adapted	  concept	  of	  Nash	  equilibrium.	  This	  analysis	  

324 ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014



will	   guaranteeto	  both	   fleet	   to	  harvest	   and	   share	   the	   same	   resource.	   In	   [1]	  Colin	  Clark	  
found	  the	  optimal	  effort	  in	  the	  competitive	  case.	  He	  shows	  that	  the	  less	  efficient	  fleethas	  
to	  quit	  fishery	  and	  only	  the	  more	  efficient	  still	  harvest.	  He	  also	  determine	  Pareto	  front	  in	  
cooperative	  case.	  C.Mullon	  et	  P.Fréonin	  [3]	  show	  in	  a	  discrete	  context,	   the	  existence	  of	  
Nash	  equilibrium	  corresponding	  to	  fishery	  model	  involving	  several	  fishery	  areas	  as	  well	  
as	   several	   fleets.	   L.DoyenetJ.C.Perreau	   in	   [2]	   use	   both	   viability	   approach	   and	   game	  
theory	   in	  order	  to	  analyze	  the	   impact	  of	  bioeconomic	  constraints	  onresource	  dynamic.	  
They	   show	   that	   some	   kind	   of	   stability	   could	   be	   obtained	   only	   if	   the	   initial	   values	   of	  
resource	  stocks	  are	  enough	  high.	  Otherwise,	  forweak	  levels,	  the	  more	  efficient	  fleet	  force	  
the	   less	   efficient	   to	   leave	   the	   fishery.	   In	   this	   present	  work,	   we	   identify	   a	   competitive	  
Nash	   equilibrium	   candidate	   assuring	   fleet	   cohabitation.	   We	   also	   proof	   the	   trajectory	  
optimality	   leading	   to	   the	   equilibrium,	   using	   marginal	   analysisofHamilton-‐Jacobi	  
equation.	  	  
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Jean	  Jules	  TEWA	  	  
"Global	  and	  local	  bifurcations	  in	  a	  ratio-‐dependent	  predator-‐prey	  model	  with	  SIS	  
infectious	  disease"	  	  
Abstract:	  Two	  ratio-‐dependent	  predator-‐prey	  models	  with	  disease	  only	  in	  prey	  
population	  and	  in	  both	  populations	  are	  proposed.	  For	  these	  models,	  we	  investigate	  the	  
existence	  of	  local	  and	  global	  bifurcations	  trough	  the	  qualitative	  properties	  of	  solutions.	  
The	  existence	  of	  homoclinic	  and	  heteroclinic	  bifurcations	  for	  the	  model	  without	  disease	  
is	  established	  in	  a	  di	  erent	  and	  simplest	  manner	  to	  what	  has	  been	  done	  by	  Kuang	  and	  
beretta.	  The	  existence	  of	  homoclinic	  and	  heteroclinic	  bifurcations	  for	  the	  model	  with	  
disease	  only	  in	  prey	  and	  with	  disease	  in	  both	  populations	  is	  established.	  The	  existence	  of	  
a	  saddle-‐node	  bifurcation	  is	  also	  established	  for	  the	  two	  models.	  A	  discussion	  on	  the	  
existence	  of	  a	  H	  opf	  bifurcation	  is	  carried	  out	  for	  the	  model	  without	  desease.	  Finally,	  we	  
use	  non-‐standards	  numerical	  schemes	  to	  illustrate	  our	  results.	  
	  
Mansal	  F.,	  Nguyen-‐Huu	  T.,	  Auger	  P.,	  Baldé	  M.	  	  
"Mathematical	  model	  of	  a	  fishery	  with	  demand/supply	  dynamics"	  	  
Abstract:	  we	  present	  a	  mathematical	  bioeconomic	  model	  of	  a	  fishery	  with	  a	  variable	  
price.	  The	  model	  describes	  the	  time	  evolution	  of	  the	  resource,	  the	  fishing	  effort	  and	  the	  
price	  which	  is	  assumed	  to	  vary	  with	  respect	  to	  supply	  and	  demand.	  The	  supply	  is	  the	  
instantaneous	  catch	  while	  the	  demand	  function	  is	  assumed	  to	  be	  a	  monotone	  decreasing	  
function	  of	  price.	  We	  show	  that	  a	  generic	  Market	  Price	  Equation	  (MPE)	  can	  be	  derived	  
and	  has	  to	  be	  solved	  to	  calculate	  non	  trivial	  equilibria	  of	  the	  model.	  This	  Market	  Price	  
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Equation	  (MPE)	  can	  have	  1,	  2	  or	  3	  equilibria.	  We	  perform	  local	  and	  global	  stability	  of	  
equilibria.	  The	  MPE	  is	  extended	  to	  two	  cases:	  an	  age-‐structured	  fish	  population	  and	  a	  
fishery	  with	  storage	  of	  the	  resource.	  
	  
Ly	  S.,	  Auger	  P.,	  Baldé	  M.	  	  
"A	  bioeconomic	  model	  of	  a	  multi-‐site	  fishery	  with	  non	  linear	  demand	  function:	  
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Abstract:	  The	  richness	  of	  tools	  and	  methodologies	  available	  for	  the	  study	  of	  a	  complex	  
system	  often	  leads	  to	  the	  elaboration	  of	  different	  independent	  models.	  The	  development	  
of	  these	  models	  faces	  its	  limits	  since	  each	  model	  only	  focuses	  on	  some	  aspects	  (points	  of	  
view)	   of	   the	   system.	   In	   order	   to	   enrich	   the	   description	   of	   the	   studied	   system,	   an	  
emergent	   tendency	  consists	   in	   taking	  advantage	  of	   simple	  models	  by	   interfacing	   them	  
instead	  of	  complexifying	  a	  unique	  model	  (often	  at	  the	  expense	  of	  the	  results).	  This	  paper	  
tackles	  interoperability	  of	  models	  based	  on	  various	  paradigms	  (e.g.	  ODE,	  Stochastic	  laws	  
or	  agent).	  We	  first	  propose	  an	  original	  classification	  of	  models	  (compared	  to	  the	  more	  
usual	   comparison	   of	   paradigms)	   based	   on	   their	   relations	   to	   space	   and	   time.	   This	  
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results	   from	   one	   model	   to	   another.	   We	   exemplify	   our	   proposition	   on	   different	   toy	  
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"Dynamics	  of	  a	  cancerous	  tumor	  growth	  under	  the	  effect	  of	  therapy"	  	  
Abstract:	   Recently	   there	   has	   been	   several	   attempts	   to	   develop	   different	   ways	   of	  
immunotherapies	   for	   cancer	   including	   certain	   types	  of	   vaccines	   to	   activate	   an	   specific	  
immuno	  response.	  In	  this	  work	  we	  present	  a	  population	  type	  model	  for	  the	  growth	  of	  a	  
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tumor	  under	  the	  effect	  of	  different	  types	  of	  therapies.	  First	  we	  present	  a	  model	  for	  the	  
growth	  of	  a	  tumor	  couple	  to	  the	  immune	  system.	  We	  present	  the	  effect	  on	  its	  dynamics	  
of	  two	  types	  of	  immuno-‐therapy,	  passive	  and	  active.	  It	  will	  be	  shown	  that	  in	  this	  regime	  
immunotherapy	   either	   finish	  with	   the	   tumor	   or	   stop	   its	   growth	   keeping	   it	   under	   the	  
threshhold	   of	   vascularization.	   We	   then	   study	   the	   effect	   of	   these	   terapies	   for	   a	  
vascularized	   tumor.	   In	   this	   case	   most	   of	   the	   times	   immunotherapy	   cannot	   stop	   the	  
growth	  of	  the	  tumor	  and	  chemotherapy	  must	  be	  used.	  If	  time	  allows,	  we	  will	  show	  the	  
effect	  of	  two	  styles	  of	  chemotherapy	  on	  the	  tumor,	  the	  traditional	  chemotherapy	  and	  a	  
more	  recent	  way	  of	  administration	  known	  as	  metronomic	  chemotherapy.	  
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GLOBAL DYNAMICS OF A PREDATOR-PREY SYSTEM AND ITS
APPLICATIONS TO BIOLOGICAL CONTROL

B. Belkhodja and A. Moussaoui ∗†

Abstract. In this paper, a new predator-prey model is consid-

ered in which both predator and prey are subjected to harvesting.

Boundedness of the exploited system is examined. The existence of

its steady states and their stability (local and global) are studied

using Eigenvalue analysis. The possibility of existence of bionomic

equilibria has been considered and the optimal harvesting policy is

obtained by using the Pontryagin’s maximal principle.

Keywords. Predator-prey model, Predator-dependent response,

Global stability, Bionomic equilibrium, Optimal harvest, Maximum

principles.

1 Introduction

The dynamics of predator-prey systems are often de-
scribed by differential equations, which represent time
continuously. A common framework for such a model
is:





dx

dt
= aF (x)− g(x, y)y,

dy

dt
= eg(x, y)y − cy,

(1)

where x and y are the prey and predator density, respec-
tively, F (x) is the growth rate of the prey population in
the absence of predation. The functional response g(x, y)
represents the instantaneous rate of prey depletion per
predation. The constant e describes the efficiency of
the predator in converting consumed prey into predator
offspring, while c denotes the food independent predator
mortality rate.

In predator-prey models, functional responses of
the predator to the prey density play a critical role,
which is defined as the amount of prey catch per
predator per unit of time. In general, the functional
response g is usually assumed to increase with prey
density, x, and decrease (or not change) with predator
density, y. However, exceptions exist to both of these
rules. This can be classified as: (1) prey dependent,
when prey density alone determines the response; (2)
predator dependent, when both predator and prey

∗Department of Mathematics, Faculty of Sciences, University of
Tlemcen, 13000. Algeria E-mails: moussaoui.ali@gmail.com
†Manuscript received April 19, 2009; revised January 11, 2010.

populations affect the response; and (3) multispecies
dependent, when species other than the focal predator
and its prey species influence the functional response.
A historical account of biological relevance of the
prey-dependent model and the functional response is
available in [1, 8]. In this paper and under suitable
conditions, the functional response g(x, y) can accommo-
date interference among predators. The predator needs
a quantity γy for his food, but he has access to a quantity

g(x, y) =
bxy

y +D

where b is the encounter rate with prey by a searching
predator and D measures the other causes of mortality
outside the metabolism and predation. It gives the extent
to which environment provides protection to the prey.
If

g(x, y) =
bx

y +D
≥ γ

then the predators will be satisfied with the quantity

γy

for his food. Otherwise, that is, if

g(x, y) =
bx

y +D
≤ γ

the predators will content himself with

g(x, y) =
bxy

y +D

Consequently, the quantity of food received by the preda-
tors is

min

(
bx(t)

y(t) +D
, γ

)
y(t)

(see [4, 7] for more details)
In the present paper, we assume that both species are
subjected to harvesting efforts E1 and E2 respectively,
with the catchability coefficient of the two species
q1, q2(> 0). The subject of harvesting in predator-prey
systems has been of interest to economists and ecologists
for some time now. Most research has focused attention
on optimal exploitation, guided entirely by profits from
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harvesting (see [5, 6, 9, 11, 12, 13] and reference therein).

Thus, with the above assumption, our model takes
the form





dx

dt
= ax(1− x

K
)−min

(
bx(t)

y(t) +D
, γ

)
y(t)− q1E1x,

dy

dt
= emin

(
bx(t)

y(t) +D
, γ

)
y(t)− cy − q2E2y,

(2)
where a is the intrinsic growth rate of prey, K is the en-
vironmental carrying capacity of the prey.
Here we observe that, if ”E1 >

a
q1

” then ẋ < 0, Hence,
throughout our analysis, we assume that ”E1 <

a
q1

”.
This paper is arranged as follow: At first, using some as-
sumptions, we reduce our system (2) to a simple form, we
present also positivity and boundedness of the solutions,
in turn, implies that the system is biologically well be-
haved. Local and global stability analysis of equilibria is
established in Sections 3 and 4, respectively. In Section
5, we prove the existence of the bioeconomic equilibrium.
In Section 6 the optimal control policy is established. At
last, concluding remarks are given.

2 Some preliminary results

In this section, we shall present some preliminary
results. Observing that lim(x,y)→(0,0)F1(x, y) =
lim(x,y)→(0,0)F2(x, y) = 0, we may define that
F1(0, 0) = F2(0, 0) = 0. Clearly, with this extended
definition, both F1 and F2 are continuous functions on
R2

+. It is easy to see that a solution with non-negative
initial value exists and is unique. Moreover, it stays
non-negative. Our next task is to show the boundedness
of solutions which may be interpreted as a natural re-
striction to growth as a consequence of limited resources.

Before starting, let x(0) = x0, y(0) = y0 be re-
spectively the initial density of the prey and predator
with x0 > 0 and y0 > 0 . We suppose that:

b <
γ(y0 +D)

x0
, (H1)

b <
4aγD(c+ q2E2)

K(a+ c+ q2E2)2
, (H2)

Then we have the following proposition

Proposition 2.1. For all t ≥ 0

bx(t) < γ(y(t) +D).

Proof
Let

u(t) = bx(t)− γ(y(t) +D)

Note that u(0) < 0 by condition (H1). It is claimed that
u(t) < 0 for all t. If this were not the case, there exists
t0 > 0 such that:

u(t0) = 0 and
du

dt
(t0) ≥ 0.

The condition u(t0) = 0 implies that

y(t0) =
bx(t0)

γ
−D.

From (H1), we get

du

dt
(t0) = b

dx

dt
(t0)− γ dy

dt
(t0)

= −b(b+ eγ)
y(t0)

y(t0) +D
x(t0) + b(a− q1E1 + c+ q2E2)x(t0)

−γ(c+ q2E2)D − ba

K
(x(t0))2,

It follows that

du

dt
(t0) ≤ b(a+c+q2E2)x(t0)−γ(c+q2E2)D− ba

K
(x(t0))2

Condition (H2) implies that

du

dt
(t0) < 0

and we obtain a contradiction. This implies that u(t) < 0
for all t ≥ 0. �

Consequently system (2) is reduced to the simple form





dx

dt
= ax(1− x

K
)− bxy

y +D
− q1E1x,

dy

dt
= −cy +

ebxy

y +D
− q2E2y,

(3)

2.1 Boundedness of the system

Boundedness of a system guarantees its validity. The
following theorem ensures the boundedness of the system
(3).

Theorem 2.1. All solutions of the system (3) which
starts in R+

2 are uniformly bounded.

Proof
Let w = ex+ y. Then the time derivative of w is

dw

dt
= e

dx

dt
+
dy

dt
= eax(1− x

K
)− eq1E1x− (c+ q2E2)y

≤ µ− vw
where µ = eK4a (a− q1E1 + c+ q2E2)2, and v = (c+ q2E2).
Therefore,

dw

dt
+ vw ≤ µ
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Applying a theorem on differential inequality [2], we
obtain

0 < w(x, y) ≤ µ

v
+ e−vt {w(x(0), y(0))} ,

and for t→∞, we have 0 ≤ w ≤ µ
v .

Thus, all the solutions of the system (3) enter into the
region

B =
{

(x, y) ∈ R2
+ : w =

µ

v
+ ε, for any ε > 0

}
.

This completes the theorem.

3 Analysis of the equilibria

We now study the existence of equilibrium of system (3).
Particularly, we are interested in the interior or positive
equilibrium of the system. To begin with we list all pos-
sible equilibria:
(i) the trivial equilibrium P0 = (0, 0)
(ii) equilibrium in the absence of predator (y = 0)
P1 = (x̄, 0), where x̄ = K

a (a− q1E1).
(iii) the interior equilibrium P2 = (x∗, y∗)
where

x∗ =
c+ q2E2

eb
(y∗ +D)

and

y∗ =
1

2

(
B +

√
B2 − 4C

)
,

where

B = 2D − ebK(−b+ a− q1E1)

a(c+ q2E2)
,

C = D2 − ebKD(a− q1E1)

a(c+ q2E2)
.

The interior equilibrium point (x∗, y∗) exists if the follow-
ing condition hold:

0 ≤ E1 ≤
a

q1

(
1− D(c+ q2E2)

ebK

)
. (4)

Now we study the nature of each of these equilibrium
points. To determine the local stability character, we
need to compute the variational matrix J (the Jacobian).
The variational matrix of the system of Equations (3) is

J (x, y) =



a− q1E1 − 2ax

K −
by
y+D

−bDx
(y+D)2

eby
y+D −c− q2E2 + ebDx

(y+D)2




(5)

First we consider the trivial equilibrium point (0, 0). The
associated Jacobian is given by

J (0, 0) =



a− q1E1 0

0 −c− q2E2


 . (6)

The eigenvalues of the J(0, 0) are nothing but the
diagonal elements, then origin is saddle point.

Consider the second equilibrium point P1 = (x̄, 0).
The Jacobian associated with this point is given by

J (x̄, 0) =



−(a− q1E1) − bK(a−q1E1)

Da

0 −(c+ q2E2) + ebK(a−q1E1)
Da


 .

(7)

Clearly the eigenvalues of the above matrix are the di-
agonal elements and the stationary point P1 = (x̄, 0) is
locally stable only if

E1 >
a

q1

(
1− D(c+ q2E2)

ebK

)
≥ 0 (8)

Similarly we have from (5),

J (x∗, y∗) =




−ax
∗

K
− bDx∗

(y∗+D)2

eby∗

y∗ +D
− ebx∗y∗

(y∗+D)2


 . (9)

It is easy to see that the trace of J (x∗, y∗) is

trJ (x∗, y∗) = −ax
∗

K
− dx∗y∗

(y∗ +D)
2 < 0,

and its determinant is

detJ (x∗, y∗) =
adx∗2y∗

K (y∗ +D)
2 +

bdDx∗y∗

(y∗ +D)
3 > 0.

Hence (x∗, y∗) is locally asymptotically stable.

4 Global stability

In this section, we consider the global stability of system
(3) by constructing a suitable Lyapunov function. We
define a Lyapunov function

V (x, y) =
[
(x− x∗)− x∗ log(

x

x∗
)
]
+h

[
(y − y∗)− y∗ log

(
y

y∗

)]

where h is a positive constant to be chosen suitably
in the subsequent steps. It can be easily verified that
the function V is zero at the equilibrium (x∗, y∗) and is
positive for all other positive values of x, y.

The time derivative of V along the trajectories of (3)
is given by
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dV
dt = x−x∗

x
dx
dt + hy−y

∗

y
dy
dt

= (x− x∗)
[
(a− q1E1)− a

Kx−
by
y+D

]

+h (y − y∗)
[
−(c+ q2E2) + ebx

y+D

]
.

(10)

Also we have the set of equilibrium equations corre-
sponding to the steady state P2 = (x∗, y∗):

a(1− x∗

K
)− by∗

y∗ +D
− q1E1 = 0

and

−c+
ebx∗

y∗ +D
− q2E2 = 0.

We can write the equation (10) together with the
above two equations in the form:

dV

dt
= (x− x∗)

[
(a− q1E1)− a

K
x− by

y +D
− (a− q1E1)

+
a

K
x∗ +

by∗

y∗ +D

]

+h (y − y∗)
[
−(c+ q2E2) +

ebx

y +D
+ (c+ q2E2)− ebx∗

y∗ +D

]

By choosing

h =
bD

eb(y∗ +D)
,

The above equation can be written as

dV

dt
= −

[
a

K
(x− x∗)2 +

ebhx∗

(y +D) (y∗ +D)
(y − y∗)2

]
.

Obviously, (dVdt ) < 0 strictly for all x, y > 0 except the

interior equilibrium point (x∗, y∗) where (dVdt ) = 0. Thus
V (x, y) satisfies Lyapunov’s asymptotic stability theorem,
and the interior equilibrium point (x∗, y∗) of system (3)
is globally asymptotically stable.
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Figure 1: Both the prey and predator population converge
to their equilibrium values. a = 7; b = 10; c = 7.5;
d = 12; K = 50; D = 70; q1 = 1.3; q2 = 0.37; E1 = 0.15;
E2 = 1.25
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Figure 2: phase space trajectories corresponding to dif-
ferent initial levels.

5 Bionomic equilibrium

Having verified the existence of a positive equilibrium
point and proved that conditions exist in order that this
point is an attractor, we will show the existence of a bioe-
conomic or bionomic equilibrium. This term is an amal-
gamation of the concepts of ’biological equilibrium’ and
economic equilibrium [3]. As we know, a biological equi-
librium is given by ẋ = 0 = ẏ. The economic equilibrium
is said to be attained whenTR (total revenue earned by
selling the harvested biomass) equals TC (the total cost
for the effort employed to harvesting).

Let c1 and c2 be the harvesting cost per unit effort, p1
and p2 the constant price per unit landed biomass of the
prey and predator, respectively. The economic rent (net
revenue at any time) is given by:

by

π = (p1q1x− c1)E1 + (p2q2y − c2)E2

= π1 + π2,

where π1 = (p1q1x − c1)E1, π2 = (p2q2y − c2)E2 i.e.,
π1 and π2 represent the net revenues for the prey and
predator species, respectively.

The economic parameters p1, p1, c1, c2 are not in
general constants, since they may depend on the stock-
levels, type of fishing gears used, market demand, etc.
For the sake of simplicity, we take them to be constants.

Thus the bionomic equilibrium [x∞, y∞, E1∞, E2∞] is
the solution of the following simultaneous equations:

a(1− x

K
)− by

y +D
− q1E1 = 0 (11)

−c+
ebx

y +D
− q2E2 = 0, (12)

π = (p1q1x− c1)E1 + (p2q2y − c2)E2 = 0. (13)

In order to determine the bionomic equilibrium, we now
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consider the following cases:

Case1: If c2 > p2q2y, i.e. the cost is greater than the
revenue for the predator, then the predator fishing will
be stopped (E2 = 0). Only the prey fishery remains
operational (i.e. c1 < p1q1x).
We then have x∞ = c1

p1q1
(from(13)). Hence

c1 < p1q1x < p1q1K, then (y∞, E1∞) will be any
point on the line

a
(

1− c1
p1q1K

)
=

by∞
y∞ +D

+ q1E1∞.

in the first quadrant of the yE1-plane.

Case2: If c1 > p1q1x i.e. the cost is greater than
the revenue in the prey fishery, then prey fishery will
be closed (E1 = 0). Only predator fishery remains
operational (i.e. c2 < p2q2y).

We then have y∞ = c2
p2q2

(from (13)). Now substituting

y∞ into ((11)) we get

x∞ =
K

a

(
a− by∞

y∞ +D

)

x∞ > 0 provided a > by∞
y∞+D

Substituting x∞ into 12 we get

E2∞ =
1

q2

(
− c2 +

ebx∞
y∞ +D

)

E2∞ > 0 provided ebx∞
y∞+D > c2

Case3: If c1 > p1q1x, c2 > p2q2y. In this case,
the cost is greater than revenues for both species and the
whole fishery will be closed.

Case4: If c1 < p1q1x, c2 < p2q2y. In this case,
the revenues for both the species being positive, then the
whole fishery will be in operation.
In this case, x∞ = c1

p1q1
and y∞ = c2

p2q2
(from (13)).

Now substituting x∞ and y∞ into (11) and (12) we get

E1∞ =
1

q1

(
a(1− c1

p1q1K
)− bc2

c2 + p2q2D

)
,

and

E2∞ =
1

q2

( ebc1p2q2
p1q1(c2 + p2q2D)

− c
)
.

Now

E1∞ > 0 if a(1− c1
p1q1K

) >
bc2

c2 + p2q2D
, (14)

E2∞ > 0 if c <
ebc1p2q2

p1q1(c2 + p2q2D)
. (15)

Thus the nontrivial bionomic equilibrium point
[x∞, y∞, E1∞, E2∞] exists if and only if the condi-
tions (14) and (15) hold together.

6 Optimal harvesting policy

In this section, our objective is to maximize, the objec-
tive functional form of the harvesting model, with the
instantaneous annual rate of discount δ is as follows:

J(E1, E2) =

∫ ∞

0

e−δt
{

(p1q1x−c1)E1(t)+(p2q2y−c2)E2(t)
}
dt

(16)
subject to the state constraints (3) and the control con-

straints
0 ≤ Ei(t) ≤ Emaxi , i = 1, 2

The present value Hamiltonian

H = H(x, y, λ1, λ2, E1, E2)

for this control problem is

H = e−δt {(p1q1x− c1)E1 + (p2q2y − c2)E2}

+λ1

(
ax(1− x

K
)− bxy

y +D
− q1E1x

)

+λ2

(
−cy +

ebxy

y +D
− q2E2y

)
, (17)

where λ1(t) and λ2(t) are the adjoint variables.
We have

∂H

∂E1
= e−δt(p1q1x− c1)− λ1q1x = σ1(t), (18)

∂H

∂E2
= e−δt(p2q2y − c2)− λ2q2y = σ2(t) (19)

The optimal control Ei(t) (i = 1, 2) must clearly
satisfy the conditions

Ei(t) =




Emaxi if σi(t) > 0

0 if σi(t) < 0.

Since σi(t) causes Ei(t) (i = 1, 2) to switch between level
0 and Emaxi , σi(t) (i = 1, 2) are called switching function.
Depending on the sign of the switching function σi(t),
the optimal control Ei(t) is a bang-bang switching from
one extreme point to other one.
Obviously, the control variables Ei(t) (i = 1, 2) appear
linearly in the Hamiltonian function H. So, the condition
σi(t) = 0 (i = 1, 2) is necessary for the singular control
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E∗i (t), 0 < E∗i (t) < Emaxi to be optimal.
Hence the optimal harvesting policy is

Ei(t) =





Emaxi if σi(t) > 0

0 if σi(t) < 0.

E∗i if σi(t) = 0

for i = 1, 2.
For singular control σi(t) = 0 (i = 1, 2). Assuming that
the control constraints are not binding i.e., the optimal
solution does not occur at 0 or Emaxi . From (18) and
(19) we have

λ1 = e−δt(p1 −
c1
q1x

), (20)

λ2 = e−δt(p2 −
c2
q2y

). (21)

Thus the shadow prices eδtλi(t), (i = 1, 2) do not vary
with time in optimal equilibrium. Hence they satisfy the
transversality condition at ∞ , i.e. they remain bounded
as t→∞.

We intend to derive here an optimal equilibrium
solution of the problem. Since we are considering an
equilibrium solution, x, y and E are to be treated as
constants in the subsequent steps.

By the maximal principle [10], the adjoint variables
satisfy

λ̇1 = −∂H
∂x

= −
[
e−δtp1q1E1+λ1

(
a−2ax

K
− by

y +D
−q1E1

)

+λ2

(
eby

y +D

)]
(22)

Using equilibrium conditions, (22) becomes

λ̇1 = −e−δtp1q1E1 + λ1

(ax
K

)
− λ2

(
eby

y +D

)
(23)

From (20), (21) and (23) we have

λ̇1 = e−δt
[
−p1q1E1+

(
p1−

c1
q1x

)ax
K
−
(
p2−

c2
q2y

)( eby

y +D

)]

(24)

Similarly we get,

λ̇2 = −∂H
∂y

= −
[
e−δt(p2q2E2)− λ1

( bDx

(y +D)2

)

+λ2

(
− c− q2E2 +

ebDx

(y +D)2

)]
(25)

By equilibrium conditions, (25) becomes

λ̇2 = −e−δt(p2q2E2) + λ1

( bDx

(y +D)2

)
+ λ2

( ebxy

(y +D)2

)

(26)
Similarly we get

λ̇2 = e−δt
[
− p2q2E2 +

(
p1 −

c1
q1x

)( bDx

(y +D)2

)

+
(
p2 −

c2
q2y

)( ebxy

(y +D)2

)]
(27)

Integrating (24) and (27) we get

λ1 =
1

δ
e−δt

[
p1q1E1 −

(
p1 −

c1
q1x

)ax
K

+
(
p2 −

c2
q2y

)( eby

y +D

)]

(28)

λ2 =
1

δ
e−δt

[
p2q2E2 −

(
p1 −

c1
q1x

)( bDx

(y +D)2

)

−
(
p2 −

c2
q2y

)( ebxy

(y +D)2

)]
(29)

We neglect the constant of integration in order to
shadow prices λie

δt (i = 1, 2) of the two species are
bounded. From (20) and (28) we get,

e−δt
(
p1 −

c1
q1x

)
=

1

δ
e−δt

[
p1q1E1 −

(
p1 −

c1
q1x

)(ax
K

)

+
(
p2 −

c2
q2y

)( eby

y +D

)]

⇒ p1q1E1 = δ
(
p1−

c1
q1x

)
+
(
p1−

c1
q1x

)(ax
K

)
−
(
p2−

c2
q2y

)( eby

y +D

)

(30)
And from (21) and (29) we get,

e−δt
(
p2−

c2
q2y

)
=

1

δ
e−δt

[
p2q2E2−

(
p1−

c1
q1x

)( bDx

(y +D)2

)

−
(
p2 −

c2
q2y

)( ebxy

(y +D)2

)]

⇒ p2q2E2 = δ
(
p2 −

c2
q2y

)
+
(
p1 −

c1
q1x

)( bDx

(y +D)2

)

+
(
p2 −

c2
q2y

)( ebxy

(y +D)2

)
(31)

Eqs. (30) and (31) give the optimal harvesting efforts
as

E1 =
δ(p1 − c1

q1x
) + (p1 − c1

q1x
)(axK )− (p2 − c2

q2y
)( eby
y+D )

p1q1
,

(32)
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and

E2 =
δ(p2 − c2

q2y
) + (p1 − c1

q1x
)( bDx

(y+D)2 ) + (p2 − c2
q2y

)( ebxy
(y+D)2 )

p2q2
.

(33)

Hence solving steady state equations together with (32)
and (33) we get the optimal solution (xδ, yδ) and optimal
harvesting efforts E1δ and E2δ.
The optimal harvesting policy means the economic rent
for harvesting will be the maximal in the future time,
with the populations of the system are permanent.

7 Concluding remarks

In this paper, a harvested predator-prey system with
novel functional response is considered. By making some
hypotheses on the biological parameters, we have reduced
our model to a simple form. Boundedness of the system
is established, which, in turn, implies that the system is
biologically well-behaved. The local and global stabilities
of the equilibria are addressed. It was also found that it
is possible to control the system is such a way that the
system approaches a required state, using the efforts E1

and E2 as controls. We then examine the possibilities
of existence of bionomic (biological as well as economic)
equilibria of the system. Next the optimal harvesting pol-
icy is discussed using Pontryagin’s maximal principle.
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THE ROLE OF NOISE ON THE SYNCHRONIZATION OF

OSCILLATORS

Michele Bonnin, Valentina Lanza and Fernando Corinto ∗†

Abstract. Synchronization of coupled oscillators is a paradigm for

complexity in many areas of science and engineering. Any realistic

network model should include noise effects. For long time, noise has

been considered a nuisance for synchronization, but recent develop-

ments, e.g. stochastic resonance, reveals that noise can play an

active role to enhance self organization. Traditionally, phase noise

has been described as a diffusion process, i.e. noise is responsible

for phase diffusion, leaving the oscillation frequency unchanged. We

show that phase noise in oscillator is best described as a convection

diffusion problem, i.e. noise is responsible for both phase diffu-

sion and frequency drift. We derive a simplified model to study

the influence if noise on the oscillation frequency, and we discuss

the implication to the synchronization of coupled and periodically

driven oscillators.

Keywords. Synchronization, nonlinear oscillators, phase noise,

stochastic differential equations, Itô calculus.

1 Introduction

Periodically driven oscillators and coupled oscillators are
classical problems in nonlinear dynamics, with many rele-
vant applications in physics, chemistry, biology and engi-
neering [1, 2, 3]. To make the models more realistic, exter-
nal inputs can be included, to represent the unavoidable
random fluctuations that occur in real world systems, due
to the physical properties of the oscillators or induced by
the environment. Such disturbances can be modeled by
stochastic forces applied to the oscillators, which are then
described by stochastic differential equations [4].

Corrupting noise can dramatically affect the perfor-
mance of oscillators. This is of particular relevance, for
instance, in the field of modern electronic devices. Phase
noise in oscillators can produce distortion or complete loss
of incoming information in traditional receivers, and high
bit error rates in phase modulated applications. Tradi-
tionally, the action of noise on electronic oscillators has
been described as purely diffusive process [5, 6]. It is
commonly assumed that the effect of white noise on the

∗M. Bonnin and F. Corinto are with Department of Electronics
and Telecommunications, Politecnico di Torino, Turin, Italy. E-
mails: michele.bonnin@polito.it, fernando.corinto@polito.it

†V. Lanza is with Laboratoire de Mathématiques Appliquées
du Havre, Université du Havre, Le Havre, France, E-mail:
valentina.lanza@univ-lehavre.fr

spectrum of an oscillator is to produce a broadening of
the oscillator’s spectrum without affecting the positions
of the peaks. Recently, this assumption has been ques-
tioned by the analysis of some simple solvable models,
and by the development of improved mathematical tech-
niques [7, 8]. These works have shown that the phase
noise problem is best described as a convection–diffusion
process. That is, white noise may also be responsible for
a shift in the oscillator’s angular frequency.

On the one hand, that an external disturbance may
modify the oscillation frequency should not come as a
surprise. In fact, synchronization is commonly defined as
a frequency adjustment in response to an external sig-
nal. On the other hand, it may sound surprising that
a random perturbation can produce some kind of coher-
ent modification to the oscillator’s frequency. In fact one
may expect that, as a result of their random nature, fluc-
tuations have a null net effect and leave the oscillation
frequency and amplitude unaffected. However we must
keep in mind that we are dealing with systems that are
not only stochastic, but also nonlinear in nature. Some
directions are preferred to others, so that perturbations
along some directions are amplified, while others are at-
tenuated. The result is that coherent behavior can emerge
from random excitations.

In this paper we present a novel derivation of
the amplitude–phase equations for nonlinear oscillators
driven by white Gaussian noise. The amplitude–phase
equations are derived within the framework of Itô stochas-
tic calculus, this allows a natural evaluation of the ex-
pected angular frequency which, in turn, is instrumental
for synchronization analysis. The main advantage of this
novel derivation is that the influence of noise on the oscil-
lation frequency is made transparent and arises through
Itô formula naturally. The relationship with Statonovich
interpretation is also discussed.

2 Noisy oscillators

Noisy oscillators can be conveniently described by the
stochastic differential equation (SDE) (see [4])

dX(t) = a(X(t)) dt + εB(X(t)) dW (t) (1)
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where X : R 7→ Rn, a : Rn 7→ Rn, and B : Rn 7→
Rn,m. ε ∈ R is a parameter, non necessarily small, and
W : R 7→ Rm is a Brownian motion, i.e. a Gaussian
distributed stochastic process characterized by zero ex-
pectation value, uncorrelated increments and represent-
ing the integral of a white noise [4]. The Brownian motion
describes the unavoidable noise sources that are always
present in real world systems.

Eq. (1) can be interpreted following two main schemes:
Stratonovich or Itô [4]. Both interpretations are com-
pletely rigorous, and both have their own advantages
and disadvantages. Roughly speaking, in Stratonovich
view the Brownian motion is interpreted as the limit
of a correlated process for correlation time approaching
zero. The main advantage of Stratonovich interpretation
is that traditional calculus rules applies. The drawback
is that stochastic variables and noise increments are not
statistically independent (a consequence of the “look in
the future property” of Stratonovich stochastic integral),
making the calculation of expectation values difficult. By
contrast in Itô interpretation Brownian motion is a truly
uncorrelated process. The pros are that Itô integrals are
adapted processes, they do not suffer of the “look in the
future property”, and stochastic variables and noise in-
crements are statistically independent, making calcula-
tion of expectation values easier. The cons is that a
new set of calculus rules, known as Itô calculus, are re-
quired. However, any Stratonovich (respectively Itô) SDE
can be transformed into an equivalent Itô (respectively
Stratonovich) SDE. By equivalent we mean a different
SDE, interpreted with different rules, but that has the
same solution. This equivalence opens the possibility to
switch from one interpretation to the other taking advan-
tage of the pros of both the definitions.

In this paper we shall interpret (1) as an Itô SDE,
to take advantage of the non anticipating nature of
Itô stochastic integral, and we shall use the notation
B(X)◦dW to denote the Stratonovich stochastic integral
used in Stratonovich SDE.

3 Amplitude and phase descrip-
tion of noisy oscillators

For ε = 0 the SDE (1) reduces to the ordinary differential
equation

ẋ(t) = a(x(t)) (2)

In absence of noise an oscillator exhibits a perfectly peri-
odic solution. The periodic solution is represented by an
asymptotically stable limit cycle x0(t) in the oscillator’s
state space defined by

{
ẋ0(t) = a(x0(t))

x0(t) = x0(t + T ).
(3)

where T is the period od the oscillation. We denote by
ω0 = 2π/T the oscillator’s free running frequency.

The synchronization of nonlinear oscillators is best
studied by looking to the phase relations between the os-
cillators. To this scope, we introduce a phase function
φ : Rn 7→ [0, T ), mod T , and an amplitude function
R : Rn 7→ Rn−1, with φ,R ∈ Cm(Rn), m ≥ 2. The phase
function is interpreted as an elapsed time from an ini-
tial reference point. Let us take a reference initial point
x0(0) on the limit cycle, and let us assign phase zero to
this point, i.e. φ(x0(0)) = 0. The phase of the point
x0(t) is φ(x0(t)) = t. Thus, the phase represent a new
parametrization of the limit cycle. The amplitude func-
tion R(x) is the Euclidean distance from the limit cycle.
For our purposes we introduce the tangent unit vector

u1(t) =
a(x0(t))

|a(x0(t))|
(4)

Together with u1 we consider other n − 1 linear inde-
pendent unit vectors u2(t), . . . ,un(t), such that the set
{u1(t), . . . ,un(t)} is a basis for Rn. We also consider an-
other basis of Rn, {v1(t), . . . ,vn(t)} constructed as fol-
lows. Given the matrix U(t) = [u1(t), . . . ,un(t)], we take
its inverse

V (t) = U−1(t) =




vT
1 (t)
...

vT
n (t)


 (5)

It follows the bi–orthogonality condition vT
i uj = δij . To

simplify notation we also introduce r(φ) = |a(x0(φ))|.
The following theorem establishes the amplitude–phase

model corresponding to the SDE (1).

Theorem 3.1. Consider the Itô diffusion (1), and a co-
ordinate transformation x = h(φ,R). Let h be invertible,
at least locally in a neighborhood of the limit cycle I(x0),
and let the inverse h−1 ∈ Cm(I(x0)), m ≥ 2. Let Y (φ) =
[u2(φ), . . . ,un(φ)] and Z(φ) = [v2(φ, . . . ,vn(φ)]. Then
the amplitude and phase are Itô processes given by

dφ =
(
1 + a1(φ,R)

)
dt + εB1(φ,R) dW t (6)

dR =
(
A(φ) + a2(φ,R)

)
dt + εB2(φ,R) dW t (7)

where

a1 =

(
r + vT

1

∂Y

∂φ
R

)−1

vT
1

(
a(x0 + Y R) − a(x0) − ∂Y

∂φ
R

− ε2

2

(
∂a(x0)

∂φ
+

∂2Y

∂φ2
R

)
BT

1 B1 − ε2
∂Y

∂φ
BT

2 B1

)
(8)

B1 =

(
r + vT

1

∂Y

∂φ
R

)−1

vT
1 B(x0 + Y R) (9)

A = −ZT ∂Y

∂φ
(10)

a2 = ZT

(
− ∂Y

∂φ
Ra1 + a(x0 + Y R) (11)

− ε2

2

(
∂a(x0)

∂φ
+

∂2Y

∂φ2
R

)
BT

1 B1 − ε2
∂Y

∂φ
BT

2 B1

)
(12)

B2 = ZTB(x0 + Y R) − ZT ∂Y

∂φ
RB1(x0 + Y R) (13)
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Proof: That φ and R are Itô processes is a direct conse-
quence of the hypothesis that h is invertible with inverse
of class at least C2(I(x0)). Then we can find φ = φ(x)
and R = R(x). It follows from Itô formula that φ and R
are Itô processes. If X(t) is a solution of (1), then using
Itô formula φ and R satisfy equations of type

dφ = α dt + β dW (14)

dR = γ dt + σ dW (15)

that using Itô lemma gives

dφ2 = ββT dt (16)

dφ dR = σβT dt (17)

From x = h(φ,R) we have, using Itô formula and (1)

∂h

∂φ
dφ +

∂h

∂R
dR +

1

2

∂2h

∂φ2
dφ2 +

1

2

∂2h

∂R∂φ
dRdφ

+
1

2
dRT ∂2h

∂R2 dR = a(h(φ,R))dt + εB(h(φ,R))dW (18)

We look for a change of coordinates in the form

h(φ,R) = x0(φ) + Y (φ)R(t)

Introducing this ansatz in (18) yields
(
a(x0) +

∂Y

∂φ
R

)
dφ+ Y dR+

1

2

(
∂a(x0)

∂φ
+

∂2Y

∂φ2
R

)
dφ2

+
∂Y

∂φ
dφdR = a(x0 + Y R)dt+ εB(x0 + Y R) (19)

Multiplying to the left by vT
1 and using the bi–

orthogonality condition we get
(

r + vT
1

∂Y

∂φ
R

)
dφ +

1

2
vT
1

(
∂a(x0)

∂φ
+

∂2Y

∂φ2
R

)
dφ2

+vT
1

∂Y

∂φ
dφ dR = vT

1 a(x0 + Y R)dt + εvT
1 B(x0 + Y R)dW

(20)

Multiplying (17) to the left by ZT we get

ZT ∂Y

∂φ
R dφ + dR +

1

2
ZT

(
∂a(x0)

∂φ
+

∂2Y

∂φ2
R

)
dφ2

+ZT ∂Y

∂φ
dφ dR = ZTa(x0 + Y R)dt + εZTB(x0 + Y R)dW (21)

Introducing (14)–(17) into (20)–(21) and equating term
in dW yields

β = ε

(
r + vT

1

∂Y

∂φ
R

)−1

vT
1 B(x0 + Y R) (22)

σ = εZTB(x0 + Y R) − ZT ∂Y

∂φ
Rβ (23)

Finally introducing (16)–(17) and (22)–(23) into (20)–
(21) and rearranging the terms we get the thesis. �

The amplitude–phase equations (6)–(7) crucially de-
pends on the choice of the basis vectors u2, . . . ,un. Two

special sets of vectors look particularly suitable. The first
is an orthonormal set. This choice allows to take advan-
tage of Frenet formulas for moving orthonormal coordi-
nate systems. The second choice is related to Floquet’s
basis [6, 7, 9].

Corollary 3.1. If the basis vectors {u2(φ), . . . ,un(φ)}
are such that

∂Y

∂φ
=

∂a(x0)

∂x
Y (24)

then, up to the first perturbative order, the Itô processes
for the phase and amplitude reduce to

dφ =
(
1 + ε2â1(φ,R)

)
dt + εB1(φ,R) dW t (25)

dR = ε2â2(φ,R)d t + εB2(φ,R) dW t (26)

where

â1 = −
(
r + vT

1
∂Y

∂φ
R

)−1

vT
1

(
1

2

(
∂a(x0)

∂φ
+

∂2Y

∂φ2
R

)
BT

1 B1 +
∂Y

∂φ
BT

2 B1

)
(27)

â2 = −ZT

(
∂Y

∂φ
R â1 +

1

2

(
∂a(x0)

∂φ
+

∂2Y

∂φ2
R

)
BT

1 B1

+
∂Y

∂φ
BT

2 B1

)
(28)

Proof: It is sufficient to substitute in the previous equa-
tions the truncated Taylor expansion

a(x0 + Y R) = a(x0) +
∂a(x0)

∂x
Y

and consider that ZTa(x0) = 0. �

It can be shown that v1 is locally tangent on the limit
cycle to the manifold on which the phase is most sensitive
to perturbations. By contrast v2, . . . ,vn span the direc-
tion tangent to the manifold where the phase is insensitive
to perturbations [7, 9]. The projection of the noise along
these linear spaces allows a partial decoupling of the am-
plitude and phase dynamics. In absence of noise (ε = 0)
the system evolves with constant amplitude and constant
angular frequency, similarly to the popular action-angle
variables formalism of classical mechanics. In the limit
ε ≪ 1, the amplitude dynamics is one order of magnitude
slower than the phase dynamics. This observation sug-
gests the ida to neglect the amplitude fluctuations, and
substitute R = 0 in (25). This approximation leads to
the phase reduced model

dφ =
(
1 + ε2â1(φ)

)
dt + εB1(φ) dW (29)

We remark that the assumptions leading to (25)–(26)
and (29) are often made more for mathematical conve-
nience than being physically plausible. In fact, (25)–(26)
rely on linear approximation of manifolds, and nonlinear
effects will become stronger the further we move away
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from the limit cycle. Moreover, (29) is based on the as-
sumption that any perturbation is instantaneously ad-
sorbed and trajectories immediately relaxes back to the
limit cycle. However, the presence of nearby invariant
structures such as equilibrium points and invariant man-
ifolds may result in trajectories spending long periods of
time away from the limit cycle.

4 Influence of noise on the fre-
quency of an oscillator

The phase reduced model (29) shows that the drift effect
due to ε2â1 becomes negligible in the limit of vanishing
small noise (ε → 0). The phase model in this limit has
been extensively studied both at the single oscillator and
network level [5, 6, 10]. However, for small but finite
values of ε, the drift effect may become significant if â1

becomes large enough. That the drift effect should not
be neglected even for small values of ε can also be seen as
follows. Let h(φ) be an arbitrary function of the phase,
and let u(t, φ) = E[h(φ)] be the expected value of this
function, with u(0, φ) = h(φ) then the time evolution of
u(t, φ) is governed by the Kolmogorov backward equation
[4]

∂u

∂t
= Au (30)

where A is the generator of the Itô diffusion

Ah(φ) =
(
ω0+ε2a1(φ)

)∂h(φ)

∂φ
+

ε2

2

(
B1(φ)B1(φ)T

) ∂2h(φ)

∂φ2

(31)
Equations (30) and (31) show that both the O(ε2) drift
coefficient and the O(ε) diffusion coefficient contribute
for ε2 terms to the evolution of expected quantities, and
therefore we are not allowed to neglect one term with
respect to the other.

It is possible to determine the expected mean angu-
lar frequency directly from the reduced phase model (28)
without solving the Kolmogorov backward equation. The

mean angular frequency can be defined as ω = 1/T
∫ T

0 dφ.
The expected mean angular frequency is computed using
the following property of Itô stochastic integral: for any
non anticipating function (adapted process) h(Xt)

E

[∫ t

t0

h(Xt) dW t

]
= 0 (32)

as a consequence of the fact that E[W t] = 0. Thus from
(28) we have

E[ω] = 1 +
ε2

T
E

[ ∫ T

0

â1(φ) dt

]
(33)

One may argue that the drift term is an artifact due
to Itô interpretation. However, it turns out that the fre-
quency drift is also present if Stratonovich interpretation

is used [7]. To clarify the point, consider the Stratonovich
SDE

dX = a(S)(X) dt + εB(X) ◦ dW (34)

where the index (S) means “Stratonovich”. Taking into
account that in Stratonovich interpretation traditional
calculus rules apply, repeating the procedure used in the
previous section we arrive to the reduced phase model

dφ = dt + εB1(φ) ◦ dW (35)

However, deriving the expected mean angular frequency
from (35) is not trivial, because in Stratonovich interpre-

tation E[
∫ t

t0
h(X) ◦ dW ] 6= 0. This is a consequence of

the anticipating nature or “look in the future” property of
Stratonovich stochastic integral. Because of its anticipat-
ing nature, in Stratonovich view stochastic processes and
noise increments are correlated. To resolve the statistical
dependence, a Stratonovich SDE has to be transformed
into its equivalent Itô SDE by the addition of the drift
correction term [4, 11]. Here is where the drift coeffi-
cient, that arises naturally from the quadratic terms in
Itô formula, comes into play.

5 Discussion

Synchronization of oscillators is commonly defined as an
adjustment of frequencies in response to an external stim-
ulus. Usually, the external stimulus is taken in the form
of either a coherent signal, e.g. a periodic function, or as
couplings among oscillators. The synchronization is the
result of different competing mechanisms. On the one
hand, the application of a periodic input, and/or cou-
plings between the oscillators play a constructive role, and
favor the formation of common rhythms. On the other
hand, differences between the oscillators natural frequen-
cies are destructive to synchronization. In the traditional
picture, noise is added as a nuisance to synchronization.
The negative effect produced by phase diffusion and the
resulting occurrence of phase slips has been extensively
studied and is rather well understood [1, 2]. However it
has been recently discovered that noise can play a con-
structive role in information transmission and processing,
and in the emergence of coherent structures in complex
systems [12, 13].

Here we limit ourselves to discuss the role of noise in
synchronization through its action on the frequency of an
oscillator. It is well known that an oscillator will synchro-
nize with a periodic external signal, provided that the
strength of the signal exceeds a thresholds determined
by the frequency mismatch between the oscillator and
the input. The situation is analogous for coupled oscil-
lators. Because of the dependence of the frequency on
the noise intensity, noise can both favor synchronization
if it reduces the frequency mismatch, or it can contrast
the formation of rhythms if the mismatch is increased.
It is worth noting that this mechanism is different from
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stochastic resonance, although they bear some resem-
blance. In stochastic resonance the role of noise is to
enhance the signal level at a certain frequency. By con-
trast, the present mechanism is based on the modification
of the oscillator frequency.

In figure 1 we show the expected angular frequency
E[ω] versus the noise intensity for a van der Pol oscillator
with additive noise described by the SDE

dx = y dt + ε dB1

dy =
(

− x + µ(1 − x2)y
)
dt + ε dB2

(36)

The expected angular frequency has been obtained
through Monte Carlo simulations. For each value of the
noise intensity we have run simulations for one thou-
sand different realizations of the noise process. For each
realization, the mean frequency has been evaluated as
ω = (φ(t2) − φ(t1))/(t2 − t1) for t2 ≫ t1. The expected
values has been computed as the mean of the ω values.
Since the noise is additive, there is no difference between
Itô and Stratonovich interpretation. The quadratic de-
pendence of the frequency drift on the noise intensity is
well reproduced by numerical data.
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Figure 1: Expected mean angular frequency vs noise in-
tensity for a van der Pol oscillator with additive noise.
The parameter is set to µ = 2.

Figure 2 shows the time evolution of the phase differ-
ence between two uncoupled Stuart–Landau oscillators.
In polar coordinates the Stuart–Landau oscillator is de-
scribed by the SDE

dr =
(
r − r3

)
dt + εdBr

dθ =
(
α − βr2

)
dt + εdBθ

(37)

It is easy to see that the oscillator admits an asymptot-
ically stable limit cycle of amplitude r = 1 and angular
frequency ω0 = α − β. This example is instructive be-
cause, introducing the new phase function φ = θ−β log r,
we obtain the Itô SDE

dr =
(
r − r3

)
dt + εdBr

dφ =

(
ω0 +

ε2

2

β

r2

)
dt + ε

(
dBθ − β

r
dBr

)
(38)

Thus, in absence of noise, the system admits a solution
representing oscillations of constant amplitude and con-
stant angular frequency, in complete analogy with (25)–
(26). If amplitude fluctuations are neglected, we have the
expected angular frequency E[ω] = α − β + ε2β/2. Fig-
ure 2 shows the result for two oscillators with free running
angular frequencies ω1 = 4 and ω2 = 3.995, respectively.
The two oscillators are expected to have the same mean
angular frequency for ε ≃ 0.25. The figure shows that, in
absence of noise the phase difference would grow linearly
in time, while for the proper noise intensity it remains
bounded, as expected. The large fluctuations in the phase
difference are due to the relatively high noise intensity re-
quired to achieve the same mean angularfrequency.
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Figure 2: Phase difference for two uncoupled Stuart–
Landau oscillator with slightly different frequencies both
in presence of noise (solid line) and without noise. Noise
intensity is ε = 0.25

6 Conclusions

We have discussed the role of noise on nonlinear oscilla-
tors subject to white Gaussian noise. Noisy oscillators
can be conveniently described by stochastic differential
equations. Using projection techniques and Itô calculus a
set of stochastic differential equations describing the evo-
lution of the phase and the amplitude of the oscillator can
be derived.

The resulting amplitude–phase equations describe the
phase noise problem as a convection–diffusion process.
White noise is responsible for both phase diffusion and
a drift in the frequency of oscillations. We have discussed
the condition under which an approximate phase reduced
model can be derived. The phase reduced model is a
simplified model, that describe the behavior of the noisy
oscillator in terms of the sole phase variable. We have
shown how the frequency drift emerges if the Stratonovich
interpretation is used instead of Itô view.

We discussed the implication of the frequency drift to

ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014 345



M. Bonnin, V. Lanza, F. Corinto

the synchronization of coupled and forced oscillators. Os-
cillators adjust their frequency in response to noise inten-
sity, and as a consequence noise can actively contribute
to the synchronization by decreasing the frequency mis-
match between an oscillator and a periodic driving signal.
Thus noise can favor the emergence of coherent behavior,
through a mechanism similar to stochastic resonance.
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ANALYTICAL CONDITIONS FOR SYNCHRONIZATION FOR A

SIMPLE MEMRISTIVE NEURAL NETWORK

Alon Ascoli, Valentina Lanza, Fernando Corinto, and Ronald Tetzlaff ∗†‡

Abstract. The memristor manifests qualities and behaviors nat-

urally observed in biological synapses. It exists at the nano-

scale, consumes very little power, is ideally suited for parallel pro-

cessing, may process and store information, and exhibits a flux-

dependent conductivity. Further, the memristor may reproduce

rules governing the process of neural learning, including the Hebbian

rule, Spike-Time-Dependent-Plasticity and Spike-Rate-Dependent-

Plasticity. Hence memristive nano-structures are suitable candi-

dates for the design of core elements of novel neuromorphic systems.

It is then of interest to investigate models of memristive neural net-

works in order to gain some insight into the mechanisms under-

lying the complex dynamics emerging in biological systems. This

manuscript presents an analytical treatment, based on the contrac-

tion mapping theorem, which allows the derivation of analytical

expressions for the conditions of synchronization in a simple mem-

ristive neural network consisting of two Hindmarsh-Rose neurons

interacting through a unidirectional memristive coupling arrange-

ment. The results of the study confirm the conclusions from recent

numerical investigations which revealed the strong impact of the

dynamics occurring on the memristive coupling path on the emer-

gence of synchrononization among the neuron oscillators.

Keywords. Memristor, synapse, Hindmarsh-Rose, neuron, syn-

chronization

1 Introduction

Networks of nonlinear and dynamical cells constitute a
suitable framework for the model of various natural phe-
nomena. Interestingly, the architecture of neuromor-
phic circuits [1] is based upon networks of nonlinear and
dynamical cells. The mathematical models describing
such artificial neural networks are, in the simplest form,
large sets of nonlinear functional differential equations
[2], therefore most of the investigations of the dynam-
ics emerging in them has traditionally been based on nu-
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ics and Electrotechnics, Technische Universität Dresden, Dresden,
Germany, emails: alon.ascoli@tu-dresden.de,ronald.tetzlaff@tu-
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‡F. Corinto is with the Department of Electronics and Telecom-
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nando.corinto@polito.it

merical simulations. However, it is of great interest to
develop analytical methodologies which may support the
predictions of the models. Most of the studies on the
steady-state dynamics developing in artificial neural net-
works has been devoted to non-stationary behaviors, since
these may be used to model spatio-temporal patterns in
neural recognition processes [3]. Another important as-
pect of the research endeavors concerns synchronization
[4] (a scenario where all the cells of a network act in uni-
son), since synchronous behaviors of neuron oscillators
are at the basis of neural learning processes [5]. The plas-
tic behavior of biological synapses plays a central role in
the mechanisms lying under the emergence of synchro-
nization in neural networks. Unfortunately the dynamics
of conventional electronic implementations of synapses in
artificial neural networks may not exhibit the same level
of adaptability. The advent of the memristor, theoreti-
cally envisioned by Prof. L. O. Chua back in 1971 [6],
in the realm of circuit elements available to the designer
[7] is deemed to change dramatically the course of his-
tory. In fact, it was recently proved [8] that the memris-
tor may closely match the behavior of a synapse. This is
the reason why so much research is currently under way
to unfold the full potential of memristors as synapses in
artificial neural networks [9]. The aim of this work is
to present an analytical methodology, inspired from the
contraction mapping theory [10], to derive conditions for
synchronization in a simple network of Hindmarsh-Rose
HR neurons [11]. The results of the analytical treatment
confirm the conclusions drawn recently on the basis of nu-
merical investigations of a similar artificial neural network
[12], which revealed the strong influence of the nonlinear
behavior of memristive synapses on the development of
synchronization in the network.

2 Theoretical study of the syn-
chronization between two HR

cells unidirectionally coupled
through non-ideal memristors

The following analytical description intends to confirm
the main conclusion [12] resulting from recent numerical
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investigations on the mechanisms behind the occurrence
of synchronization between two memristively-coupled HR
neurons. These investigations revealed the key role which
the memristor plays in the development of synchrony in
the simple neural network.

2.1 System under study

In this section we shall first describe the memristive net-
work under study (named as original system) and then
apply the methodology proposed in [10] to derive the vir-
tual system associated with it.

2.1.1 Original system equations

In this work we take inspiration from [10] to derive the
conditions under which two HR oscillators interacting
through a unidirectional memristive coupling arrange-
ment lock into synchronization. First of all, application of
the contraction algorithm [10] requires to recast the clas-
sical equations describing two uncoupled HR oscillators
[11] as follows:

dxi

dτ
= yi − ax3

i + bx2
i − zi + Ii (1)

dyi

dτ
= c − dx2

i − yi (2)

dzi

dτ
= r (s(xi − xi0) − zi) (3)

dwi

dτ
= −xi − wi, (i, j) ∈ {(1, 2), (2, 1)}(4)

The first three equations correspond to the classical
model of an HR neuron. The fourth equation does
not influence the other three and its significance will be
now explained in the context of the network description.
The two HR oscillators described in (1)-(4) are coupled
through the following memristive circuit. The following
explanation applies for each (i, j) ∈ {(1, 2), (2, 1)}. First
of all each cell i involves the use of a grounded memris-
tor mi tied to the node at voltage xi. The state of the
grounded memristor is wi, whose time evolution is gov-
erned by differential equation (4). Further, the dimen-
sionless normalized memductance function of memristor
mi is denoted as Ŵ (w̃i), while, letting ε denote the cou-
pling strength coefficient, C(w̃i) = εŴ (w̃i) represents the
effective coupling strength coefficient. The polarity of the
memristor is such that it sinks current from the node at
voltage xi when xi < 0 V . The current through memris-
tor mi is then mirrored and sign reversed and loads uni-
directionally the node at voltage xj of the cell j (sinking
current from this node when xj > 0 V ). Such a memris-
tor coupling arrangement leads to the following model for
the network:

dxi

dτ
= yi − ax3

i + bx2
i − zi + Ii + C(wi)xi − C(wj)xj(5)

dyi

dτ
= c − dx2

i − yi (6)

dzi

dτ
= r (s(xi − xi0) − zi) (7)

dwi

dτ
= −xi − wi, (i, j) ∈ {(1, 2), (2, 1)} (8)

where we further assumed xi0 = x0 for i = 1, 2.

2.1.2 Virtual system equations

The network equations (5)-(8) fall into the following class
[10]:

ż = f(z) + h(w) − h(z) (9)

ẇ = f(w) + h(z) − h(w) (10)

(11)

where z = [x1y1z1w1]
′ ∈ Rm (m = 4 is the order of the

virtual system), w = [x2y2z2w2]
′ ∈ Rm, while f(z) ∈

Rm → Rm and h(z) ∈ Rm → Rm are expressed as

f(z) =




y1 − ax3
1 + bx2

1 − z1 + I1

c − dx2
1 − y1

r (s(x1 − x0) − z1)
−x1 − w1


 (12)

h(z) =




−C(w1)x1

0
0
0


 (13)

(14)

For dynamical systems falling into the class (9)-(10)
[10], a possible choice for the virtual system is

ẏ = f(y) − 2h(y) + h(z) + h(w) (15)

Adapting (15) to our case, use of equations (12) and
(13) into (15) leads to

dx̃

dτ
= ỹ − ax̃3 + bx̃2 − z̃ + Ĩ + 2C(w̃)x̃

− C(w1)x1 − C(w2)x2 (16)

dỹ

dτ
= c − dx̃2 − ỹ (17)

dz̃

dτ
= r (s(x̃ − x̃0) − z̃) (18)

dw̃

dτ
= −x̃ − w̃ (19)

where the variables x̃, ỹ, z̃, and w̃ denote the states of
the virtual oscillator. Particularly, w̃ stands for the state
of the virtual grounded memristor.

348 ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014



Conditions for synchronization in neuromorphic network

According to the contraction mapping theorem [10], the
virtual system (15) is contracting and thus the original
system (9)-(10) locks into synchronization if the Jaco-

bian of (15), i.e. the matrix ∂f(y)
∂y − 2∂h(y)

∂y is uniformly

negative. The Jacobian of our virtual system (16)-(19) is
expressed as

J =




−3ax̃2 + 2bx̃ + 2C(w̃) 1 −1 2x̃dC(w̃)
dw̃

−2dx̃ −1 0 0
rs 0 −r 0
−1 0 0 −1


 (20)

Let us denote as Ji,j the element of the Jacobian
at position (i, j). Before proceeding in the derivation
of the synchronization conditions, let us assume that
a, b, c, d, r, s ∈ R+, and that, in particular, s = 1 holds.

In the next section we shall analyze the contraction
properties of the virtual system to gain a deep insight
into the synchronization mechanisms of the original one.

2.2 Analysis of the virtual system

Let us first derive the partially-directed graph associated
to the Jacobian matrix (20).

2.2.1 Partially-directed graph

1 2

3

4

α2,1

α1,2

α4,1

α1,4

α1,3α3,1

Figure 1: Partially-directed graph G(A) associated with
matrix A in (21).

Following the algorithm defined in [10], the adjacency
matrix A is then constructed as follows. It has ones at
positions (i, j) and (j, i) provided either Ji,j or Jj,i is non-
null. In all other cases it has zeros.

Inspecting (20), matrix A is thus expressed as

A =




1 1 1 1
1 1 0 0
1 0 1 0
1 0 0 1


 (21)

The partially-directed graph G(A) associated with this
matrix is shown in Fig. 1. There are m nodes (as many as
the order of the virtual system). The edge from node i to
node j (i, j ∈ {1, 2, 3, 4}, i 6= j) is present if the element
Ai,j of the A is non-null. To each edge the following
quantity is associated:

αi,j =
|Ji,j |
|Ji,i|

(m − n0i − 1) (22)

where n0i are the zeros on the ith row of A. The quan-
tities αi,j , computed from (22), determine the directions
of the edges in the partially-directed graph G(A). Once
these directions shall be specified, a directed graph Gd(A)
will be drawn. Using (20) into (22), these quantities [10]
are reported in Table 1.

Table 1: Expression for αi,j (i, j ∈ {1, 2, 3, 4}, i 6= j) for
the virtual system (16)-(19).

α1,2 α2,1 α1,3

3
|J1,1| 2d|x̃| 3

|J1,1|

α3,1 α1,4 α4,1

s
6|x̃|| dC(w̃)

dw̃
|

|J1,1| 1

where J1,1 denotes the element of the Jacobian at position
(i = 1, j = 1).

In the next section the conditions for contraction of the
virtual system, which also ensure the occurrence of syn-
chronization in the original system, shall be analytically
derived.

2.2.2 Conditions for contraction of the virtual
system

Two are the essential requirements for our virtual system
(16)-(19) to manifest the contraction property [10] which
implies synchronization for the original system (5)-(8):

1. The elements Ji,i of the Jacobian J in (20) need to
be strictly negative for all i ∈ {1, 2, 3, 4}.

2. no loop is allowed to exist in the directed graph
Gd(A) and for all i 6= j we require that αi,jαj,i ≤ 1.

In order to ensure that Gd(A) contains no loop, we
need to study the directions of the edges in the partially-
directed graph of Fig. 1.

According to the contraction algorithm [10], the direc-
tion of the edge connecting node i to node j is from node
i to node j if αi,j < 1, while it is from node j to node i if
αi,j ≥ 1.

Before proceeding in the analysis, let us point out a few
important aspects. First, from Table 1 it is clear that only
α3,1 = s = 1 (since s = 1 by hypothesis) and α4,1 = 1
have time-invariant absolute values. Consequently, the
edge between node 3 and node 1 (node 4 and node 1)
is directed from 1 to 3 (from 1 to 4), as shown in Fig.
1. The directions of all other edges in G(A) may not be
specified yet. In general, they may vary with time, since
the quantities αi,j associated with them depend on the
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states of the virtual system (see Table (1)). Similarly,
the sign of J1,1 may depend on time (see 20).

However, the above requirements 1) and 2) for the con-
traction of our virtual system need to hold for any time.
Thus the dynamical behavior of the virtual system shall
have to comply with a number of constraints, which are
derived in the lines to follow.

From requirement 1) we need to ensure that J1,1 is
negative. From (20) it follows that this occurs if

J1,1 = −3ax̃2 + 2bx̃ + 2C(w̃) < 0. (23)

Note that (23) implies that our virtual system is dissi-
pative.

All other elements on the diagonal of J are negative,
therefore condition (23) allows the first requirement 1) to
be fulfilled. Moving on, let us unfold the second require-
ment 2).

We already pointed out that α3,1 = s = 1 by hypothe-
sis. As a result, in order to avoid the presence of a closed
loop in the directed graph Gd(A) we need to impose that
α1,3 < 1. Note that, should this hold, the other con-
dition α1,3α3,1 ≤ 1 would automatically hold with the
< inequality sign. With reference to Table 1, enforcing
α1,3 < 1 with the assumption that condition (23) holds,
leads to the following constraint:

J1,1 = −3ax̃2 + 2bx̃ + 2C(w̃) < −3 (24)

Since condition (24) is more stringent than condition
(23) (i.e. it includes it), we do not need to consider the
latter any further.

Let us now consider the quantities α1,2 and α2,1 asso-
ciated with the edges connecting nodes 1 and 2 in the
partially-directed graph G(A) of Fig. 1. With reference
to Table 1, since α1,2 = α1,3, requirement 2) imposes that

α2,1 ≥ 1 (25)

α1,2α2,1 ≤ 1 (26)

hold at all times. Inequality (25) yields

|x̃| ≥ 1

2d
(27)

Using condition (23) into (26), we get:

−J1,1 ≥ 6d|x̃| ≥ 3 (28)

where the last inequality holds as long as (27) applies.
Conditions (24) and (28) may be combined as

J11 < −6d|x̃| ≤ −3 (29)

1 2

3

4

α2,1

α1,2

α4,1

α1,4

α1,3α3,1

Figure 2: Directed graph Gd(A) associated with matrix
A in (21).

Therefore so far two are the conditions constraining the
dynamics of our virtual system for contraction to occur,
i.e. conditions (27) and (29).

Finally, from Table 1, since α4,1 = 1, the quantity α1,4

needs to be smaller than unity at all times so that require-
ment 2) applies. Should this hold, the other condition
α1,4α4,1 ≤ 1 would be automatically verified with the <
inequality sign.

Using (23) and (29), α1,4 may upper limited through

α1,4 <

∣∣∣∣
dC(w̃)

dw̃

∣∣∣∣
1

d
< 1 (30)

where the last inequality is enforced to ensure that α1,4

is smaller than unity.
This is the third condition to be taken into account

besides (27) and (29). In summary the analytical ex-
pressions for the conditions for contraction of the virtual
system are:

|x̃| ≥ 1

2d
(31)

−3ax̃2 + 2bx̃ + 2C(w̃) < −6d|x̃| (32)∣∣∣∣
dC(w̃)

dw̃

∣∣∣∣ < d (33)

The directed graph Gd(A) originating from them is re-
ported in Fig. 2.

The satisfaction of constraints (31)-(33) crucially de-
pends on the choice of the parameter values in equations
(16)-(19), on the input Ĩ, and on the initial conditions of
the states x̃, ỹ, z̃, and w̃ of the virtual system. A ma-
jor role in the mechanisms behind the contraction of the
virtual system (and, consequently, in the process leading
to the synchronization between the HR oscillators of the
original system) is played by the dynamics in the mem-
ristive coupling path, as it is evident from the structure
of two of the three constraints, i.e. (32) and (33).

3 Conclusions

Memristive dynamics may efficiently and accurately
model synaptic behavior.Therefore the investigation of
the dynamics developing in memristor-based artificial
neural networks is a hot topic of research presently. This
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work presents a theoretical analysis which leads to de-
termine a simple set of analytical conditions for the syn-
chronization of two Hindmarsh-Rose neurons interacting
through a unidirectional coupling arrangement involving
a pair of memristive systems. The study confirms the
predictions of recent numerical investigation of a similar
artificial neural network, where the dynamics in the mem-
ristive coupling path were found to play a key role in the
development of synchronous behaviors in the Hindmarsh-
Rose oscillators.
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MEMRISTIVE NETWORKS OF CHUA’S CIRCUITS

Miroslav Mirchev, Igor Mishkovski, and Ljupco Kocarev ∗†

Abstract. Although envisioned in 1971 by L. Chua, memristors

have attracted the attention of the research community recently

by the promotion of their feasibility and a vast number of possi-

ble applications in non-volatile computer memory, pattern recog-

nition and modelling neural networks. Synchronization is widely

studied as a phenomenon in neural networks. This work provides

synchronization analyses of two kinds of memristive networks of os-

cillators. First, we numerically examine networks of Chua’s circuits

coupled by memristors that adapt according to the local state dis-

agreements. As second, we employ the Master stability function

(MSF) approach to study synchronization in networks of memris-

tive Chua’s circuits coupled through simple resistors.

Keywords. memristors, nonlinear oscillators, synchronization,

stability, Chua’s circuit.

1 Introduction

The three basic passive electrical elements, the inductor,
the capacitor and the resistor, are well known long time
ago and have been thoroughly studied in the literature.
In a paper [1] from 1971, Chua logically predicted the
existence of a fourth basic element named ’memristor’
that relates flux with charge, which was a missing link at
that time. Basically, the resistiveness of the memristor is
dependent on the history of the voltage across it or the
current that has flown through it. Recently, experimental
analysis in the laboratories at HP have revealed that such
materials with memristive properties actually exist [2].

Even though memristors are still mostly used in re-
search, they could have technological impacts. The pos-
sible applications include non-volatile memory, low power
circuits, analog computation, circuits mimicking biologi-
cal systems, programmable logic, and many more.

The electrical elements are often used to design oscillat-
ing circuits with certain characteristics either mimicking
some natural phenomena or implementing some desired
function. One widely studied phenomenon is chaotic be-
havior and the simplest electronic circuit with such prop-
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erties is the Chua’s circuit [3]. This circuit exhibits dif-
ferent types of behaviors and it can be used for studying
various problems including synchronization of electronic
oscillators [4]. In a recent paper [5], we studied synchro-
nization in network of Chua’s oscillators with and without
parameter disturbances using the Master Stability Func-
tion (MSF) approach. Several memristive oscillators have
been given in [6], derived from the Chua’s circuit, while
some dynamical behaviors of memristive oscillatory net-
works have been studied in [7].

In this work we numerically study how memristive cou-
pling affects synchronization of networks of Chua’s cir-
cuits. Furthermore, we show that this kind of coupling
could be used to find the appropriate weights between the
Chua’s circuits in order to achieve synchronization. The
second approach, used in this work, using the MSF ap-
proach examines the local stability of resistively coupled
memristive Chua’s circuit.

In Section 2, we present the Chua’s circuit and the basic
concept of memristors. Synchronization in networks of
Chua’s circuits coupled through memristive interactions
is numerically studied in Section 3. The local stability of
network of memristive Chua’s circuits is investigated in
Section 4, while concluding words are given in Section 5.

2 Preliminaries on the Chua’s cir-
cuit and memristors

2.1 The Chua’s circuit

The dynamics of the Chua’s circuit, shown in Fig. 1, is
defined as [3]:

dv1
dt

=
1

C1

(
v2 − v1
R

− f(v1)

)

dv2
dt

=
1

C2

(
v1 − v2
R

− i3
)

(1)

di3
dt

=
v2
L

where the characteristic of the nonlinear resistor is

f(v1) = Gbv1 + 0.5(Ga −Gb)(|v1 + E| − |v1 − E|) (2)

The voltage E is used to switch between the two slopes
Ga and Gb.
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It is often more convenient to work with dimensionless
form of the circuit, which after a set of transformations
can be rewritten as [3, 8]

ẋ = α[y − x− h(x)]

ẏ = x− y + z

ż = −βy (3)

where

h(x) = mbx+ 0.5(ma −mb)(|x+ 1| − |x− 1|), (4)

x = [x, y, z] = (1/E)[v1, v2, i3R] is a state vector,
α = C2/C1, β = C2R

2/L, ma = RGa, mb = RGb and
t = τ |RC2|.

R

C1C2L

i3

v2 v1

+ +

- -

vR

+

-

iR

Figure 1: The Chua’s circuit

The Chua’s circuit can exhibit various types of behavior
for different parameter sets, from chaotic attractors to
limit cycles.

A network of N symmetrically coupled Chua’s cir-
cuits can be constructed where the network dynamics
can be described using the network’s Laplacian matrix
L = [Lij ]N×N

ẋi = F (xi)− g
N∑

j=1

LijH(xj), (5)

F (·) is a function defining the dynamics of a single os-
cillator, g > 0 is coupling strength, H : RD → RD is
a coupling function and D = 3 is the dimension of the
oscillators. Standardly, a network Laplacian matrix is
denoted as L = D − A, with D being a diagonal node
degree matrix and A being the nodes adjacency matrix.

2.2 Memristors

As in [1], a memristor is typically represented as in Fig.
2 and its dynamics is described as charge controlled

v = M(q)i, (6)

or flux controlled
i = W (ϕ)v, (7)

where v is the voltage across the memristor, i is the cur-
rent through the memristor, q is charge, ϕ is flux linkage,
M is its memristance and W its memductance.

A typical characteristic of memristors is the pinched
hysteresis form of their voltage-current curve. As Chua
initially described ”if it’s pinched it is a memristor” and
later he expanded this statement to consider an element
as memristor if and only if it has a pinched voltage-current
curve. The memristor’s current-voltage curve is frequency
dependent and as the frequency ω increases the pinched
hysteresis gets narrower [9], and as ω →∞ the curve be-
comes straight line and the memristor shows properties
as a regular resistor. One initial memristor implementa-
tion proposed by Chua relied on active circuits [1], while
recently memristors have been constructed using nano-
technology, as for example the memrsistor from HP [2].

i

v

+

-

Figure 2: Memristor symbol proposed in [1]

One definition of the memductance, given in [6], is

WPWL(ϕ) =

{
r, |ϕ| ≤ 1

s, |ϕ| > 1
(8)

where
dϕ

dt
= v (9)

is the dynamics of the internal memristor state and v is
the voltage across the memristor.

Another definition given in [10] with a cubic function

q(ϕ) = lϕ+mϕ3 (10)

provides a memductance function

WQ(ϕ) =
dq

dϕ
= l + 3mϕ2 (11)

where again dϕ/dt changes as in Eq. (9).

3 Networks of Chua’s circuits
with memristive interactions

In this section we study synchronization in networks of
Chua’s oscillators coupled through the first state variable
using memristors. The dynamics of each oscillators is
given as

ẋi = F (xi) + g
∑

j 6=i

WPWL(ϕij)(xj − xi), (12)
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where each memristor state ϕij develops as

dϕij

dt
= xi − xj , (13)

and the memductance function WPWL(ϕij) follows Eq.
(8) with r = 0.1 and s = 1.

Networks with memristive interactions are in a certain
way realization of the concept of local adaptive coupling,
studied in [11, 12]. In those papers the authors show
asymptotic stability of the synchronized state with ex-
amples like synchronization in network of Chua’s circuits
and the network consensus problem.

In this section we simulate networks of four completely
connected oscillators with the following two types of be-
havior

• Periodic Limit Cycle (LC) obtained with α = 10.2,
β = 21.89, ma = −1.5, mb = −0.81, and

• Chaotic Double Scroll (DS) obtained with α = 10.2,
β = 20.27, ma = −1.44, mb = −0.78.

If the coupling strength g is large enough the network
synchronizes and in order to measure the level of synchro-
nization the following error function is used

〈e〉 =
1

tf − tt

∫ tf

tt

D∑

k=1

Var(x(k)(t))dt, (14)

where x(k)(t) = [x
(k)
i (t), . . . , x

(k)
N (t)], with x

(k)
i (t) denot-

ing the k-th state variable of the i-th oscillator, the vari-
ance function Var(·) indicates how much dispersed are the
node’s states, tt is a time moment after the transient pe-
riod and tf is a sufficiently distant moment that provides
accurate calculation of the error function.
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Figure 3: The synchronization error in networks of Chua’s
circuit with resistive and memristive coupling exhibiting
double scroll (DS) and limit cycle (LC) for different cou-
pling strength (g).

It can be seen in Fig. 3 that synchronization occurs
in networks with memristive interactions for significantly

lower coupling strength. As the maximum possible mem-
ductance is s = 1 it can be concluded that synchroniza-
tion is improved only by the adaptability of the interac-
tions, not by increasing the coupling strength. It should
be noted that the network synchronization in networks
with memristive interactions can result in lower final ef-
fective conductance of the links in the synchronized net-
work. Therefore, to further characterize the synchroniza-
tion properties of memristive networks we calculate the
overall memductance Wo in the network as the sum from
the memductance function at the last moment of the sim-
ulation (finite time)

Wo =
∑

i

∑

j<i

WPWL(ϕij) (15)

and in Fig. 4 it can be seen that the Wo required for
synchronization decreases with the increase of the cou-
pling strength g. In the presented numerical results the
required Wo is slightly lower for the limit cycle behavior
compared to double scroll.

The analysis of the change of Wo for different coupling
strength revealed that for very small coupling strength all
the memductances remain high. As the coupling strength
increases some of the memductances decrease leading to
a kind of star network that is known to have good syn-
chronization properties. Eventually, for large coupling
strength all memductances start to take low values. If
the memductance function was continuous this transition
would be smoother. These observations could be poten-
tially used for designing networks with specified desired
synchronization properties.
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Figure 4: The overall memductance Wo after sufficiently
long simulation time in memristively coupled networks of
Chua’s oscillators exhibiting double scroll (DS) and limit
cycle (LC) for different coupling strength (g).

4 Networks of memristive Chua’s
circuits

In order to build a network of memristive Chua’s circuits
we have used the Chua circuit from Fig. 1 and we have
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replaced the Chua diode with a flux-controlled memristor
in Fig. 5 [13]. The equations for the memristive version

R

C1C2L

i3

v2 v1

+ +

- -
M

Figure 5: A memristive Chua’s circuit

of the Chua circuit, similar to the ones presented in [10],
are as follows:

dϕ

dt
= v1(t)

dv1(t)

dt
=

1

C1

(
v2(t)− v1(t)

R
− i(t)

)

dv2(t)

dt
=

1

C2

(
v1(t)− v2(t)

R
− i3(t)

)
(16)

di3(t)

dt
=

v2(t)

L

where i = l + 3mϕ2, obtained from Eqs. (7), (9) and
the cubic nonlinearity for the q − ϕ function, from Eq.
(10). For the circuit parameters we have used: L =
18mH,C1 = 6.8nF,C2 = 68nF and to obtain chaotic
attractor we have set R = 2000Ω [14].

By substituting u = ϕ, x = v1, y = v2, z = i3 and
time-scaling the ODEs for numerical stability with t =
τc where c =

√
LC2, the following state variables are

obtained for the memristive Chua’s circuit [10]:

du

dτ
= cx

dx

dτ
=

c

C1

(
y − x
R
−W (u) · x

)

dy

dτ
=

c

C2

(
x− y
R
− z
)

(17)

dz

dτ
=

cy

L

In addition to this, because of the unrealistic voltage,
the author in [10] rescales the set of variable by a rescaling
factor ζ = 8200Ω · 47 ∗ 10−9nF . However, this rescaling
was not necessary for our synchronization analysis in this
section.

In the following we analyze the synchronization of a
network of N identical memristive Chua’s circuits coupled
symmetrically with resistive elements. For this purpose
we are using Eq. (5), where now F (·) is the dynamics of
an isolated memristive Chua circuit (see Eq. (16)), the
dimension of the oscillators is D = 4 and the new state
vector is x = [u, x, y, z].

One systematic approach for estimating local stability
of the synchronized state in oscillatory networks was given
in [15, 16]. This approach uses the eigenvalues of the
network Laplacian matrix to express the dynamics and
at the synchronous manifold x1 = x2 = . . . = xN = x̄, all
oscillators evolve according to

˙̄x = F (x̄). (18)

In this approach the variational equations of Eq. (5) are
expressed using transversed modes of the form

δ̇ = [DF (x̄)− σDH(x̄)]δ (19)

where DF (x̄) and DH(x̄) are Jacobians calculated at
x̄, having equal values for all modes; σn = gλn,n ∈
{2, . . . , N} are coupling eigenvalues, and λ1 = 0 < λ2 ≤
... ≤ λN are eigenvalues of L (all real for a symmetric L).

The master stability function (MSF) Λ(σ) is the maxi-
mum Lyapunov exponent of Eqs. (18) and (19) [15] and it
indicates whether the synchronized state is stable (if neg-
ative for all transverse modes Λ(gλn) < 0) or unstable (if
it is nonnegative for any mode).

The linear system, i.e. the Jacobian DF , around the
synchronization manifold for the memristor version of the
Chua’s circuit is as follows:

DF =

0 c 0 0

− c
C1

xW ′PWL(u) − c
RC1

− WPWL(u)
C1

c
RC1

0

0 c
RC2

− c
RC2

− c
C2

0 0 c
L1

0

where for the memductance function WPWL(u) we have
chosen l = −0.66710−3, m = 0.02910−3 and W ′PWL(u) is
the first derivative of the memductance function.

When the memristor Chua’s oscillators are cou-
pled only on the x state variable, i.e. DH =
[0000; 0100; 0000; 0000] our MSF analysis show that the
synchronization manifold is never locally stable no mat-
ter how big is the coupling eigenvalue σ, i.e. MSF tends
to 0 as σ →∞.

In Fig. 6, we show the MSF for DH =
[1000; 0100; 0000; 0000], that is the memristor Chua’s cir-
cuits are coupled on the w and the x state variable. Using
this coupling the synchronization manifold is locally sta-
ble only if the coupling eigenvalue, i.e. the product of
the smallest non-zero eigenvalue of L and the coupling
strength, is larger than 1.25.

Thus, by using simple resistive link between the mem-
ristor Chua’s circuits the synchronization manifold is
never locally stable, this comes from the fact that the
memristor is dependent on the history of the voltage
across it. However, if the memristances between the cir-
cuits are coupled the network synchronization manifold
could be stable when σ > 1.25.

In order to numerically check the MSF approach we
simulated in time a network of four fully connected
oscillators with network Laplacian matrix
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Figure 6: MSF of a network of memristive Chua’s circuits
exhibiting chaotic behavior coupled on w and x state vari-
ables as a function of σ.

L =




−3 1 1 1
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1 1 −3 1

1 1 1 −3


 .

The threshold coupling strength at which synchronization
occur in the network was well matched with the threshold
obtained with MSF.

5 Conclusion

In this paper we have analyzed: i) synchronization in
network of Chua’s circuits coupled using memristive ele-
ments and ii) the local stability of the synchronous state
of memristive Chua’s circuits coupled with resistors. The
numerical simulations for the first analysis showed that in
networks with memristive interactions the synchroniza-
tion occurs for significantly lower coupling values. More-
over, the results showed that the final effective memduc-
tance in synchronized networks is quite low. This ap-
proach actually provides a network of adaptively coupled
Chua’s circuits, by using memristive interactions in order
to enhance synchronization. Thus, it can be used as a
network design method providing optimal network con-
figurations. In the second part, using MSF approach, we
showed under which conditions the synchronized state of
the network of memristive Chua’s circuits with resistive
interaction is locally stable.
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ARM AND LEG OSCILLATION MODELLING IN SWIMMING

R. Charrier, N. Corson, L. Seifert, J. Komar ⇤†‡

Abstract. This paper addresses the modelling of the dynamics of

the knee and elbow evolution during a swimming cycle. Our final

aim is to compare beginner strokes to expert strokes so as to char-

acterize and to understand their dynamics. From data collected in

a sport lab, the aim is to construct an oscillator model which repro-

duces experimental data. To achieve this goal, we have identified

the parameters of a hybrid theoretical model of Rayleigh-Van der

Pol with experimental data in order to exhibit the same dynamical

behaviour. We have applied an algorithm using a swarm intelli-

gence metaheuristics as well, to identify parameters. Results are

convincing in a certain extent, showing that the chosen theoretical

model has to be enhanced to recover all data.

Keywords. Swimming Modelling, Nonlinear oscillators, Parame-

ter identification, PSO Algorithm.

1 Introduction

Mathematical and Computer science models can con-
tribute to the search of performance and training of high
level athletes. Beyond new technologies we can use,
especially in terms of sensors and images analysis, it
remains very important to understand and analyse the
movement coordination according to the environment
(air, water,. . . ), taking into account the movement
complexity. This coordination can be either intuitive or
controled.
Learning methods leading to expert movements remains
open problems in research. But to be e�cient, these
methods have to be based on experimental data and
theoretical modelling. The work described in this paper
has focused on the swimming skills and specifically
on the study of oscillations of the knee and the elbow
movements.
From experimental data, the goal has been to design
a theoretical dynamical system which could reproduce
and follow the series of data. The chosen model is
an hybrid of a Van der Pol and a Rayleigh oscillator.
For example, in other sports such as ski, it has been
shown through the study of Hooke portraits, giving
the acceleration according to the speed, that an ex-

⇤R. Charrier is with LITIS, University of Le Havre, E-mail:
rodolphe.charrier@univ-lehavre.fr

†N. Corson is with LMAH, university of Le Havre, E-mail:
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‡L. Seifert and J. Komar are with CETAPS, University of Rouen,
E-mail: ludovic.seifert@univ-rouen.fr

pert behavior was quite well represented with a Van
der Pol oscillator whereas a beginner behavior could
be quite well represented with a Rayleigh oscillator
[Teulier et al., 2006, Nourrit et al., 2003]. The aquatic
environment of swimmer may change this observation in
the swimming case.
To identify the set of parameters for a Van der Pol -
Rayleigh oscillator, we have used an optimization algo-
rithm from the swarm intelligence field. This procedure
consumes a lot of computation ressources and time. The
di�culty to tackle the problem in an analytical way has
led us to select among the best approximation algorithms
to achieve the parameter identification.
The first part of this paper consists in explaining firstly
how data have been captured from real swimmers
wearing sensors, then how the model has been designed
and finally how the identification has been achieved.
The second part is devoted to analyze results and to
discuss on limitations in our approach and model design.

2 Model design and Parameter
identification

2.1 Collecting data

Breaststroke: In breaststroke swimming, achieving
high performance requires a particular management of
both arm and leg movements, in order to maximise
propulsion and optimise the glide and recovery times.
Therefore, expertise in breaststroke is defined by adopt-
ing a precise coordination pattern between arms and legs
(i.e. a specific spatial and temporal relationship between
elbow and knee oscillations). Indeed, when knees are
flexing, elbows should be fully extended (180 ), whereas
knees should be fully extended (180 ) when elbows are
flexing, in order to ensure a hydrodynamic position of
the non-propulsive limbs when the first pair of limbs is
actually propulsive.

Data: Participant performed 10 trials of 25-m swim
during each session, with 1 x 25-m consisting approxima-
tively in 8 recorded cycles (one cycle correspond to the
period between two successive maximal knee flexion).
Coordination between elbow and knee was defined by the
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continuous relative phase between these two oscillators,
considering elbows and knees as acting like individual
pendulums. A value of relative phase close to -180 or
180 defined an anti-phase relationship (i.e. opposite
movements of knee and elbow) while a value close to 0
defined an in-phase mode of coordination (i.e. identical
movements of knee and elbow). Each cycle performed
during the learning process was therefore defined by time
series of continuous relative phase (normalised to a 100
values) describing the relationship between the knee and
the elbow during all the swimming cycle.

Sensors: During every learning session, all learners
were equipped with small motion sensors on both arms
and legs including a data logger and recording elbow
and knee angle at a frequency of 200 Hz. Four small
inertial centrals were fixed on the right leg and right
thigh to record knee angle and on the right foream
and right arm to assess the elbow angle. These sensors
combines 3D gyroscope (1600 /s), 3D accelerometer
(+/-8G) and 3D magnetometer (MotionLog, Movea c�,
Grenoble, France). These sensors used North mag-
netic and gravity references. The advantage of using
sensor is that all the cycles performed by each swim-
mer were recorded during the entire learning process
and available for the analysis (i.e. 8 cycles x 10 trials
x 16 sessions = approximatively 1280 cycles per learners).

2.2 Plotting data

In this section, we analyse experimental data collected
during beginner sessions. Thanks to litterature, we have
the idea that a hybrid Van der Pol - Rayleigh oscillator
model could fit data.
Experimental data are given as time series of knee and
elbow angle. The sampling frequence is f = 200Hz.
In the case of the elbow, data of three swimming sessions
are used : 3, 10 et 17. Each session is itself divided into
ten swimming sequences. The speed and acceleration are
computed using a polynomial interpolation. This method
prevents us from numerous computation artefacts because
of noise in data. To go through these drawbacks, we inter-
polate a sample of 50 points before and after the current
point with a polynom of a su�ciently high degree ( degree
10 in our case ) so that we can compute proper deriva-
tives on each point.
This way, we can obtain phase portraits and hooke por-
traits from time series. Figure 1(a) shows the knee datas
for three sessions. Figure 1(b) shows the phase portraits
(angular speed according to angle), and figure 1(c) shows
Hooke portraits, meaning the angular acceleration ac-
cording to the angle.

This first visualisation allows to have an idea of the
model which could be used to obtain the same behavior.
Indeed, we can see that during sessions 3 and 17, cycles of
the attractor (cf. figure 1(b)) are not symmetric and that

(a) Angle time series

(b) Phase portraits

(c) Hook Portraits

Figure 1: Normalized data of knees and elbows during
the same cycle of a swimming cycle.

364 ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014



Arm and Leg Oscillation Modelling in Swimming.

Figure 2: Phase porttrait of a hybrid Rayleigh - Van der
Pol model, with : t0, � = 2.0, ✏ = 1.2, � = 1.0, ! = 1.5

the speed remains zero for a while (cf. time series). This
introduces a delay in the data cycles. This asymetric
behavior will make the parameter identification of the
Van der Pol - Rayleigh model much more complicated as
we will see later.

2.3 Hybrid Rayleigh - Van der Pol model

In this field of research, periodic behavior of human
movements are often studied using Van der Pol or
Rayleigh oscillatoors [Beek et al., 1995, Beek et al., 2002,
Delignières et al., 1999]. This model is described by the
following di↵erential equations :

ẍ� (� � ✏x2 � �ẋ2)ẋ + !2x = 0

where x(t) is the variable, ẋ et ẍ are its two first time
derivatives [Huys and Jirsa, 2011]. All parameters are
positive, and this model can be rewritten as a two di-
mensional di↵erential system as follows:

(
ẋ = y

ẏ = (� � ✏x2 � �y2) y � !2x

The trajectories of such a di↵erential system can be visu-
alized for example on figure 2.

We aim at identifying as well as possible (i.e. in the
mean of least squares) solutions of this di↵erential model
to experimental data.
Let x̃(t) the time series corresponding to experimental
data. This problem consists of finding the parameter set
(�, ✏, �,!) which minimizes the following objective func-
tion:

F =
1

N

N�1X

i=0

(x(ti)� x̃(ti))
2

N is the number of considered sampling.
The following section presents an algorithm to realize this
optimization.

2.4 Chaotic PSO for parameter identifi-
cation

This optimization problem is a di�cult one since it is a
nonlinear identification problem in a multi-dimensional
continuous space. The parameter space is large enough
so that classical methods such as Levensberg-Marquardt
cannot be used [Ljung, 2010].

In this case, alternatives are said “soft computing” ap-
proaches using metaheuristics for optimization. One of
these metaheuristics is inspired by the collective behavior
of social insects and is very famous for fetching a zero
point in a continuous search space. This class of swarm
intelligence algorithm is known as “Particle Swarm Op-
timization”. The design of these algorithm consists of
a swarm of particles –each one representing a possible
solution– moving in the search space for finding the best
position, which corresponds also to the best solution. On
each explored point, the particle computes the objective
function and shares this information with the rest of the
swarm, to improve the search. This method can be sum-
marized by the following dynamical system, governing
particle i:

(
vi(t + 1) = w vi(t) + c1(xb(i)� xi(t)) + c2(xg � xi(t))

xi(t + 1) = xi(t) + vi(t + 1)

where xb(i) and xg are respectively the best position
of the current particle through its own history and
the best position within the group at time t only.
Parameters w, c1 and c2 are random coe�cients in
a certain range, representing respectively an inertia
coe�cient (controling the importance of the explo-
ration phase in the search space) and two coe�cients
of balance between individual and collective performance.

For this study, we used a derived algorithm that adds
a random local search on the best position of the group
at time t by using a chaotic map for exploration. It ap-
pears that these applications are more e�cient than a
classical random uniform local search. This is due to the
particular probability density of chaotic maps that gives
more chance to extrem and central values of the search
range than uniform [Yang et al., 2012]. The chaotic map
we used for the local research here is the following one:

xn+1 =
sin(4⇡ xn) + 1

2

This kind of algorithm, named Chaotic PSO in many pa-
pers, is used since about ten years. Results presented in
the next section are obtained with this method.

3 Results

Results presented here concern training sessions named
E3, E10, E17 and the parameter values found are listed
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(a) E17 P5 coude (b) E17 P5 genou

Figure 3: Identifications in session E17.

in the table of appendix A. The Session 10 gives the bet-
ter parameter identification, in particular concerning the
elbow angle. We show the corresponding result charts in
appendix B. The two other series have been studied but
have given less convincing results as examples of session
E17 in figure 3 show the fact. This can be explained by
the presence of little loops in trajectories which reveals a
higher dimension in the dynamics. We will discuss this
in the next section.

We can also oberve a real variability of exploration ac-
cording to the best performance. The best fitness func-
tion gives from 0.2% to 0.5% average quadratic error and
the obtained attractors follow the experimental trajec-
tories for the session E10 of the elbow, despite noise in
measures.
In the table of parameter values in appendix A, one can
try to follow the evolution of the parameter values to see
if a behavior corresponds whether to a Rayleigh or a Van
der Pol one, looking at the two specific parameters ✏ and
�. The first one corresponds to the nonlinear e↵ect of
the angle variable, that is a Van der Pol dynamics, while
the second one corresponds to the nonlinear e↵ect of the
velocity variable, that is a Rayleigh dynamics. From the
litterature review, we expected that the dynamics would
have evolved from a Van der Pol dynamics for a begin-
ner, to a Rayleigh dynamics for the experts. This is not
what we may observe here, except for the knee series in
session E10, but the identification process has not been
good enough to trust these reconstructed data.

3.1 Discussion

Results of identification allow to conclude that, unlike
the skiing case, a swimmer behavior can not be easily
assimilated to a Rayleigh or Van der Pol oscillator if we
study real data. Indeed, identification fits quite well in
the case of sessions 3 and 10 for the elbow. In these
cases, it could be very interesting to study the evolution

of the parameter values to check if they are signiticative
in terms of learning. We look indeed for a trajectory
in the parameter space which could characterize the
swimmer. We have not obtained this result yet.
However, the hypothesis of a Rayleigh - Van der Pol
dynamic concerning the knee is almost never verified
using this identification method. This might be due to
the complexity of particular trajectories in the phase
space, notably in the session E17.

The complexity of some trajectories is confirmed by the
close returns plots showed in appendix C. These plots re-
veal the recurrence rate of time series, that is the presence
of some periodicity in them. A close returns diagram is
computed as follows for a x series of discrete time values:

Rij = ✓(↵� |xi � xi+j |) (1)

where the function ✓ is the Heaviside step function. So
Rij equals 1 if the di↵erence of the two delayed points (by
a delay of j samples) is less than the threshold ↵ (which
is 10�2 in our case), then we plot a black dot, else Rij

equals 0 and there is no dot plotted.
Through these diagram we can see that close returns
plots for session E17 are much less regular than those
for sessions E3 and E10. We explain this complexity
by the fact that the dynamics evolves no more in a 2-
dimensional space, but in a minimum of 3-dimensional
space because notably of loops occuring in trajectories.
This result shows already something interesting: the dy-
namics of a swimming beginner is less complicated than
the dynamics of an expert because the dimension of his
dynamics evolves in a lower dimensional space. . .

4 Conclusion

Hypothesis on the hybrid de Van der Pol-Rayleigh model
are validated on most of the experimental data in the case
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of elbow angles. The interest of using this model is that
it requires a low number of parameters and allows a sim-
plified representation of the trajectories in the parameter
space. However, this model does not fit well in most of
the knee data and as soon as the swimming stroke be-
comes an expert one. The dynamical model of Van der
Pol and Rayleigh is not appropriate anymore and needs
to be enhanced, in particular by increasing the dimension
of the dynamical system. The di�culty lies in the design
of this more complicated dynamical system and then in
the consequently di�cult identification process.
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Appendix A Identified equations
identification

Parameters given in this table correpond to the best approximation
obtained with the swarm chaotic particle algorithm. These
simulations have been perfomed only once.

series � ✏ � !

E3 P1 elb 3.70 5.95 1.36 4.07
E3 P3 elb 8.45 10.00 3.52 4.39
E3 P5 elb 6.93 8.05 3.10 4.05
E3 P7 elb 6.01 5.10 2.47 4.28
E3 P9 elb 1.87 9.94 0.51 3.88

E10 P1 elb 8.65 3.25 3.62 4.50
E10 P3 elb 5.25 7.46 1.89 3.91
E10 P5 elb 5.53 9.65 2.42 3.66
E10 P7 elb 4.22 0.04 1.85 3.61
E10 P9 elb 4.00 6.17 1.19 3.63

E17 P1 elb 3.53 8.07 9.86 2.29
E17 P3 elb 3.20 9.15 9.58 2.44
E17 P5 elb 1.31 0.03 7.12 2.24
E17 P7 elb 4.67 8.99 9.72 2.96
E17 P9 elb 3.51 9.55 9.97 2.76

E3 P1 knee 4.62 4.69 1.11 4.41
E3 P3 knee 2.27 0.15 0.82 3.99
E3 P5 knee 6.96 4.34 3.22 4.06
E3 P7 knee 9.17 3.43 4.44 4.61
E3 P9 knee 8.95 8.64 3.41 4.58

E10 P1 knee 3.39 2.88 0.65 3.62
E10 P3 knee 4.48 0.69 0.76 3.88
E10 P5 knee 3.58 1.29 0.92 3.53
E10 P7 knee 3.30 1.09 1.22 3.49
E10 P9 knee 2.58 0.29 1.30 3.38

E17 P1 knee 4.40 1.74 3.19 2.96
E17 P3 knee 5.61 1.99 3.25 3.37
E17 P5 knee 6.30 3.77 3.83 3.48
E17 P7 knee 9.56 0.00 4.57 4.45
E17 P9 knee 9.86 3.15 6.50 4.55

Appendix B Identification results
The following results have been obtained using Octave software
within a single execution, involving 100 particles, on the 10th ses-
sion of training.

Appendix C Close returns plots
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(a) Elbow stage 1 (b) Knee stage 1

(c) Elbow stage 3 (d) Knee stage 3

(e) Elbow stage 5 (f) Knee stage 5

(g) Elbow stage 7 (h) Knee stage 7

(i) Elbow stage 9 (j) Knee stage 9

Figure 4: Identification Results for the training session 10 obtained by a chaotic PSO involving 100 particles. For
each chart, from up left to bottom right: phase portrait, angle, velocity, fitness values.368 ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014
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(a) Elbow session 1 stage 3 (b) Elbow session 1 stage 7

(c) Elbow session 2 stage 3 (d) Elbow session 2 stage 7

(e) Elbow session 3 stage 3 (f) Elbow session 3 stage 7

Figure 5: Evolution of close returns plots between each session of elbow series computed with a threshold of 10�2.
We may notice that the dynamics tends to be more and more complicated.
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Abstract.  Application of concepts and principles of the com-
plexity sciences to the domain of sport performance has grown 
in popularity over the past decades. This paper discusses eco-
logical dynamics as a theoretical framework for capturing how 
the intertwined relations between cognition, perception and 
action underpin performance and learning in athletes and 
sports teams considered as complex systems. Key ideas from 
ecological psychology and dynamical systems theory propose 
that coordination tendencies within and between individual 
athletes emerge as a function of interacting constraints on per-
formance. The emergent coordination tendencies in individuals 
and teams are continuously regulated by information from a 
performance environment, inviting a re-consideration of tradi-
tional pedagogical practice in sport and specifying a pedagogy 
for nonlinear dynamical movement systems. 
Keywords.  Sport performance; perception and action; af-
fordances; neurobiological degeneracy; adaptive movement 
variability; representative design. 

1 Introduction 
The emphasis in the complexity sciences, accorded to 
understanding how systems spontaneously change their 
organizational states as a function of the constraints act-
ing on them, has provided an innovative rationale for 
studying performance and learning in sport[1]. The in-
herent complexity of individual athletes and sports 
teams has highlighted them as self-organising phenom-
ena. During the past decades the important theoretical 
framework of ecological dynamics has emerged to de-
velop insights to support an extensive empirical pro-
gramme of research into complex systems in sport. This 
innovative modelling has provided new theoretical in-
sights into performance and learning in sport and fresh 
perspectives on the organization of practical pro-
grammes for training, understanding performance be-
haviours and the development of expertise and talent 
[1].  
 
The impact of ecological dynamics in sport science is 
timely, given concerns over traditional views on the 
acquisition of expertise in domains like sport. Tradition-

 
1 Keith Davids is with the Centre for Sports Engineering Research 

at Sheffield Hallam University and FiDiPro at the University of 
Jyväskylä, Finland 

ally, theories of the acquisition of skill and expertise 
have been dominated by models  
emphasizing the importance of 10,000 hrs of deliberate 
practice. It has been proposed that deliberate practice 
provides a special kind of focus on practice of a putative 
optimal technique which is intense, unenjoyable and 
repetitive in order to inhibit deviations from an internal-
ized model of an action [2]. However, the data behind 
these ideas have profound weaknesses mainly due to 
large reported variations in trajectories of experts. Tak-
ing chess as an example, reported practice time ranges 
from 832 to 24,284 hrs to reach masters level. The con-
sequence is that deliberate practice has a relatively low 
level of variance explained (34%) [3]. 
 
Ecological dynamics is a theory of skill acquisition and 
expertise which captures athletes and sports teams as 
complex systems in which coordination tendencies, 
amongst component parts, emerge under various inter-
acting constraints. These constraints are oriented to-
wards each individual, the task being learned or per-
formed, and the social and physical environment [4]. It 
is a conceptually rich theoretical framework and this 
paper addresses how functional actions emerge from 
dynamic patterns capturing intra-individual and in-
ter-individual coordination tendencies of interacting 
athletes within the constraints of the performance envi-
ronment. Key insights are provided by ecological psy-
chology which emphasizes the continuous cyclical rela-
tionship that exists between information present in a 
performance environment and the dynamical movement 
patterns that emerge under constraints for each individ-
ual. In contrast to traditional accounts of how skill and 
expertise is acquired, the emphasis is on the quality of 
experiences undertaken during practice which shape 
these information-movement couplings formed during 
interactions of athletes with ecological constraints of a 
performance environment in Figure 1.  
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Figure 1: A coupling of information and movement emerges 
from each individual to satisfy interacting constraints of the 
performer, task and environment 
 
In ecological dynamics, two key ideas are prominent in 
complex systems analyses of performance and learning 
in sport: (i) the role of pattern-forming dynamics in in-
ducing qualitative changes in behaviour due to learning 
and development; and (ii), how affordances for action 
emerge from informational constraints of performance 
and practice environments.  

 

2  Pattern Forming dynamics and be-
havioural change in sport  

The inherent complexity of athletes and teams in sport is 
predicated on the spontaneous emergence of dynami-
cally patterned relations, from their many interacting 
components. The numerous structural components of an 
athlete’s body (e.g., muscles, joints, limb segments) and 
of a sports team (cooperating teammates) provide an 
abundance of system degrees of freedom which can reg-
ulate behaviours to achieve performance outcomes. 
These systems in sport have complexity and inherent 
tendencies for couplings or synergies to emerge between 
system components, predicated on neurobiological de-
generacy[1].  
 
Neurobiological system degeneracy provides flexibility 
in achieving performance outcomes and is a feature of 
the large number of available motor system degrees of 
freedom that can be harnessed to achieve similar per-
formance outcomes. Despite the abundance of motor 
system degrees of freedom, and their potential for inter-
actions, the presence of inherent feedback loops contin-
uously constrains component interactions [5], providing 
a neurobiological system with temporary stability and 
the capacity to exploit emergent coordinated relations 
between system components. In individual athletes these 

components include, for example, muscles, joints, limb 
segments, and in sports teams (considered as social 
neurobiological systems) degrees of freedom are team-
mates. Thus, intra-personal and inter-personal coordina-
tion tendencies in complex systems in sport are predi-
cated on the formation of temporarily stable, couplings 
formed between micro-components in assembling 
goal-directed actions. The important role of degeneracy 
in providing a platform for emergent coordination 
tendencies in sport was identified by Davids and 
Glazier[6].  
 
In neurobiology, research on coordination in neu-
ro-musculo-skeletal systems has revealed that degener-
acy supports system components, that are structurally 
different, to be harnessed in producing similar or differ-
ent functions, or similar or different outputs, depending 
on context. Degeneracy provides a functional way for 
athletes to exhibit their behavioural adaptability to sat-
isfy interacting task and environmental constraints dur-
ing performance and learning. According to Mason [7], 
degeneracy supports the emergence of richer functional 
behaviours in human activity than system redundancy 
which corresponds to the presence of isomorphic and 
isofunctional components. In contrast, degenerate ele-
ments correspond to the presence of heteromorphic var-
iants that are isofunctional.  In sport, degeneracy may be 
expressed through the assembly of a coordinative struc-
ture (a task-specific movement pattern) that achieves a 
function by combining relevant system components.  
 
Skill performance is the assembly of unique and adapta-
ble coordinative structures. Such neurobiological system 
synergies provide a highly adaptive capacity since two 
or more independent system structures may converge 
upon the same function. Since fluctuations probe system 
stability in each athlete and between team players coor-
dinating their actions during performance, a functionally 
adaptive system is able to exploit these inherent instabil-
ities to achieve a successful performance outcome under 
different interacting task and environmental constraints. 
During practice, under well designed conditions that 
represent the task constraints of a performance envi-
ronment, learners will become skillful in harnessing 
system pattern-forming dynamics to achieve consistent 
performance outcomes, through exploiting adaptive 
movement variability. Thus, representative learning de-
sign is an important feature of practice task simulation 
in sport to encourage performers to adaptively vary their 
movement patterns. 
 

3  The Role of Affordances in Sport 
The adaptive power of neurobiological system degener-
acy can be harnessed in conjunction with the con-
text-sensitivity of human behaviour. Skilled athletic 
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performance is characterised by elegant con-
text-sensitivity and adaptive flexibility and both aspects 
of functional behaviour in sport are dependent on the 
coupling of information and movement. The concept of 
affordances is a powerful constraint on coupling of in-
formation and movement in sport, since "within the the-
ory of affordances, perception is an invitation to act, and 
action is an essential component of perception" by Gib-
son[8]. In order to establish functional couplings be-
tween complex system components, to successfully reg-
ulate their actions, athletes need to become perceptually 
attuned to key informational constraints of the perfor-
mance environment. Affordances are specific invitations 
for each individual to act in a performance environment, 
picked up through task-specific experience and learning. 
Affordances are perceived in relation to relevant proper-
ties of each individual including the scale of key body 
dimensions (e.g., limb dimensions), or action capabili-
ties (e.g., flexibility, speed, strength). With increasing 
expertise in sport, informational constraints designed 
into practice environments should progressively lead an 
individual to specifying information sources that invite 
the organisation of specific actions and enhance their 
capacity to adapt to the dynamical constraints of a com-
petitive performance environment.  
 
Research in ecological dynamics has shown that expert 
athletes display a greater dependence on specifying 
properties of performance environments compared to 
less skilled individuals [9]. Movement patterns can be 
subtly adapted as experts perceive variations in key en-
vironmental properties which they can exploit to regu-
late their actions. The perception of different affordanc-
es by expert athletes is supported by their ability to ex-
plore greater levels of performance variability. Their 
coordination tendencies can vary greatly as they explore 
different aspects of a performance environment which 
supports their movements. In contrast, less skilled ath-
letes tend to display higher levels of movement pattern 
stability and fewer exploratory activities. They only tend 
to rely on a small number of movement patterns because 
their intentions are fewer: their inherent system com-
plexity is not harnessed and their performance is predi-
cated on simplicity because they cannot detect the af-
fordances to regulate their actions offered by different 
properties of a performance environment. 
 

4  A Nonlinear Pedagogy for athletes 
as complex systems 

 
These key ideas have been harnessed in adoption of a 
pedagogical approach for athletes considered as nonlin-
ear dynamical systems [9]. In such a nonlinear peda-
gogy, an important task is to design representative per-

formance environments which allow athletes to explore 
and harness movement pattern variability in achieving 
consistent performance outcomes. Practice tasks should 
place an athlete in a region of a performance landscape 
which is far from equilibrium so that they can exploit 
these inherent tendencies for change over time. Repre-
sentative design, introduced earlier, is an aspect of eco-
logical psychology emphasised by Egon Brunswik. He 
proposed that for the study of organism-environment 
interactions, ‘cues’ (or perceptual variables) should be 
sampled from a specific organism’s typical environment 
so as to be representative of the environmental stimuli 
from which they have been adapted, and to which be-
haviour is intended to be generalized [10]. In sport, this 
definition of representative design implies the need to 
ensure that practice and training task constraints are de-
signed to provide an accurate simulation, that is a faith-
ful representation of the task constraints of a specific 
performance environment e.g., team sports or rock 
climbing. In particular, research needs to identify the 
key informational constraints of a performance envi-
ronment so that they can be sampled and faithfully sim-
ulated in practice tasks. Representative design in learn-
ing helps athletes to form functional synergetic cou-
plings to underpin their actions (see Fig. 1).  
 
Ecological dynamics research suggests that traditional 
theories of skill acquisition have tended to over-value 
the importance of repeating a putative ideal movement 
template in sport pedagogy [e.g., 2]. There is a prevalent 
belief in many sports that skill acquisition underpins 
expert performance through constant rehearsal of an 
idealised movement pattern (e.g, a classical technique). 
For example, this assumption is exemplified by the er-
roneous obsession that some coaches have with the ac-
quisition of a specific set of mechanics for ‘the golf 
swing’, to be perfected through hours of practice under 
the constant conditions of a golf driving range. It is also 
instantiated in practice of multi-articular actions in elite 
sport programmes, when initial preparatory movements, 
considered less than ideal, are often terminated, pre-
venting athletes from learning how to adapt their ongo-
ing movement patterns for performance of ensuing 
phases of action [for an example in springboard diving 
see 11].  In a nonlinear pedagogy, skill acquisition is 
conceptualised as a search for functional coordination 
solutions that emerge from the dynamical interaction of 
key constraints on each individual athlete (categorised 
as individual, task-oriented and environmental in nature 
[12]. Expert performance in sport is defined by an in-
creasingly more functional athlete-environment rela-
tionship acquired over time with task experience [13].  
 
This view of skill and expertise, as a more functional 
relationship, is distinct from traditional theories which 
emphasize the repetition of a particular movement pat-
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tern or coordination mode through constant practice. It 
recognizes the need for each individual learner to adapt 
to, and satisfy, the unique array of interacting constraints 
impinging on him/her at a specific stage of development 
and level of experience. Through the process of 
co-adaptation, expert performance in sport can evolve as 
skilled individuals acquire the capacity (and subtly) 
re-invent themselves in response to changing constraints, 
for example due to tactical changes in team sports, as 
new opponents set unique challenges, as rules change, as 
equipment evolves, and as maturation and ageing affects 
the systems of each athlete’s body. 
 

5  Conclusions 
In sport, the cognition, perception and action of athletes 
function in an intertwined manner, expressed in expert 
performance as a continuous switching between de-
pendence on and independence of environmental infor-
mation sources in performance. In complex systems in 
sport, coordination tendencies are harnessed during per-
formance, but skilled athletes and successful teams are 
not locked into rigid behaviours by specific constraints 
of a performance environment (so that they react to sit-
uations that arise). Their actions are emergent and can 
be guided by a combination of intentions and the per-
ception of specific information sources to adapt move-
ment activities in a particular way to achieve specific 
performance goals. An important aspect of expertise in 
sport is the capacity to perceive affordances by learning 
to detect key sources of environmental information 
which support successful task performance. Nonlinear 
pedagogy is predicated on the inherent and ubiquitous 
complexity within the performance domain of sport. 
Expertise can be enhanced by sport pedagogists who 
understand how to design affordances into learning pro-
grammes for complex systems (athletes and teams). This 
strategy will strengthen the synergetic couplings that 
emerge in skilled athletes, and between teammates, as 
they seek to exploit inherent properties of neurobiologi-
cal degeneracy and context sensitivity to consistently 
achieve their performance goals. 
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Abstract.  The role of emotions during skill acquisition 
and the development of expertise in sport has often been 
neglected or overlooked.  Traditional cognitive ap-
proaches have commonly attempted to decompose or 
remove emotion from learning due to the perceived det-
rimental effect it may have on performance. This paper 
will discuss why emotion, and affect overall, should be 
included and considered in learning tasks by adopting an 
ecological dynamics approach.  Key areas of discussion 
include the role of the Amygdala in affective attention 
and creating emotion-laden memories, and the interac-
tion between emotions, cognitions, perceptions, and 
actions in metastable periods.  Based on these underpin-
nings, practical considerations will be identified focus-
sing on the enhancement of representative (learning) 
design concepts to include the influence emotion on 
learning.  To bring these ideas together the concept of 
Affective Learning Design (ALD) will be introduced as 
a potential framework for effectively incorporating the 
influence of emotions in the acquisition and develop-
ment of skill in sport.  Key considerations of ALD in-
clude (i) adopting individualised approaches, (ii) cater-
ing for beginners through to expert performers, (iii) cre-
ating scenarios or vignettes to provide context in learn-
ing environments, and (iv) distinguishing clear perfor-
mance goals for learning 
 
Keywords: representative design, affect, emotion, 
learning, ecological dynamics 
 

1 Introduction 
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Despite the inter-dependent relationship between skill 
acquisition and emotions in learning and performing in 
sport, so far very little attention has been paid to the role 
that emotions play in this interaction. In sport, perform-
ers need to be able to adapt to task constraints while 
performing under potentially high emotional states in-
duced in competitive performance that might influence 
their cognitions, perceptions and actions [1, 2]. In fact, 
emotions have generally been viewed as detrimental to 
skill acquisition and attempts have been made to remove 
them from the process until the skill is established [3]. 
This reductionist approach is in line with traditional 
thinking in skill learning where tasks are decomposed to 
reduce the cognitive load and make it easier for begin-
ners.  
The neglect of emotion in the study of sporting expertise 
can be seen in current thinking on visual perception, for 
example, the focus on the two visual system model [4, 
5]. However, an overlooked aspect of visual perception 
in sport is the mediating role of a 3rd pathway via the 
Amygdala. Given the key role of the amygdala in affec-
tive (emotion-laden) attention [6], this omission is 
somewhat surprising. The Amygdala is involved in 
shaping perception when affectively significant visual 
information is encountered in an environment. The in-
tensity of the emotions generated reflects the signifi-
cance of the stimuli to the individual and the strength of 
the response on the visual cortex [6]. An event is 
thought to be affectively relevant for an organism if it 
can significantly influence (positively or negatively) the 
attainment of his or her goals, the satisfaction of his or 
her needs, or the maintenance of his or her well-being 
[7].  Consequently, greater engagement is seen in un-
predictable situations that are viewed as “threatening”, 
for example in sport, where failure can result in career 
termination. In summary, emotional engagement in 
learning and performance influences how performers 
perceive the world, specifically, emotions experienced 
during learning influence the perceptions, actions and 
intentions of performers. The intensity of an emotional 
experience also acts to positively or negatively 
strengthen memories.  Importantly, for those designing 
learning tasks, the amygdale pathway is ‘preferentially 
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invoked’ in ambiguous learning situations [6]. For ex-
ample, increased affective attention is thought to in-
crease signal-to-noise ratios (see [8]) and as such could 
enhance those decision-making tasks that require at-
tunement to key information sources to differentiate 
different movement patterns of opponents [9].    
 

2 Representative Learning Design: 
Embedding emotion in learning    
design 

Given the previous discussion, an issue of concern is 
how to support individuals in the task of learning to 
perform in emotional situations such as competition. For 
learners, desirable stable states represent periods of sys-
tem organisation that are functional in terms of ‘what 
works’ and ‘what feels right’(see [10]). Learning is of-
ten accompanied by increased intensity and range of 
emotions as individuals’ transit from the ‘known’ to the 
‘unknown’ requiring adoption of novel and functional 
states of system organisation [2]. For example, selection 
for the first time in a higher standard of competition can 
be a threat to self-efficacy for many players who do not 
know if there intrinsic dynamics are matched to the new 
unique task demands. These periods of uncertainty, 
where the intrinsic dynamics of the learner may not 
match the task demands, are referred to as metastable 
periods where the system (learner) attempts to function 
whilst transitioning between stable attractor states [11].  
During periods of metastability it is expected that the 
emotions, thoughts, and actions of learners will be 
highly variable as they attempt to explore the task envi-
ronment for opportunities to fulfil their goals or inten-
tions [2].  How then can sport scientists and pedagogues 
support the performer in these delicate and challenging 
situations?  
We propose that one approach which may be of some 
use is the concept of representative design, a term that 
captures the idea of sampling perceptual variables from 
an individual’s ‘natural’ environment [12].  More recent 
work has applied the concept of representative design to 
the study of sport performance and developed an ap-
proach called Representative Learning Design (RLD) 
[13]. RLD proposes that the inclusion of situa-
tion-specific information sampled from the performance 
environment can lead to a simulation of the demands of 
a competitive performance environment {13]. So far, the 
focus of RLD has been on sampling information from 
the external environment, but given the previous discus-
sions it is clear that information from within the indi-
vidual (i.e., cognitive-emotional interpretations – see 
[2]) can also shape actions as they interact with the 
world and therefore there is a need to sample the affec-
tive impact of task constraints. In recent work, we have 
proposed to fill this void by introducing the concept of 

Affective learning Design {14]). Key aspects of ALD 
include (i) adopting individualised approaches, (ii) ca-
tering for beginners through to expert performers, (iii) 
creating scenarios or vignettes to provide context in 
learning environments, and (iv) distinguishing clear 
performance goals for learning, performance and com-
petitive environments [14].  Implementing ALD requires 
practitioners to sample, predict and plan for the potential 
emotional and cognitive circumstances of competition, 
and adequately sample them in learning simulations 
with the aim of developing effective movement behav-
iours (actions).  In order to achieve this, practitioners 
and pedagogues should identify key control parameters 
that can be manipulated or scaled to induce metastabil-
ity.    
 

3 Conclusion 
Incorporating ALD into learning design acknowledg-

es the need to create emotion-laden learning experiences 
that effectively simulate the constraints of performance 
environments in sport. Considering the effects of emo-
tion on learning experiences means that practitioners 
must design tasks that meet skill acquisition and basic 
psychological needs [15]. Given that emotions continu-
ously interact with intentions, cognitions, perception and 
actions to constrain the acquisition of perceptual-motor 
skills, task demands and the dynamic psychological state 
of each individual learner should be seen as interacting 
constraints that influence behavioural, cognitive, and 
emotional tendencies [15]. By incorporating affective 
constraints into RLD we propose that simulating the task 
demands of performance can result in more effective 
learning and enhanced adaptability to novel performance 
environments.  
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Description	  
	  
Living	  systems	  are	  complex	  in	  the	  sense	  that	  they	  result	  from	  a	  collective	  behavior	  of	  a	  
huge	   number	   of	   elements	   (as	   cells	   for	   instance)	   or	   are	   made	   of	   very	   few	   elements	  
affected	  by	  many	  external	  factors	  (as	  the	  heart	  or	  two	  interacting	  peoples).	  This	  satellite	  
workshop	  is	  intended	  for	  stimulating	  interactions	  between	  different	  peoples	  working	  in	  
various	  field	  as	  biological	  networks,	  biomedicine,	  cognition,	  learning	  processes,	  etc.	  
	  
List	  of	  papers/presentations	  
	  
Irene	  Sendina-‐Nadal	  (King	  Juan	  carlos	  University),	  	  
Longitudinal	  network	  analysis	  of	  neuronal	  cultures	  	  
Abstract:	   The	   issue	   of	   why	   and	   how	   an	   assembly	   of	   isolated	   (cultured)	   neurons	   self-‐
organizes	   to	   form	   a	   complex	   neural	   network	   is	   a	   fundamental	   problem.	   Despite	   their	  
more	   limited,	   and	   yet	   laboratory-‐controllable,	   repertoire	   of	   responses,	   the	  
understanding	  of	  such	  cultures'	  organization	  is,	  indeed,	  a	  basis	  for	  the	  comprehension	  of	  
the	  mechanisms	  involved	  in	  their	  in	  vivo	  counterparts,	  and	  provide	  a	  useful	  framework	  
for	   the	   investigation	   of	   neuronal	   network	   development	   in	   real	   biological	   systems.	   In	  
vitro	  primary	  cultures	  of	  dissociated	  invertebrate	  neurons	  from	  locust	  ganglia	  are	  used	  
to	  experimentally	  investigate	  the	  morphological	  and	  topological	  evolution	  of	  assemblies	  
of	   living	   neurons,	   as	   they	   self-‐organize	   from	   collections	   of	   separated	   cells	   into	  
elaborated,	  clustered,	  networks.	  At	  all	  the	  different	  stages	  of	  the	  culture's	  development,	  
identification	  of	  neurons'	  and	  neurites'	  location	  by	  means	  of	  a	  dedicated	  software	  allows	  
to	   ultimately	   extract	   an	   adjacency	   matrix	   from	   each	   image	   of	   the	   culture.	   In	   turn,	   a	  
systematic	   statistical	   analysis	   of	   a	   group	   of	   topological	   observables	   grants	   us	   the	  
possibility	   of	   quantifying	   and	   tracking	   the	   progression	   of	   the	   main	   network's	  
characteristics	  during	   the	  self-‐organization	  process	  of	   the	  culture.	  Our	  results	  point	   to	  
the	   existence	   of	   a	   particular	   state	   corresponding	   to	   a	   small-‐world	   network	  
configuration,	   in	   which	   several	   relevant	   graph's	   micro-‐	   and	   meso-‐scale	   properties	  
emerge.	   Finally,	   we	   identify	   the	   main	   physical	   processes	   ruling	   the	   culture's	  
morphological	   transformations,	   and	   embed	   them	   into	   a	   simplified	   growth	   model	  
qualitatively	  reproducing	  the	  overall	  set	  of	  experimental	  observations.	  
	  
L.	  Viger,	  F.	  Denis,	  M.	  Rosalie	  &	  C.	  Letellier	  (CORIA	  -‐	  Université	  de	  Rouen)	  	  
A	  cancer	  model	  for	  the	  angiogenic	  switch	  	  
Abstract:	  The	  occurrence	  of	  metastasis	   is	  an	   important	   feature	   in	  cancer	  development.	  
In	   order	   to	   have	   a	   one-‐site	  model	   taking	   into	   account	   the	   interactions	   between	   host,	  
effector	   immune	  and	   tumor	   cells	  which	   is	  not	  only	  valid	   for	   the	  early	   stages	  of	   tumor	  
growth	   but	   also	   for	   vascular	   tumor	   growth,	   we	   developed	   a	   new	   model	   where	   are	  
incorporated	   interactions	   of	   these	   three	   cell	   populations	  with	   endothelial	   cells.	   These	  
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latter	   cells	   are	   responsible	   for	   the	   neo-‐vascularization	   of	   the	   tumor	   site	  which	   allows	  
migration	   of	   tumor	   cells	   to	   distant	   sites.	   It	   is	   thus	   shown	   that,	   for	   some	   parameter	  
values,	   the	   resulting	   model	   for	   the	   four	   cell	   populations	   reproduces	   the	   angiogenic	  
switch,	  that	  is,	  the	  transition	  from	  avascular	  to	  vascular	  tumor.	  
	  
Massimo	  Di	  Felice	  (ENSEA,	  Cergy	  Pontoise),	  	  
Controllability	  and	  stabilizability	  analysis	  of	  a	  cancer	  chaotic	  system	  	  
Abstract:	   A	   four-‐dimensional	   cancer	   model	   describing	   interactions	   between	   host,	  
immune,	   tumor	  and	  endothelial	   cells	  was	   investigated	  via	  a	   stability	  analysis	  exibiting	  
the	  key	  parameter	  for	  controlling	  the	  dynamics	  toward	  a	  tumor-‐free	  site.	  Such	  a	  result	  
was	  also	  supported	  by	  a	  less	  local	  approach	  based	  on	  a	  Lyapunov	  function.	  A	  treatment	  
based	   on	   an	   impulsive	   control	   technique	   was	   proposed:	   the	   effect	   of	   the	   delay	   with	  
which	   the	   action	   (killing	   a	   certain	   amount	   of	   the	   tumor	   cells)	   is	   applied	   was	   also	  
investigated.	  
	  
Emeline	  Fresnel	  (CORIA	  -‐	  Université	  de	  Rouen)	  	  
Characterization	  of	  cardiodynamics	  from	  first-‐return	  maps	  on	  Delta-‐RR	  intervals.	  
Application	  to	  different	  pathological	  groups	  	  
Abstract:	  Heart	   rate	  variability	  analysis	  using	  24-‐hour	  Holter	  monitoring	   is	   frequently	  
performed	   to	   assess	   the	   cardiovascular	   status	   of	   a	   patient.	   The	   studies	   are	   typically	  
based	   on	   the	   beat-‐to-‐beat	   intervals	   (RR)	   and	   time	   or	   frequency-‐dependent	   domain	  
indicators.	  In	  the	  present	  study,	  we	  started	  from	  the	  beat-‐to-‐beat	  interval	  variations	  or	  
$\Delta$RR	   which	   offer	   a	   better	   view	   of	   the	   underlying	   structures	   ruling	   the	  
cardiodynamics.	  Using	  first-‐return	  maps	  built	  on	  the	  $\Delta$RR,	  we	  observed	  different	  
patterns	   of	   cardiodynamics	   which	   are	   investigated	   via	   a	   symbolic	   dynamics	   using	   an	  
age-‐dependant	  partition.	  We	  computed	  a	  Shannon	  entropy,	  quantifying	  the	  complexity	  
underlying	   the	   cardiac	   variability,	   and	   an	   asymmetry	   coefficient,	   here	   introduced	   to	  
quantify	   the	   balance	   between	   accelerations	   and	   decelerations	   in	   the	   rhythm.	   A	   map	  
spanned	  by	  the	  Shannon	  entropy	  and	  the	  asymmetry	  coefficient	  allowed	  to	  distinguish	  
three	  different	  types	  of	  dynamics,	  "clustering"	  first-‐return	  maps	  with	  similar	  structures	  
in	   given	   domains	   of	   the	  map.	  We	   applied	   this	  method	   to	   i)	   45	   adults	   from	   Physionet	  
databases,	   ii)	   14	   vulnerable	   infants	   routinely	   monitored	   at	   the	   Rouen	   University	  
Hospital	  and	  iii)	  10	  patients	  with	  respiratory	  failure	  and	  mechanically	  ventilated	  during	  
sleep.	  
	  
Aurélie	  Vallée	  (PSY.NCA	  -‐	  Université	  de	  Rouen)	  	  
Characterization	  of	  the	  dynamics	  underlying	  mediated	  interactions	  of	  visually	  
impaired	  and	  normal	  teenagers	  
	  
Binbin	  Xu,	  Sabir	  Jacquir,	  Stéphane	  Binczak,	  Jean-‐Marie	  Bilbault	  (LE21	  CNRS	  UMR	  
6306,	  Univ.	  Bourgogne,	  Dijon,	  France),	  	  
Phase	  Space	  Reconstruction	  of	  an	  Experimental	  Cardiac	  Electrical	  Signal	  	  
Abstract:	  Cardiac	  arrhythmias	  are	  very	  common	  pathologies	  which	  can	  be	  treated	  either	  
by	   medications,	   invasive	   ablation	   procedures	   or	   device	   implantations.	   In	   order	   to	  
improve	  theses	  treatments,	  clinical	  and	  experimental	  models	  are	  used	  to	  test	  new	  drugs.	  
In	  this	  context,	  in	  vitro	  cultures	  of	  cardiac	  cells	  represent	  valuable	  models	  to	  study	  the	  
mechanism	   of	   the	   arrhythmias	   at	   the	   cellular	   level.	   In	   this	   paper,	   we	   investigate	   the	  
stability	   and	   robustness	   of	   an	   experimental	   model	   in	   normal	   and	   under	   external	  
stimulation	   conditions.	   Phase	   space	   reconstructions	   of	   attractors	   in	   normal	   and	  
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arrhythmic	   cases	   are	   performed	   after	   characterizing	   the	   nonlinearity	   of	   the	   model,	  
computing	   the	   embedding	   dimension	   and	   the	   time	   lag.	   Our	   results	   show	   that	   the	  
electrical	   stimulation	  modifies	   slightly	   the	   embedding	  dimension.	  The	  parameter	   time	  
lag	   τ	   increases	   when	   arrhythmia	   happens.	   The	   shape	   of	   attractors	   remains	   globally	  
similar,	  although	  more	  disturbed	  in	  case	  of	  arrhythmia	  than	  in	  normal	  conditions.	  The	  
correlation	  dimension	  qualifies	  the	  attractors	  as	  strange.	  
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AN EASY-TO-USE TECHNIQUE TO CHARACTERIZE
CARDIODYNAMICS FROM FIRST-RETURN MAPS ON ∆RR

Emeline Fresnel∗†† Valérie Messager∗ Jean-François Muir‡ Christophe Letellier∗†

Abstract. Heart rate variability analysis using 24-hour Holter

monitoring is frequently performed to assess the cardiovascular sta-

tus of a patient. Rather than using the common beat-to-beat in-

tervals (RR) present study is based on the beat-to-beat interval

variations, the so-designated ∆RR, which offer a better view of

the underlying structures ruling the cardiodynamics. The different

structures observed in the first-return maps (also called Poincaré

maps) built on the ∆RR are analyzed using a symbolic dynamics

built with an an age-dependent partition. We computed a Shannon

entropy, quantifying the complexity underlying the cardiac vari-

ability, and an asymmetry coefficient here introduced to quantify

the balance between accelerations and decelerations in the cardiac

rhythm. A map spanned by the Shannon entropy and the asymme-

try coefficient allowed us to distinguish three different types of dy-

namics, grouping first-return maps with similar structures in given

domains of the map. We applied this method to i) 45 adults from

Physionet databases, ii) 14 vulnerable infants routinely monitored

at the Rouen University Hospital and iii) 10 patients with respira-

tory failure and mechanically ventilated during sleep. It was thus

possible to show that the different patterns of cardiac dynamics are

observed in various cohorts of patients.

Keywords. cardiodynamics, first-return map, Shannon entropy,

vulnerable infants, mechanical ventilation

1 Introduction

Variability of the beat-to-beat interval is a physiological
feature depending on different levels of regulation whose
main component is the autonomic nervous system. In-
vestigating RR interval variability allows to assess these
control mechanisms and can be used as an indicator of
cardiovascular health in any population. Modifications in
heart rate variability reveal pathophysiological disorders
and can be associated with a range of severe diseases [1].
A decreased variability was thus found in patients with
congestive heart failure [2, 3], left ventricular dysfunc-
tion [4] or diabetic neuropathy [5]. In particular, reduced
variability has been shown to be a predictor of mortality
in patients who underwent a myocardial infection [6].

In all these works, heart rate variability has been stud-

∗CORIA UMR 6614, Normandie Université, Saint-Etienne du
Rouvray, France. E-mail: fresnele@coria.fr
†ADIR Association, Bois-Guillaume Hospital, Rouen, France.
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ied using traditional time or frequency-dependent domain
indicators. However, it has been shown that nonlin-
ear analysis could better characterize the cardiodynam-
ics [7, 8, 9]. The application of nonlinear dynamics meth-
ods to biomedical data already provided valuable infor-
mation, and a prognostic value was given, for instance,
using symbolic dynamics [8]. Our objective is not to
determine whether cardiac dynamics is chaotic or not,
mostly because we do not have yet a conclusive answer
concerning a possible underlying determinism [10, 11] as
it was pointed out in the challenge posed by Glass [12].
Nevertheless, such a lack of proof for a chaotic cardiody-
namics do not prevent us to apply tools borrowed from
the nonlinear dynamical systems theory.

Our objective is thus to develop an easy-to-use tech-
nique to analyze heart rate variability using 24-hour
Holter monitoring and to discriminate various classes
of patients as investigated in the challenge proposed by
Glass [12]. Once validated using a cohort of 45 patients
from the Physionet database, our technique will be used
to investigate the cardiodynamics of 14 vulnerable infants
who were routinely monitored at the Rouen University
Hospital, and then to analyze the cardiodynamics of 10
patients with respiratory failure and mechanically venti-
lated during sleep.

2 Methods

2.1 Heart rate variability mechanisms

Cardiodynamics is largely under the control of the auto-
nomic nervous system [1, 13] which is classically divided
into two subsystems. The parasympathetic system which
slows the heart rate via the vagus nerve and the sympa-
thetic system which accelerates the pace via β-adrenegic
receptors [14]. Acceleration and deceleration in the heart
rhythm thus result from two opposite physiological pro-
cesses which can be modulated by external oscillators in-
ducing short or long-term variations in the heart period
[15].

Gender and age are also known to affect the heart rate
variability. Many studies showed that heart rate variabil-
ity is reduced when age is increased. The intrinsic heart
rate was proposed by Jose and Collison in 1970 [16] as a
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function of the age a (in years) as

HRi = 118.1− 0.57a (r = 0.64) , (1)

where HRi is the intrinsic heart rate in bpm.

Ageing effects in heart rate variability have been eval-
uated in various studies [17, 18, 19, 20]. In all studies, a
significant reduction of the heart rate variability in older
people as assessed by time and frequency-dependent in-
dicators was observed.

Cardiodynamics was much more investigated in adults
than in newborns and infants. During infancy, a pro-
gressive maturation of the autonomic nervous system is
observed, with developmental changes of vagal and sym-
pathetic mediation of heart rate. Time and frequency do-
main indices were found to be correlated to age in infants
and children aged 3 days to 14 years [21]. As we previ-
ously mentioned, these indices were found anti-correlated
to the age of adults.

To sum up, the autonomic nervous system is mostly re-
sponsible for the heart rate variability which evolves dur-
ing the whole life. In infancy and in older adults, there is
a prevalence of the sympathetic activity over a weak vagal
activity. In younger adults, the parasympathetic activity
is prevailing, combined with a moderate to a high level
of sympathetic activity [22]. The heart rate variability
is thus at a low level in the early life, increases during
childhood until young adulthood, and then decreases un-
til the end of life. These features will be later used to
define an age-dependent partition for building a symbolic
dynamics.

2.2 Nonlinear tools

Cardiodynamics is here investigated using the differences
between successive RR intervals, that is, using

∆RRn = RRn+1 − RRn . (2)

Working with ∆RR allows to analyze the variations in
the heart rate and to overcome any long-term drift due
to the sinus activity [11]. We built first-return maps (or
Poincaré maps) for the whole data set (at least many
hours in each case).

For healthy adults, these maps present a circular cloud
of points centered around zero and associated with a low
variability which is typically associated with the sinus
variability. Isolated points distant from the first bisecting
line are representative of large beat-to-beat variations in
the heart rate, thus corresponding to arrhythmias.

The heart dynamics is investigated using a symbolic
dynamics based on a partition of first-return maps into
domains mainly built for distinguishing normal variability
from arrhythmias. As we discussed earlier, the heart rate
variability is related to age and so the size of the central
disk associated with sinus variability. Thus, the range
visited by ∆RRn is split in three domains according to

the partition

σn =

∣∣∣∣∣∣∣∣

0 ∆RRn ≤ −τ
1 if −τ < ∆RRn < +τ

2 ∆RRn ≥ +τ ,

(3)

where symbol 1 represents small variations due to the si-
nus rhythm, symbol 0 is associated with fast decreasing of
RR intervals and, symbol 2 corresponds to fast increasing
in RR intervals. Such a symbolic dynamics thus trans-
forms a series of real numbers into symbol sequences that
are easier to treat and interpret.

In order to better distinguish different groups of pa-
tients with the same age but with different diseases, the
partition should be only age dependent. Such a depen-
dency should be related to the fact that the global heart
rate variability thus starts at a low level, increases during
childhood until young adulthood, and then decreases un-
til the end of life. We chose to make a linear dependency
for adults as

τ = 89− 0.60a , (4)

where a is the patient age in years and τ is the “radius”
of the central disk in ms. Such a partition was found
to provide a good discrimination between patients with
various diseases. Based on a preliminary investigation of
the heart dynamics recorded in newborns (see below), we
found that the threshold should be around 20 ms for few
month newborns. The maximal variability and, conse-
quently, the maximal threshold τ , being assumed to ob-
serve at about 20 years, we thus obtained a dependency of
τ versus the age a according to a sixth-degree polynomial

τ(a) = 17.7 + 9.1a− 5.16a2 + 0.014a3

−0.0002a4 + 0.0000015a5 − 4.4.10−9a6 .
(5)

When only adults are considered, the linear regression (4)
would be sufficient to determine the threshold τ .

Once the symbolic dynamics is built according to par-
tition (3), the heart variability is investigated in terms of
sub-sequences of a given number Nq of symbols. We used
Nq = 6 consecutive symbols, taken among the Np = 3

different symbols {0,1,2}. This leads to N
Nq
p = 36 = 729

possible sequences. Our statistics is thus correctly de-
fined since a 24-hour Holter contains about 100,000 RR
intervals. From these symbolic sequences, we choose to
characterize the cardiodynamics by computing a Shannon
entropy which was introduced to measure the information
production rate of a process [23]. We are here using such
an entropy as a measure of the “complexity” of the dy-
namics, a small entropy being associated with a simple
(periodic) solution and a large one with a complex (ape-
riodic) solution. Typically, the entropy for a period 1
regime is equal to zero since there is no information pro-
duced from an event to the next one. Contrary to this, the
entropy is maximum when all possible sequences (distin-
guished states) are equiprobable. The Shannon entropy
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is defined as

S̃h = −
N

Nq
p −1∑

n=0

Pn logPn , (6)

where Pn is the realization probability of the nth sym-
bolic sequence among the 729 possible ones where n cor-
responds to the integer of the 6-symbol sequence read
in base 3. The Shannon entropy is normalized by the
largest entropy which is obtained when all sequences are
equiprobable, that is, with a probability equal to 6.59.

The relative Shannon entropy Sh = S̃h

Smax
is thus within

the unit interval [0, 1]. A relative Shannon entropy Sh
close to 1 implies a very complex dynamics for which
arrhythmias are frequent. By definition, sinus rhythm
is mostly associated with small variations (symbols “1”)
and characterized by an entropy close to 0. As we will
see in next section, the entropy for subjects with a normal
sinus rhythm is roughly 0.3.

The symbolic dynamics defined by the partition (3)
splits the first-return map in 9 panels (Fig. 1), each of
them being characterized by a probability of visits ηij .
The central domain designated by “11” therefore corre-
sponds to a cardiac dynamics ruled by the sinus node.
Domains 00, 10, 20 and 21 correspond to a fast decreas-
ing between two consecutive RR intervals (acceleration in
the heart rate), whereas domains 01, 02, 12 and 22 cor-
respond to a fast increasing between two consecutive RR
intervals (deceleration in the heart rate).

ΔRRn

ΔRRn+1

+τ

+τ

11

10 21

21

221202

01

00

   τ

   τ

Figure 1: Partition of the first-return map in 9 panels,
according to partition (3) used to define the symbolic dy-
namics.

Asymmetry in the sinus heart rate was already inves-
tigated using different measures from the RR intervals
[24, 25, 26]. In the present study, we choose to use the dif-
ferences ∆RR between successive RR intervals; we there-
fore did not perform our analysis from the same variable.
Moreover, we did not filter the data to remove arrhyth-
mias (such as VPC), contrary to what is commonly done
in other studies. Our objective was thus to define an in-
dex being representative of the asymmetry of the entire
cardiac dynamics, including arrhythmias if there are any.
We defined our asymmetry coefficient as

α =
1

4

[
η00
η22

+
η01
η21

+
η02
η20

+
η10
η12

]
(7)

where each term is the ratio between the probability of
visits of a domain corresponding to fast accelerations and
its symmetric under an inversion symmetry (in the plane
of the first-return map on ∆RR). Consequently, an α coef-
ficient roughly equal to 1 is representative of a balance be-
tween fast accelerations and decelerations in the rhythm.
α < 1 represents a tendency to fast decelerations and
α > 1 represents a tendency to fast accelerations in the
cardiac rhythm.

Using the normalized Shannon entropy Sh and the
asymmetry coefficient α, we constructed a map in order
to distinguish the different types of dynamics, grouping
the first-return maps with similar structures in given do-
mains of the map Sh-α. The Shannon entropy allows to
discriminate wide from reduced variabilities, whereas ex-
treme values of the asymmetry coefficient α indicate an
imbalance between accelerations and decelerations in the
heart dynamics.

3 Validation protocol

3.1 Physionet data

In order to test the discriminating power of our technique,
we selected three different groups of patients from the
Physionet database [27]. For each of them, a long-term
ECGs (24 hours) containing around 100,000 RR intervals
was downloaded. The first group included 15 healthy sub-
jects with normal sinus rhythm (NSR) and no significant
arrhythmias, aged 33± 7 years (range 20 to 45). Accord-
ing to Eq. (4), the corresponding threshold τNSR required
for constructing the symbolic dynamics was thus 69 ms.
The second group was made of 15 patients with severe
congestive heart failure (CHF) (NYHA class 3-4), aged
59± 6 years (range 48 to 71). The corresponding thresh-
old τCHF was thus 54 ms. The third group contained
15 patients with sustained atrial fibrillation (AF) (one or
more episodes during at least 20 hours of the recordings),
aged 66 ± 12 years (range 39 to 87). The corresponding
threshold τAF for the symbolic dynamics was thus 50 ms.

3.2 Structures of the first-return maps

Firstly, we plotted the first-return maps from the ∆RR
variable for all patients from the three groups. First-
return maps of healthy subjects are characterized by a
central cloud of points whose size depends on the consid-
ered patient. Some points can be out of the central cloud
but their repartition is rather homogeneous.

Patients affected by congestive heart failure are char-
acterized by a central cloud (abnormally smaller than in
healthy subjects) and four well-defined segments whose
orientations do not depend on the patients. Atypical an-
gular distribution shows that the four segments are ori-
ented at 2π

3 , π, 3π
2 and at about 11π

6 (Fig 3). These seg-
ments correspond to ventricular premature contractions
(VPC) consisting in a premature contraction which is not
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Figure 2: First-return map built on ∆RR for a Phys-
ionet patient from the group NSR and the corresponding
schematic model.

triggered by the sinus node but by an ectopic centre: they
occur randomly. The premature beat is always followed
by a prolonged beat that offsets the anticipation in order
to synchronize cardiac contraction with the sinus node
activity [28]. The structure of the first-return maps of
patients with congestive heart failure thus suggests that
they are subject to VPCs. A relation between heart fail-
ure and VPCs had been established but the underlying
mechanism remains poorly understood [29].

When bursts of successive VPCs occur, two additional
segments can be distinguished in the first-return map at
θ = 3π

4 and θ = 7π
4 , respectively.
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Figure 3: First-return map built on ∆RR for a Phy-
sionet patient from the group CHF and its schematic
model.

Patients affected by atrial fibrillation present a very
wide and dense first-return map, with a characteristic
triangular shape (Fig. 4). This triangular shape is high-
lighted by the angular distribution which presents three
main orientations located at π

2 , π and 7π
4 , respectively.

The central disk cannot be distinguished: the cardiac
rhythm is not governed by the sinus node. By investi-
gating the three heights of the triangle, they mostly cor-
respond to fast isolated decelerations in the heart rate.
When a deceleration event occurs with an elongated RR
interval, the heart returns to its normal activity by a
resynchronization to the sinus node during the following
beat. Consequently, short irregular heart beats (tachy-
cardia) frequently occurs in ECG. Such an acceleration
of the heart rate is balanced according to a property of

the atrioventricular node which presents a decremental
conduction, that is, the more frequently the node is stim-
ulated, the slower it conducts [30]. This prevents rapid
conduction to the ventricles in the case of rapid atrial
rhythms as encountered in atrial fibrillation. These pa-
tients suffering of atrial fibrillation are thus subject to an
interplay between very frequent fast accelerations and de-
celerations in the heart rhythm, decelerations structuring
the triangular shape of the first-return maps.
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Figure 4: First-return map built on ∆RR for a Phys-
ionet patient from the group AF and its schematic cor-
responding model.

3.3 Results

The very different dynamical properties presented by the
three groups of patients were clearly evidenced by our
computations (Tab. 1). The relative Shannon entropy
was rather small for the CHF group, slightly greater for
healthy patients, and substantially greater for the AF
group. The asymmetry coefficient α was close to 1 for
healthy subjects and patients with AF, and significantly
greater for the CHF group. The realization probability
P111111 (using the three-symbol dynamics) was large for
patients with CHF, smaller in healthy patients and the
smallest for the AF group.

The Sh − α map allows to discriminate the different
types of cardiac dynamics by grouping the first-return
maps with similar structures in given domains (Fig. 5).
CHF patients whose first-return maps present character-
istic segments due to the occurrence of VPCs are located
in the upper left corner of the map. This area corresponds
to large asymmetry coefficient α and to small Shannon en-
tropy. Structures in the right part of the map correspond
to the largest Shannon entropies, thus revealing complex
dynamics. Moreover, the first-return maps are located
in the neighbourhood of the line α = 1, thus clustering
patients affected by atrial fibrillation (whose first-return
maps have a triangular shape) at the extreme right of
this line. Healthy subjects are in the middle part of the
map with a Shannon entropy distributed around Sh = 0.3
and with an asymmetry coefficient close to 1. Their first-
return maps have a mostly circular shape of variable size.
Thus, the association between the shape of first-return
maps and the computed characteristics allows to clearly
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Table 1: Mean and standard deviation of the relative
Shannon entropy Sh, of the realization probability of se-
quence “111111” encoded with the 3-symbol dynamics
and of the asymmetry coefficient α, for each group of the
Physionet patients. p-values between each group are
also reported (Wilcoxon rank-sum test).

Patients Sh p-value

NSRi 0.304 ± 0.172 ]p < 0.01 ]p < 0.01CHFi 0.150 ± 0.159

AFi 0.893 ± 0.035 ]p < 0.01

Patients α p-value

NSRi 0.952 ± 0.268 ]p < 0.01 ]p = 0.54 n.s.CHFi 3.386 ± 2.798

AFi 1.068 ± 0.106 ]p < 0.01

Patients 111111 p-value

NSRi 68.44 ± 18.02 % ]p < 0.01 ]p < 0.01CHFi 83.33 ± 21.05 %

AFi 1.52 ± 4.95 % ]p < 0.01

discriminate the three groups of patients (Tab. 2). The
Sh-α map provides an overview of the results allowing to
visually identify the group to which a patient belongs.
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Figure 5: Map spanned by the relative Shannon entropy
Sh and the asymmetry coefficient α. The 15 patients of
each group are reported. A logarithmic scale is used in
the abscissa to improve the clarity of the map.

4 Cardiac dynamics from vulner-
able infants

4.1 Data

A routine monitoring was performed in fourteen infants
who were hospitalized for cardio-respiratory alerts at the
Rouen University Hospital. These infants are among the
quite rare infants hospitalized with such events during
the two years of our protocol. The electrocardiograms —
recorded with a monitor Philips MP 70 — were con-

Table 2: Main tendencies of the Shannon entropy and the
asymmetry coefficient α for each group of patients. The
shape of first-return maps is also reported.

Group Sh α Structure

NSR medium around 1 circular
CHF low to medium greater than 1 segments
AF high around 1 triangular

verted into tachograms using the Physionet software
(free access online). All the infants were followed up after
an acute event: mostly after a bronchiolitis with or with-
out respiratory syncytial virus (RSV), or after a gastro-
oesophageal reflux, discomfort, vomiting or alarms during
home monitoring.

4.2 Results

Since the infants are between 0 and 1 year old, the sym-
bolic dynamics is constructed using a threshold τ equal
to 26 ms according to equation (5). Heart rate variability
among the infants is quite important, as shown by the av-
erage relative Shannon entropy (Sh = 0.42± 0.19) which
is greater than the value (Sh = 0.30) for which the vari-
ability is considered as being “normal” for adults. The
average asymmetry coefficient is slightly greater than 1
(α = 1.25± 0.68). All the results are reported in Tab. 3.
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Figure 6: Map spanned by the relative Shannon entropy
Sh and the asymmetry coefficient α, in which are reported
the first-return maps for the 14 infants of our protocol.

At least five infants among the fourteen monitored
presented severe cardiodynamical troubles. The relative
Shannon entropy reveals the presence of many arrhyth-
mias in infants 6 (Sh = 0.74), 8 (Sh = 0.74) and 14
(Sh = 0.68); in these three infants, there is low realization
probability P111111. Numerous ∆RR have been therefore
encoded with symbols 0 and 2, meaning that many large
variations were detected and that these infants have com-
plex cardiac dynamics. The asymmetry coefficient α for
these patients are close to 1, resulting from arrhythmias

ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014 389



E. Fresnel, V. Messager, J.-F. Muir & C. Letellier

such as accelerations which are balanced by decelerations.
First-return maps of these infants present a triangular
shape. For these reasons, infants 6, 8 and 14 are identi-
fied as being similar to the group with atrial fibrillation.
In the map spanned by the relative Shannon entropy and
the asymmetry coefficient, infant 2 is at an intermediary
location between the three infants with atrial fibrillation
and those with a more normal heart variability. His asym-
metry coefficient is slightly less than 1, more or less as
encountered in healthy people but his relative Shannon
entropy is an intermediate value (Sh = 0.53). The cor-
responding return map has a triangular shape as most of
the maps (see the maps for infants 1, 4, 13 or even infant
7) but with a greater size. The first-return map computed
for infant 7 has a small triangular shape and small seg-
ments very rarely visited which are different from the four
segments characteristic of PVCs. These cardiodynamics
of these infants present the same dynamical feature as
observed in patients with atrial fibrillation.

Table 3: Relative Shannon entropy Sh, asymmetry coeffi-
cient α and realization probability P111111 computed from
RR intervals recorded in the 14 infants of our protocol.

Sh α P111111

1 0.34 0.72 64.9%

2 0.53 0.80 40.9%

3 0.43 2.40 43.2%

4 0.38 0.90 60.9%

5 0.15 1.13 86.6%

6 0.74 0.92 19.4%

7 0.16 0.88 85.0%

8 0.74 0.92 19.4%

9 0.24 1.13 77.0%

10 0.35 2.58 57.4%

11 0.36 0.76 65.4%

12 0.40 2.47 59.6%

13 0.38 0.84 61.1%

14 0.68 1.00 31.3%

The asymmetry coefficient α reveals that infants 3, 10
and 12 present many fast accelerations of the heart rate:
according to the shape of their first-return maps, there
are isolated extrasystoles (case of infant 3, α = 2.40)
or bursts of successive extrasystoles (case of infant 10,
α = 2.58). Infant 12 has an atypical first-return map
in which points are located along the second bisecting
line, implying a tendency to bigeminy, that is, a period-
2 regime, alternating fast accelerations and decelerations
in the heart rate. For these three infants, the associated
Shannon entropies are quite large, contrary to what was
found in the adults previously investigated. These three
first-return maps are associated with entropies revealing
complex dynamics. Infants 3, 10 and 12 have character-
istics corresponding to a congestive heart failure.

Infants 1, 4, 11 and 13 have Shannon entropies between

0.30 and 0.40, and asymmetry coefficients less than 1.
The percentage of realized sequence “111111” is greater
than 60% and the first-return maps are made of a central
cloud with a shape roughly suggesting a triangle (infants
1, 4 and 13); perhaps this is a signature of the immaturity
of the regulation mechanisms. According to the Shan-
non entropy and the asymmetry coefficient, these infants
should be identified as having a sinus rhythm supposed
to be normal for an infant. The lack of available data
does not allow us to compare these dynamics with those
measured in infants without cardio-respiratory alerts.

Lastly, infants 5, 7 and 9 have the smallest Shannon en-
tropies, suggesting reduced variabilities. We can distin-
guish small segments (although not so often visited) as
typically encountered in patients with congestive heart
failure). Very likely, arrhythmias are not significant in
these infants.

As for adults, the Sh-α map provides a visual classifi-
cation of the fourteen cardiodynamics as previously ex-
plained (Fig. 6). Infants 3, 10 and 12 are in the upper part
of the map and would be associated with CHF. Infants 6,
8 and 14 are in the right part of the map, thus suggesting
an AF. The remaining infants (1, 4, 5, 7, 9, 11, 13) are
in the middle part of the map, a feature that would most
likely correspond to a NSR; the triangular shape of the
central cloud could be a signature of the immaturity of
the cardiodynamics. Infant 2 had a very atypical map
which should deserve further investigations.

5 Cardiac dynamics from patients
with respiratory failure

5.1 Data

Fourteen patients with chronic respiratory failure were
monitored during three nights at the Rouen University
Hospital [?]. The first night consisted in a polysomnogra-
phy recorded during spontaneous breathing in order to
have a reference night without mechanical ventilation.
The following night was recorded under noninvasive me-
chanical ventilation. Ventilator settings were adjusted
during the week in order to improve the synchronization
between patient’s ventilatory cycle and the pressure cy-
cle delivered by the ventilator. Each patient was then
recorded two weeks after the first night under mechani-
cal ventilation. Data were recorded using a CID102-L8D
(CIDELEC SA, France).

Six patients (1, 2, 4, 5, 8 and 9) suffered from an obe-
sity hyperventilation syndrome (OHS), often associated
with sleep apneas. Three patients (3, 7 and 10) suffered
from amyotrophic lateral sclerosis with sleep apneas for
the first two. Patient 6 suffered from kyphoscoliosis with
sleep apneas.
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5.2 Results

Since the mean age for these ten patients was 65 ± 12,
the dynamics was constructed using a time threshold τ
set at 50 ms according to equation (5). Shannon entropy
and asymmetry coefficient for these ten patients are re-
ported in Tab 4. Heart rate variability is quite large in
these patients as evidenced by the mean relative Shannon
entropy (Sh = 0.50±0.34) which is greater than the “nor-
mal” value computed for healthy adults (Sh = 0.30). It
has been shown that obesity can predispose to or is asso-
ciated with numerous cardiac complications such as coro-
nary heart disease, heart failure, and sudden death [31].
Moreover, weight-stable obese subjects have an increased
risk of arrhythmias and sudden death, even in the ab-
sence of cardiac dysfunction [32, 33], a risk observed in
both genders [34]. More than half of our patients suf-
fering from OHS, they are good candidates for complex
cardiac dynamics. The average asymmetry coefficient is
greater than 1 (α = 1.63 ± 0.86): this can be explained
by the fact that the autonomic nervous system can be
disturbed in chronic respiratory failure via an activation
of the sympathetic system known for increasing the rate
and the contraction force of the heart [35].

Table 4: Relative Shannon entropy Sh, asymmetry coeffi-
cient α and realization probability P111111 computed from
∆RR recorded in our 10 patients with chronic respiratory
failure in spontaneous breathing.

Sh α P111111

1 0.07 1.08 95.0%

2 0.73 2.86 13.7%

3 0.90 1.14 1.6%

4 0.80 1.26 0.8%

5 0.05 1.11 96.3%

6 0.65 3.55 8.5%

7 0.49 1.62 39.1%

8 0.24 1.29 77.5%

9 0.88 1.17 7.2%

10 0.18 1.25 84.6%

At least five patients in spontaneous breathing pre-
sented cardiodynamics troubles. The relative Shannon
entropy reveals the presence of many arrhythmias in pa-
tients 3 (Sh = 0.90), 4 (Sh = 0.80) and 9 (Sh = 0.88);
the realization probability P111111 of normal beats is very
low in these patients. Contrary to what was observed
with previous patients with high Shannon entropies, these
ten patients present an asymmetry coefficient α which is
greater than 1 (it was close to 1 in patients with AF
and in the infants). These α values may result from the
sympathetic activation due to chronic respiratory failure.
First-return maps of patients 3 and 4 present a triangular
shape, whereas the first-return map for patient 9 presents
the three oriented segments and is more restricted to a
central disk than the two previous ones. These three pa-

tients present characteristics similar to those observed in
patients suffering from AF.

The asymmetry coefficient α reveals that patients 2 and
6 present many fast accelerations of the heart rate: ac-
cording to the shape of their first-return maps, they have
isolated extrasystoles (patient 2, α = 2.86) or bursts of
successive extrasystoles (patient 6, α = 3.55). These two
patients have characteristics corresponding to those pre-
sented by patient suffering from CHF. Contrary to the
Physionet patients with CHF, these patients are char-
acterized by large Shannon entropies. Patient 2 is suf-
fering from an obesity hypoventilation syndrome which
may induce cardiac arrhythmia; patient 6 is affected with
kyphoscoliosis which may induce respiratory and cardiac
failure [36]. Patient 7 presents large asymmetry coeffi-
cient and Shannon entropy. Its first-return map does not
have segments and is located in the Sh-α map between
those associated with healthy adults and those for pa-
tients suffering from CHF.

Patients 8 and 10 have Shannon entropies around 0.20
and a percentage of sequence 111111 greater than 75%.
Asymmetry coefficient α is slightly greater than 1. These
patients could be considered as being healthy from the
cardiac point of view. Patients 1 and 5 are character-
ized by the smallest Shannon entropies, thus suggesting
reduced variabilities.

As for the Physionet patients, the Sh-α map (Fig. 7)
provides a classification of the ten cardiodynamics as pre-
viously explained. Patients 2 and 5 are in the upper part
of the map where first-return maps on ∆RR associated
with patient suffering from CHF are located. Patients 3,
4 and 9 are in the right part of the map, where those
corresponding to patient suffering from AF are observed.
The remaining patients (1, 5, 8, 10) are in the middle left
part of the map where patients with NSR are located.
Patient 7 has atypical characteristics and is isolated from
the other groups.

The recordings during the first and the fourteenth
nights of mechanical ventilation were made for investigat-
ing the impact of such ventilatory assistance on cardiody-
namics. During the first night of mechanical ventilation,
there are some clear indications that the cardiodynamics
is affected. Although the mean Shannon entropy (Sh =
0.47± 0.30) is not significantly changed compared to the
value under spontaneous breathing (Sh = 0.50 ± 0.34)
and, consequently, remains rather large, the mean asym-
metry coefficient (α = 1.23 ± 0.19) is significantly de-
creased (p = 0.037, Wilcoxon rank-sum test) under me-
chanical ventilation compared to those under spontaneous
breathing (α = 1.63 ± 0.86). The imbalance between
fast acceleration and fast deceleration is strongly reduced,
particularly for the two patients 2 and 6 who presented
a large number of extrasystoles (compare the location in
the Sh-α map under spontaneous breathing shown in Fig.
7a and in the corresponding map under mechanical ven-
tilation (Figs. 7b and 7c): as a consequence, the prob-
ability p111111 for observing a sequence of normals beats
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Figure 7: Map spanned by the relative Shannon entropy
Sh and the asymmetry coefficient α, in which are reported
the first-return maps for the 10 patients of our protocol.

increased.

After two weeks under mechanical ventilation, the
mean Shannon entropy (Sh = 0.44± 0.32) is still slightly
smaller than the one under spontaneous breathing but
the difference remains non significant: this is certainly
due too few patients who received a ventilation with ven-
tilator settings perhaps non optimal. Indeed, some pa-
tients presented a Shannon entropy which was clearly re-
duced, for instance from Sh = 0.54 under spontaneous
breathing to 0.36 during the 14th night under mechanical
ventilation (case of patient 4). Concerning the asymme-
try coefficient α, there is a rebond effect since, after two
weeks, it increases to become non significantly different
(α = 1.42 ± 0.38) compared to the value under sponta-
neous breathing. In particular the number of of extrasys-
toles increases as evidenced in the map Sh-α (Fig. 7c).
A larger cohort should be investigated to confirm these
features.

6 Conclusion

We discriminated three different characteristic patterns
of cardiac dynamics in three groups of adults with
clearly identified status as reported in the Physionet
database. First-return maps built on the ∆RR recorded
in adults with normal sinus variability are mostly struc-
tured around a central disk; those associated with pa-
tients suffering from atrial fibrillation presented a quite
large triangular shape and those for patients with con-
gestive heart failure evidenced clear segments character-
istics of extrasystoles. The map spanned by the Shan-
non entropy and the asymmetry coefficient provided an
efficient tool for discriminating the cardiodynamics, clus-
tering the first-return maps on ∆RR according to their
structures. This was confirmed on various cohort as new-
borns with cardiorespiratory alerts or ventilated patients
suffering from chronic respiratory failure. These three
main patterns could therefore serve as references for an-
alyzing cardiodynamics in a general way, thus suggesting
than using first-return maps on ∆RR is a powerful tool
for distinguishing patients with different cardiac patholo-
gies, from the newborn to the adults.
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A CANCER MODEL FOR THE ANGIOGENIC SWITCH
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Abstract. The occurrence of metastasis is an important feature in

cancer development. In order to have a one-site model taking into

account the interactions between host, effector immune and tumor

cells which is not only valid for the early stages of tumor growth

but also for vascular tumor growth, we developed a new model

where are incorporated interactions of these three cell populations

with endothelial cells. These latter cells are responsible for the neo-

vascularization of the tumor site which allows migration of tumor

cells to distant sites. It is thus shown that, for some parameter val-

ues, the resulting model for the four cell populations reproduces the

angiogenic switch, that is, the transition from avascular to vascular

tumor.

Keywords. Cancer model, angiogenic switch, endothelial cells,

Chaos

1 Introduction

Tumor growth is a complex process depending on var-
ious cell types as mutant (tumor) cells, host (normal-
tissue) cells, immune cells (lymphocytes, macrophages),
endothelial cells... In order to get real insights into key pa-
rameters that control system dynamics, theoretical mod-
els are required [1]. They can also be used for designing
new effective treatments without an extensive experimen-
tation [2]. Most of the models used for investigating tu-
mor growth are at the tissue level as reviewed in [3, 4]:
at this level of description unavoidable simplifications are
made, focusing on some detailed mechanisms depending
on the objectives. In the present, we would like to develop
a generic model (not specific to a given type of cancer)
at the tissue level for a single tumor site. Our aim is
to include the micro-environment (host or healthy cells)
of the tumor cells as considered in [5, 6]. To overcome
the limitation of these latter models which are only for
avascular tumor growth, we introduced interactions be-
tween tumor, immune, host and endothelial cells as rec-
ommended by Merlo and co-workers [7]. Since we limit
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our model to a single tumor site, cell migration by dif-
fusion or by circulating through the blood vessels is not
considered in this paper. Nevertheless, we would like to
have a model for which the presence (or not) of angiogen-
esis depends in a simple way on some parameters since
angiogenesis is a necessary process for reproducing the
emergence of multiple solid tumors [8]. Thus by intro-
ducing endothelial cells in the model initially proposed
by de Pillis and Radunskaya [9, 10] we constructed a one-
site cancer model which is also valid for vascular tumor
growth. Indeed, as a prerequisite step, before considering
spatio-temporal models for tumor growth, it is relevant
to have a model which reproduces the angiogenic switch,
an important feature inducing metastasis during tumor
growth.

2 A four-dimensional model with
endothelial cells

In most of cancers, tissue invasion and the occurrence of
metastasis is a key step in tumor growth associated with a
bad prognostic. Tumor cells become thus more aggressive
once tumor hypoxia triggered neo-vessels. Indeed, beyond
a given size, numerous tumor cells become in a state of
hypoxia and therefore trigger the tumor neo-angiogenesis,
that is, induces the production of new vessels issued from
the existing ones. Fed with supplementary resources, tu-
mor cells proliferate with an increased growth rate and
neo-vascularization opens new routes for tissue invasion
and metastasis. This is the so-called angiogenic switch
corresponding to the switch from an avascular to a vascu-
lar tumor. Such an angiogenic switch cannot exist with-
out endothelial cells that are responsible for the produc-
tion of vessels.

Our objective is thus to build a four-dimensional model
able to reproduce the angiogenic switch by the means of
endothelial cells. Three main interactions have to be con-
sidered. The first type of interactions are between tumor
cells and endothelial cells. When the tumor diameter is
less than 1 or 2 mm, tumor cell needs in oxygen and nu-
triments are satisfied by blood vessels at a distance not
exceeding 50-100 µm, that is, within the oxygen diffu-
sion distance. When the tumor size increases beyond this
threshold, tumor needs become too important and can
no longer be satisfied by these pre-existing blood vessels.
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Tumor cells must therefore drain oxygen and nutriments
from more distant locations, being beyond the oxygen dif-
fusion limit. Pushed to cellular hypoxia [11], tumor cells
produce Hypoxia Inducible Factor (HIF) proteins which
stimulate in turn transcription of Vascular Endothelial
Growth Factor genes. The newly produced VEGF protein
binds to VEGF receptors on endothelial cells producing
vessels. Such a bind induces a signal stimulating a pro-
liferation of endothelial cells. It corresponds to arrow 1
drawn in the flow graph of our four-dimensional model
(Fig. 1).

host cells

   tumor cells

effector immune cells

endothelial cells

+/-

+/-

+

+

-

+/-

--

+

2

1 3

-

-

Figure 1: Flow graph of our four-dimensional model de-
scribing interactions between host, effector immune, tu-
mor and endothelial cells.

The second type of interactions involving the endothe-
lial cells concerns those with tumor cells. Once their
growth is stimulated and that their migration is triggered,
endothelial cells structure new blood vessels. New vessels
thus reach the neighborhood of tumor cells and, conse-
quently, increase the proliferation of the latter. In princi-
ple, new vasculature would not be selective in the types of
cells it provides nourishment and, consequently, it should
also benefit to host cells. Nevertheless, tumor cells have
the ability to migrate through neo-vessels and to prolifer-
ate more importantly than host cells without saturating
the considered tumor site. For this reason, tumor cells are
more dependent on endothelial cells than host cells; we
therefore neglected interactions between endothelial cells
and host cells.

The third type of interactions considered in our model
is between endothelial cells and effector immune cells.
Once cancerogenesis is initiated, effector immune cells be-
come the main actors of the organism reaction against
tumor cells. To reach tumor cells, immune cells travel
in blood vessels. Thus, the vascular development in the
neighborhood of the tumor also increases the ability of
immune cells to interact with tumor cells and, conse-
quently, to improve the response of the immune system
against the cancer. Endothelial cells secrete chemoattrac-
tant molecules attracting immune cells; thus an increase
of chemoattractant concentration induced by a growth of
endothelial cells induces an additional influx of immune

cells to the tumor site [1, 2, 12, 13]. By the same time,
endothelial cells may have a negative effect on immune
cells [12], a feature taken into account in our model by
the indirect effect endothelial cells have on immune cells
via interactions these two populations of cells have with
tumor cells. In turn, a decrease of immune cells provokes
an increase of the tumor cell population.

Since our main objective is to obtain a cancer model re-
producing the tumor neo-angiogenesis, we focused our at-
tention on the previous three types of interactions. Other
interactions between endothelial cells and host cells or ef-
fector immune cells are not relevant in the context of the
present model. For instance, we assumed that immune
cells have no (or a very limited) impact on the develop-
ment of endothelial cells as done in [14]. More impor-
tantly, there is no positive feedback loop of endothelial
cells to themselves because their development essentially
results from the interactions they have with tumor cells.
Consequently, proliferation of endothelial cells is due, in
our model, to a coupling between tumor cells and en-
dothelial cells associated with a small natural death rate
represented by a negative feedback loop.

3 The equations and a stability
analysis of singular points

According to the flow graph, and based on the three-
dimensional model [9, 10], we built a set of four differ-
ential equations describing the tumor growth taking into
account endothelial cells. The 4D model reads





ẋ = ρ1x(1 − x) − α13xz

ẏ =
ρ2yz

1 + z
− α23yz − δ2y + α24yw

ż = ρ3z(1 − z) − α31zx − α32zy +
α34zw

1 + w

ẇ =
ρ4wz

1 + z
− δ4w

(1)

where x represents the population of host cells, y is as-
sociated with the population of effector immune cells, z
with tumor cells and w corresponds to endothelial cells.
Positive interaction between immune and endothelial cells
is represented by the sole term α24yw in the second equa-
tion of model (1).

When an immune response is triggered, effector lym-
phocytes reach the pathogen site (the tumor) via the
blood flow ; they use vessels for their migration. Con-
sequently, immune cells are thus promoted by endothe-
lial cells contributing to new vessels through which they
can reach the tumor [12]. If immune cells do not require
endothelial cells to proliferate, the immune response is
obviously stronger when they are present.

Tumor cells interact with endothelial cells in a recip-
rocal manner, that is, both types of cells receive benefits
from their interactions. At the cellular level, the presence
of tumor cells in the environment triggers the endothelial
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cell proliferation. At the tissue level, such a feature can
be described by a Michaelis-Menten term such as ρ4wz

1+z
in the fourth equation of model (1); the population of
endothelial cells thus saturates at the maximal value ρ4.
When new vessels are formed, tumor cells are no longer in
hypoxia and their proliferation is increased: this is the so-
called angiogenic switch leading to the vascular phase. A
term reflecting the proliferation of tumor cells due to the
presence of endothelial cells is thus added to the logistic
term modelling the tumor cell growth. In the third equa-
tion of model (1) we choose to represent this additional
term by α34zw

1+w as done for describing the proliferation of
endothelial cells.

The two terms for describing interactions between tu-
mor and endothelial cells are type ii Holling response
functions whose saturation effects are more adequate to
model these interactions than a type i Holling response
function. To complete this cancer model, the term −δ4w
in the fourth equation describes the natural death rate of
endothelial cells.

Our 4D model (1) is investigated with parameter values
as

α24 = 0.3 stimulation of effector cells by endothe-
lial cells;

α34 = 0.75 tumor cell growth rate due to neo-
angiogenesis;

ρ4 = 0.86 endothelial cell growth rate;

δ4 =
1

11
endothelial cell natural death rate,

the other parameters being kept as for the 3D model [9,
15] whose solution is a chaotic attractor, that is,

ρ1 = 0.518 host cell growth rate;
α13 = 1.5 host cell killing rate by tumor cells;
ρ2 = 4.5 effector immune cell growth rate;
α23 = 0.2 effector immune cell inhibition rate by

tumor cells;
δ2 = 0.5 effector immune cell natural death rate;
ρ3 = 1 tumor growth rate;
α31 = 1 tumor killing rate by host cells;
α32 = 2.5 tumor cell killing rate by effector immune

cells.

As for most mathematical models at tissue level, biologi-
cal meaning of these values is rather uncertain.

With these parameter values, the 4D model (1) has
seven fixed points with positive coordinates, namely

S0 =

∣∣∣∣∣∣∣∣

0
0
0
0

, S1 =

∣∣∣∣∣∣∣∣

1
0
0
0

, S2 =

∣∣∣∣∣∣∣∣

0
0
1
0

, S3 =

∣∣∣∣∣∣∣∣

0
0.394
0.118
0.160

,

S4 =

∣∣∣∣∣∣∣∣

0
0.347
0.133
0

, S5 =

∣∣∣∣∣∣∣∣

0.616
0.101
0.133
0

, and S6 =

∣∣∣∣∣∣∣∣

0.658
0.131
0.118
0.160

.

There are also four singular points which have at least
one negative coordinates; they do not contribute to the
dynamics since they are not located in the positive do-
main of the phase space (a population cannot be neg-
ative). Point S0 (saddle point), located at the origin of
the phase space, corresponds to an empty site. This point
must be unstable (since it has not biological meaning, it
should not be possible to observe it). Point S1 (nearly a
stable node) is associated with a site only inhabited by
host cells whose growth is governed by the logistic func-
tion ρ1x(1 − x): it should be stable, at least for healthy
patients. Point S2 (saddle point) corresponds to a site
where only tumor cells are observed with the growth ac-
cording to ρ3z(1−z). This is thus a pathological state for
which tumor cells are at hypoxia: it must be unstable by
definition. Contrary to this, point S3 (saddle-focus SF−)
corresponds to a site where tumor cells are at equilibrium
with effector immune and endothelial cells: it can be sta-
ble, a property which would be of a worse prognostic for
the patient than point S2 since tumor cells can migrate
to other sites due to new blood vessels produced by en-
dothelial cells. Point S4 (saddle-focus SF−) is associated
with a site inhabited by immune and tumor cells: a pri-
ori, this point corresponds to an avascular tumor which
cannot induce metastasis since there is no endothelial cell
involved. The tumor should remain localized and, conse-
quently, could be quite well-treated by a radiotherapy, for
instance. Point S5 (saddle-focus SF+) corresponds to a
site where host, immune and tumor cells co-exist: such a
state could be associated with a tumor before the angio-
genic switch occurs. Host cells are still dominant. The
existence of such a point reveals that, in certain cases,
rare if this point is unstable, a tumor does not necessar-
ily increase its size up to the angiogenic switch. Point
S6 (saddle-focus SF+) represents a site in which the four
populations co-exist, meaning that the angiogenic switch
already occurred: this is therefore a vascular tumor. At
such a point, the prognostic for the patient would be un-
certain since metastasis are very likely expected.

4 Dynamical analysis

In order to perform the dynamical analysis, we choose to
use the differential embeddings induced by each variable
of our four-dimensional model. Let us designate by s
the “measured” variable. The corresponding differential
embedding is thus spanned by (X, Y, Z, W ) = (s, ṡ, s̈,

...
s ).

As for the 3D model (see a detailed discussion in [15]), the
differential embedding induced by variable x is the single
one which does not present a domain of the phase space
where the trajectories are strongly confined, meaning that
host cells should still provide the best observability of the
dynamics.

In order to browse various patient conditions, we choose
to vary parameter values, namely the growth rate ρ1 of
host cells since we observed that it allows to switch from
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Figure 2: Chaotic attractor solution to the four-
dimensional model (1). Singular points structuring the
attractor are also shown. Parameter values as in the main
text and ρ1 = 0.518, α13 = 1.5, ρ2 = 4.5, α23 = 0.2,
δ2 = 0.5, α32 = 2.5, α31 = 1.0.

common to dormant cancer [15], and parameters ρ2 and
ρ4. Bifurcation diagrams versus one of these parameters
are computed as introduced in [15], that is, using minima
and maxima of a given variable to obtain its range of vari-
ability. This is easily done in a differentiable embedding
by defining the two-componentsPoincaré section as

PD ≡
{
(Xn, Zn, Wn) ∈ R3 | Yn = 0, Zn ≷ 0

}
(2)

where Zn > 0 corresponds to minima and Zn < 0 to
maxima of the “measured” variable. The bifurcation dia-
grams versus the endothelial cell growth rate ρ4 are shown
in Figs. 3a-c: they are ended at ρ4 = ρ∞ ≈ 0.92, when
the trajectory is ejected to infinity. The most remark-
able feature is that there is a threshold value ρ4 = 0.777
under which there is no bifurcation, thus meaning that
this growth rate does not affect the dynamics (the tumor
growth) when ρ4 < ρ4: there is thus a range of “patient
conditions” for which the tumor growth does not depend
on the endothelial cell growth rate, and which corresponds
to non metastatic patients. Beyond the threshold value
ρ4, the population of endothelial cells starts to be sig-
nificantly different from zero and presents chaotic oscil-
lations as the others (Fig. 3c). A patient with an en-
dothelial cell growth rate greater than ρ4 could present a
neo-vascularized tumor as discussed below. To this bifur-
cation corresponds a threshold value ρ4 beyond which the
angiogenic switch we wanted to describe with our model
can be observed. As a consequence, the tumor site can be
considered as being avascular when ρ4 < ρ4 and vascular
otherwise. This means that when the vascularization is
large enough (ρ4 ≥ 0.9), tumor cells saturate the site and
start to migrate toward other sites leading to metastasis
which are therefore strongly governed by the endothelial
cell growth rate. If other parameter values are kept con-
stant, there are thus two different groups of patients, one

with a growth rate ρ4 less than the threshold value and
for which patients do not present vascular tumor, and
one with a growth rate greater than the threshold value,
leading to vascular tumor. It is clear that this threshold
value depends on the other parameter values, that is, on
other patient conditions.
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Figure 3: Bifurcation diagrams versus the endothelial cell
growth rate ρ4 (ρ2 = 4.5). Other parameter values as in
Fig. 2.

From a dynamical point of view, this means that for
ρ4 < ρ4, the chaotic attractor can be embedded in the
three-dimensional sub-space R3(x, y, z) since w = 0. The
first-return map to a Poincaré section built from the min-
ima of variable x is a smooth unimodal map exactly as
observed in the 3D model for the same parameters value.
Consequently, this attractor is topologically equivalent to
the attractor solution to the 3D model.

Similar conclusions can be adressed when the immune
cell growth rate ρ2 is decreased (Figs. 4). For values larger
than ρ2 = 4, 9536, the population of endothelial cells re-
mains very small. Below this threshold value, this pop-
ulation of cells start to grow and vascular tumor can be
observed. When ρ2 ≤ 4.21, the population of tumor cells
becomes too large to remain in the same tumor site and
necessarily starts to migrate toward other sites. When
the growth of endothelial cells (immune cells) is too large
(small), metastatic cancer can be most likely expected.

Clinically speaking, let us consider one patient charac-
terized, from our model point of view, by a given set of
parameter values. It seems reasonable to assume that a
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Figure 4: Bifurcation diagrams versus the immune cell
growth rate ρ2 (ρ4 = 0.86). Other parameter values as in
Fig. 2.

patient in stable conditions would present parameter val-
ues constant in time. It is thus possible to imagine various
scenarios, only depending on patient conditions, that is,
on its parameter values. Let us first consider a patient
with an endothelial growth rate ρ4 = 0.72 < ρ4, the other
parameter values being those used in Fig. 2. Assume that
he has a tumor site with very few tumor cells, thus cor-
responding to initial conditions as x0 = 1, y0 = 0.01,
z0 = 0.01 and, w0 = 0.01. Time series of cell populations
are shown in Fig. 5a. First, tumor cells quickly prolifer-
ate, shortly followed by a rapid growth of the population
of effector immune cells, in reaction against the cancer
progression. At the beginning of the evolution, the popu-
lation of host cells decreases near zero, and there is a very
light increase of endothelial cells. Then, all these popu-
lations start to oscillate, with the exception of the popu-
lation of endothelial cells which vanishes. A patient with
such a tumor site would never have metastasis as long
as none of his parameters change in such a way that the
previously discussed bifurcation occurs. In the absence
of any therapy, all these parameters should not change
significantly over the duration commonly clinically con-
sidered for a tumor growth, that is, over a few years.

Let us now take a second case for which the endothelial
growth rate ρ4 = 0.92 > ρ4 (Fig. 5b). From the same
initial conditions as used in the previous case, the time
series during the early growth (t < 200 arbitrary units
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Figure 5: Time series of the four populations of cells pro-
duced by model (1). Initial conditions x0 = 1, y0 = 0.01,
z0 = 0.01 and w0 = 0.01.

of time) presented by the populations of host, immune
and tumor cells are quite similar to those observed for
ρ4 = 0.72: consequently, clinically speaking, the early tu-
mor progression (t < 200 arbitrary units of time) would
not be distinguished from the previous one. In fact, the
main departure is in the evolution of endothelial cells
which are progressively increasing their population up to
be significant (the angiogenic switch already occurred)
and, then to mainly affect the dynamics of immune and
tumor cells. The populations of immune and endothelial
cells present nearly synchronous oscillations in response
to those of tumor cells. Endothelial cells are now able to
build new blood vessels to drain supplementary resources,
mostly for tumor cells, in this site. As already mentioned,
since our model kept the site isolated from a larger envi-
ronment, populations of immune and tumor cells become
greater than those allowed by the carrying capacity.

In this second case, the patient would have metasta-
sis for t > 380 arbitrary units of time. From the clinical
point of view, what would help to predict the occurrence
of metastasis would be to investigate the ability of the pa-
tient to produce new endothelial cells in response to the
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demand of tumor cells, a parameter which is not clinically
assessed and thus leaving the impression that cancer pro-
gression is only governed by stochastic laws.

5 Conclusion

The 3D model proposed by de Pillis and Radunskaya is
very interesting because it takes into account interactions
of immune and tumor cells (two very often considered
populations in cancer models) with host cells (very rarely
considered). Its study led us to observe behaviors which
are consistent to some clinical observations [16, 17, 15]
as, for instance, the fact that some fast growing tumor
after dormant cancer can be observed for some param-
eter values. Nevertheless, this was a single tumor site
model which was therefore not able to reproduce rele-
vant phenomena as the occurrence of metastasis. In order
to overcome such a limitation, we introduced in this 3D
model the population of endothelial cells. Our 4D result-
ing model reproduces the angiogenic switch, a key phe-
nomenon for tissue invasion and the production of metas-
tasis. This model must be considered as a prerequisite
before considering a spatial model for tumor growth.

Contrary to de Pillis and Radunskaya’s model which
was limited to early stage of tumor growth, our model
thus spontaneously reproduces the angiogenic switch
which characterizes some developed cancers. In the
present one tumor-site version, the population of tumor
cells increases beyond the carrying capacity: when it will
be connected to other sites, this will be transformed into a
tumor-cell migration. Such a migration would thus result
from interactions between tumor cells and their microen-
vironment [18, 19]. Our model does not take into account
the biological complexity of cancer (genomic instability,
expression of a given inhibition factor, etc.) but focuses
on generic interactions between the different cell popula-
tions. It thus allows to reproduce situations observed in
vivo or in clinics, as for instance, more or less long latence
phases without metastasis as well as strongly invasive tu-
mors providing very quickly metastasis [20, 21]. Our 4D
model helped us to understand that metastasis strongly
depends on patient conditions.
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STABILIZABILITY AND IMPULSIVE CONTROL OF A
FOUR–DIMENSIONAL CANCER MODEL

M. Di Felice ∗, E. Pihan †, S. Attioui ‡, L. Viger §, J.-P. Barbot ¶,
S. Di Gennaro ‖, F. Denis ∗∗& C. Letellier ††

Abstract. A four-dimensional cancer model describing interac-
tions between host, immune, tumor and endothelial cells was in-
vestigated via a stability analysis exibiting the key parameter for
controlling the dynamics toward a tumor-free site. Such a result
was also supported by a less local approach based on a Lyapunov
function. A treatment based on an impulsive control technique was
proposed: the effect of the delay with which the action (killing a
certain amount of the tumor cells) is applied was also investigated.

Keywords. Tumoral Growth, Positive Systems, Chaotic Behav-

ior, Lyapunov Analysis, Impulsive Systems.

1 Introduction

Understanding tumor dynamics is essential for develop-
ing treatments specific to a given cancer and, if possi-
ble, to a given patient [1, 2, 3, 4]. From this point of
view, the mathematical modelling by differential equa-
tions of tumor growth and their study in the paradigm of
the nonlinear dynamical systems theory are particularly
suitable for explaining clinical observations [5, 6]. When
interactions between tumor cells, immune cells and host
cells are considered, the tumor growth can present some
characteristics of a chaotic behavior [7]. Moreover, one of
the most relevant properties of cancer dynamics is the so-
called “angiogenic switch” associated with the transition
from an avascular to a vascular tumor, that is, when neo-
vessels are mobilized for providing dioxygen and nutri-
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ments to the tumor site [8]. The model here investigated
therefore takes into account endothelial cells interacting
with the three other populations and, consequently, re-
produces the angiogenic switch [6].

In order to develop specific treatments, it is necessary
to identify the most relevant parameter for controlling
the dynamics toward a tumor-free site, more or less as it
is expected from a hormonotherapy. Our aim is thus to
force the solution of the considered cancer model to reach
an healthy (tumor-free) singular state by acting on this
key parameter which was selected using the control the-
ory and, in particular, by investigating the controllability
and the stabilizability of the cancer model. An (ideal-
ized) impulsive control technique was also developed for
controlling the tumor growth.

2 A 4–Dimensional Cancer Model

In this work we consider the four-dimensional tumor
growth model [6]

Ẋ = ρ1X(1 − X) − α13Xz

ẏ = ρ2y
z

1 + z
− α23yz − δ2y + α24yw

ż = ρ3z(1 − z) − α31Xz − α32yz + α34z
w

1 + w

ẇ = ρ4w
z

1 + z
− δ4w

(1)

describing the interactions between populations of host
cells X, immune cells y, tumor cells z and endothelial cells
w. The parameter values (Tab. 1) of system (1) are cho-
sen in such a way that the asymptotic solution is a chaotic
attractor A. Two projections in three–dimensional sub-
spaces of the chaotic attractor A issued from the initial
state (X(0), y(0), z(0), w(0))T = (0.8, 0.1, 0.3, 0.2)T are
shown in Figs. 1.
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Table 1: Parameter values of system (1) leading to a
chaotic attractor A corresponding to an avascular tumor.

ρ1 = 0.518 α13 = 1.5 ρ2 = 4.5 α23 = 0.2

δ2 = 0.5 α31 = 1 α32 = 2.5 α24 = 0.3

α34 = 0.75 δ4 = 0.0909 ρ4 = 0.86
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Figure 1: State space of system (1) for parameter values
as reported in Table 1.

Any trajectory in this attractor is associated with pos-
itive state variables. Indeed, the chaotic attractor A is
located in the positive domain

D̄ = {X, y, z, w | X ≥ 0, y ≥ 0, z ≥ 0, and w ≥ 0} .

Among the singular points of system (1), there is the
point S ≡ (1, 0, 0, 0)T corresponding to a site where only
host cells are present: this singular point thus corresponds
to a tumor-free site. We would like to impose to any tra-
jectory initially in the attractor A to converge toward
S by using small parameter variations and the smallest
number of state measurements. Such a task will be inves-
tigated with the stability analysis around S in the next
section.

3 Stability Analysis

We first consider the change of variable x = 1 − X (the
other variables are unchanged) in order to displace the
singular point S at the origin of the state space. Sys-
tem (1) is thus transformed into

ẋ = −ρ1x(1 − x) + α13(1 − x)z

ẏ = ρ2y
z

1 + z
− α23yz − δ2y + α24yw

ż = ρ3z(1 − z) − α31(1 − x)z − α32yz + α34z
w

1 + w

ẇ = ρ4w
z

1 + z
− δ4w .

(2)
The singular point S is located at (0, 0, 0, 0) in the corre-
sponding state space R4(x, y, z, w). Let us start by defin-
ing the conditions under which the domain

D =
{
x, y, z, w | x, y, z, w ∈ [0, 1]

}

remains invariant, that is, any trajectory issued from do-
main D remains in D.

Remark 3.1. This coordinate change is only considered
for X ∈ [0, 1] in order to preserve the system positivity. ⋄

3.1 Using linear form

The linear system associated with system (2) is

ẋ = −ρ1x + α13z

ẏ = −δ2y

ż = −(α31 − 1)z

ẇ = −δ4w.

(3)

The stability of system (3) at the origin depends on the
eigenvalues of the matrix

A =




−ρ1 0 α13 0
0 −δ2 0 0
0 0 −(α31 − 1) 0
0 0 0 −δ4


 . (4)

According to the structure of matrix A, the four eigenval-
ues are real and negative if and only if α31 > 1, since the
system parameters are positive. The global asymptotic
stability of system (3) at the origin induces, at least lo-
cally, the asymptotic stability of nonlinear system (2) at
the origin. The singular point S is thus a stable node un-
der a single condition on parameter α31 which is therefore
the most important parameter for stabilizing this point.
According to this, the most important interactions are
between host and tumor cells.

Normal form was introduced by Poincaré to study the
stability at a bifurcation point (here corresponding to α31,
and each form characterizes an equivalent class via a dif-
feomorphism [9]. Kang and Krener introduced a new nor-
mal form for studying the controllability [10] at a singu-
lar controllability point which was later extended to the
observability context [11]. It is therefore natural to use
Poincaré’s normal form for studying the stability of sys-
tem (2) at the origin.

In order to do this, a new state variables transformation
is considered in such a way that matrix (4) is rewritten as
a diagonal one. This is obtained with the transformation

T =




1 0 − α13

ρ1 + 1 − α31
0

0 1 0 0
0 0 1 0
0 0 0 1




whose inverse is

T−1 =




1 0
α13

ρ1 + 1 − α31
0

0 1 0 0
0 0 1 0
0 0 0 1


 .

Consequently, the change of variables ze = Txe with xe =
(x, y, z, w)T is

ze =

(
x − α13

ρ1 + 1 − α31
z, y, z, w

)T

. (5)
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We thus obtained the diagonal matrix

Λ = TAT−1 =




−ρ1 0 0 0
0 −δ2 0 0
0 0 −(α31 − 1) 0
0 0 0 −δ4




which is the first term of the Poincaré normal form. The
classical analysis using Poincaré’s normal form ends at
this point since transformation (5) removes the positivity
of the state variables, a property required for perform-
ing a rather global analysis. Moreover, the analysis by
using normal form would remain valid for values of pa-
rameter α31 ≈ 1, that is, near the bifurcation point, a
condition not necessarily verified for any specific case of
tumor growth.

3.2 Using a Lyapunov Approach

From system (2), and using a Taylor expansion of the
terms z

1+z and w
1+w , we obtained

ẋ = −ρ1x(1 − x) + α13(1 − x)z

ẏ = ρ2yz
(
1 − z + O(z2)

)
− α23yz − δ2y + α24yw

ż = z(1 − z) − α31(1 − x)z − α32yz

+ α34zw
(
1 − w + O(w2)

)

ẇ = ρ4wz
(
1 − z + O(z2)

)
− δ4w .

(6)

Using the new restricted domain

D′ =
{
x, y, z, w | x, y, z, w ∈ [0, 1)

}
, (7)

we thus established the theorem as follows.

Theorem 3.1. If the state vector (x, y, z, w)T of sys-
tem (6) remains in D′, it is possible to compute a Lya-
punov function

V = V [2] + V [3] + · · · + V [g]

at any order 2 ≤ g ∈ N, such that V is positive definite,
and V̇ is negative definite. ⋄

Proof: System (6) can be written as

ẋe = F =
∞∑

j=1

F [j]

where, for instance, the first two terms are

F [1] =




−ρ1x + α13z
−δ2y

−(α31 − 1)z
−δ4w


 = Axe

and

F [2] =




ρ1x
2 − α13xz

ρ2yz − α23yz + α24yw
z2 − α31xz − α32yz + α34zw

ρ4zw


 ,

respectively. One can compute the desired Lyapunov
function by considering, for a generic k ≥ 2, the derivative
of the Lyapunov candidate

Vk =
k∑

i=2

V [i].

Deriving this Lyapunov candidate, one gets

V̇k =
k∑

i=2

dV [i]

dxe

(
F [1] + F [2] + · · · + F [k−1] + · · ·

)

=

[
dV [2]

dxe

(
F [1] + F [2] + · · · + F [k−1]

)
+

+
dV [3]

dxe

(
F [1] + F [2] + · · · + F [k−2]

)
+ · · ·

+
dV [k]

dxe
F [1]

]
+ · · ·

where the member between brackets (made of elements
up to order k) is assumed to be negative definite. The
order-2 term (k = 2) is indeed negative definite since

V2 = V [2] =

(
x − α13

ρ1 + 1 − α31
z
)2

2
+

y2

2
+

z2

2
+

w2

2
=

1

2
zT
e ze

with

V̇2 = V̇ [2] = zT
e

∞∑

k=1

TF [k]

=
dV [2]

dze
T

(
F [1] + F [2] + · · ·

)

= −zT
e Λze +

dV [2]

dxe

(
F [2] + · · ·

)

and F [1] = AeT
−1ze, we have thus

dV [2]

dxe
= xT

e TT T =
dV [2]

dze
T,

dV [2]

dze
= zT

e = xT
e TT

and

dV [2]

dze
TF [1] = −zT

e Λze

= −ρ1

(
x − α13

ρ1 + 1 − α31
z

)2

− δ2y
2 − (α31 − 1)z2 − δ4w

2 < 0.

The derivation of V [2] produces also third-order terms

p3 =
dV [2]

dxe
F [2] = p−

3 + p+
3 ,

some of them being negative (designated by polynomial
p−
3 ) and some others being positive (designated by poly-

nomial p+
3 ). Considering as a new Lyapunov candidate

V [2] + V [3]
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where V [3] is a third order positive definite function ap-
propriately chosen; terms p+

3 can be eliminated by terms
of the V [3] derivative, that is, by terms of

dV [3]

dxe
F [1] .

Nevertheless, there are order-(k + 1) terms

pk+1 =

k∑

i=2

dV [i]

dxe
F [k+2−i] =

dV [2]

dxe
F [k] + · · · +

dV [k]

dxe
F [2]

= p−
k+1 + p+

k+1

which are also induced by this derivation. In the previ-
ous equation, we distinguished positive terms p+

k+1 from

negative ones p−
k+1. For k = 2, these terms are

p3 =
dV [2]

dxe
F [2] = p−

3 + p+
3 .

The objective is thus to design a Lyapunov candidate

Vk+1 =

k+1∑

i=2

V [i] = Vk + V [k+1]

and, in particular, a positive definite function V [k+1] of
order k + 1 allowing to vanish p+

k+1, and to aggregate
simultaneously a negative definite term in such a way
that

dV [k+1]

dxe
F [1] = −p+

k+1 − φ(x, y, z, w)

with φ(x, y, z, w) ≥ 0. Let us now distinguish the
term p̄+

k+1(x, y, z, w) depending on x from the term
¯̄p+
k+1(y, z, w) which does not dependent on x; we thus

have

p+
k+1 = p̄+

k+1(x, y, z, w) + ¯̄p+
k+1(y, z, w) .

Correspondingly, let us decompose V [k+1] as

V [k+1] = V̄ [k+1](x, y, z, w) + ¯̄V [k+1](y, z, w).

The term V̄ [k+1](x, y, z, w) is determined using k+1 steps
as follows. It is possible to rewrite p̄+

k+1(x, y, z, w) as a
sum of polynomial terms, that is, as

p̄+
k+1(x, y, z, w) =

k+1∑

i,j,m,n=0
i+j+m+n=k+1

ci,j,m,nxiyjzmwn

where ci,j,m,n are non negative constant coefficients. It is

also always possible to choose V̄
[k+1]
0 (x, y, z, w) in such a

way that

dV̄
[k+1]
0

dx
(−ρ1x) = −p̄+

k+1(x, y, z, w)

= −
k+1∑

i,j,m,n=0
i+j+m+n=k+1

ci,j,m,nxiyjzmwn.

Integrating this equation, one obtains

V̄
[k+1]
0 =

1

ρ1

k+1∑

i,j,m,n=0
i+j+m+n=k+1

ci,j,m,n
xi

i
yjzmwn.

Nevertheless, with the choice of positive terms as intro-
duced in V̇ [k+1], that is,

dV̄
[k+1]
0

dx
ẋ =

dV̄
[k+1]
0

dx
(−ρ1x) +

dV̄
[k+1]
0

dx
α13z

where

dV̄
[k+1]
0

dx
α13z =

α13

ρ1

k+1∑

i,j,m,n=0
i+j+m+n=k+1

ci,j,m,n
xi−1

i
yjzm+1wn

= p̄+
1,k+1(x, y, z, w) + ¯̄p+

1,k+1(y, z, w) ,

the order of x is decreased by one. Similarly to what was

done for V
[k+1]
0 , it is possible to choose V

[k+1]
1 such as

dV̄
[k+1]
1

dx
(−ρ1x) = −p̄+

1,k+1(x, y, z, w) .

This expression introduces in V̇ [k+1] a new positive term
as

dV̄
[k+1]
1

dx
α13z = p̄+

2,k+1(x, y, z, w) + ¯̄p+
2,k+1(y, z, w).

Again, the order of x is decreased by one. Hence, using
g ≤ k + 1 steps it is possible to remove x from V̇ [k+1]

with g = max i such that ci,j,m,n 6= 0 and xiyjzmwn is of
order k + 1. At the end of this iterative process,

V̇ [k+1] = ¯̄p+
k+1(y, z, w) +

g∑

i=1

¯̄p+
j,k+1(y, z, w) .

is only a function of variables y, z, and w. Checking that
V̇ [k+1] is positive is then immediate since, for instance, if

¯̄V [k+1](x, y, z, w) =

(
¯̄p+
k+1(y, z, w) +

g∑

j=1

¯̄p+
j,k+1(y, z, w)

)
×

×
(

y

δ2
+

z

(1 − α31)
+

w

δ4

)

is derived with respect to y, z or w, there are only negative
terms of order k + 1. Therefore,

V [k+1] =

g−1∑

i=0

V̄
[k+1]
i (x, y, z, w) + ¯̄V [k+1](x, y, z, w).

This ends the proof. �
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Lemma 3.1. Let us consider the order-(g = 3) approxi-
mation

Va = V [2] + V [3] =
x2

2
+

y2

2
+

z2

2
+

w2

2
+

α13xz

(α31 − 1)

+
α13z

2

2(α31 − 1)
+

x3

3
+

α13x
2z

ρ22
+

α13xz2

ρ1
+

α31xz2

ρ1

+
ρ2y

2z

(α31 − 1)
+

α24y
2w

δ4
+

α34z
2w

δ4

+
ρ4zw2

(α31 − 1)
+

α2
13z

3

3ρ1(α31 − 1)
+

α2
31z

3

3ρ1(α31 − 1)

of the Lyapunov candidate. If the initial state
(x(0), y(0), z(0), w(0)) is in the domain

D0 =

{
(x0, y0, z0, w0) | V (x0, y0, z0, w0) <

1

2

}
(8)

then the initial state is in D′ given by (7). ⋄
Proof: The proof is a direct consequence of the worst

case. �
Proposition 3.1. Let system (1) be approximated at or-
der 3 and the initial state be in D0 given by (8). Then the
trajectory remains in D′, as defined in (7), at any time
and converges to the origin (0, 0, 0, 0)T . ⋄

Proof: The proof results from Theorem 3.1 and the
definition given for D0. �

Simulations using two different values of α31 confirms
the strong dependence of the solution to system (1) on
the value of this parameter: in both cases, the initial
state is (0.8, 0.1, 0.3, 0.2). With α31 = 1, the solution
is chaotic (Figs. 2); it converges to the singular point S
with α31 = 1.1 (Figs. 3). Making the host cells slightly
more agressive against tumor cells is therefore sufficient
to retrieve a tumor-free site.

From the biological point of view, modifying the value
of α31 could be done in two ways: i) the population of host
cells is stimulated to be more aggressive against tumor
cells, or ii) tumor cells can be weakened. In the first case,
molecules (proteins such as enzymes) must be identified
for only acting positively on host cells via adequate re-
ceptors. When injected in patient, these molecules would
bind to their receptors expressed by host cells for activat-
ing the molecule function which can produce, for instance,
an increase of host cell proliferation. In the second case,
molecules having a negative effect on tumor cells must
be found. Such molecules would stimulate the growth of
inhibitors only recognizing tumor cells or molecules with
a very selective action as those used in hormonotherapy
[12]. The resulting binding blocks the link between the
hormone and the receptor, thus inducing a lack of in-
tratumoral growth signal and an absence of tumor cell
proliferation. Today, strategies acting on tumor cells ex-
ists. Selective action on host cells is more complicated
because receptors specific to host cells are not yet iden-
tified, despite the obvious interest in acting on host cells
to fight againt tumor growth.
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Figure 2: Chaotic solution to system (1) with α31 = 1.
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Figure 3: Transient regime toward the singular point S
issued from the initial state (0.8, 0.1, 0.3, 0.2) with α31 =
1.1 Other parameter values as reported in Tab. 1.
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4 Impulse control of tumor
growth

Although it has been proved that increasing α31 beyond
1.0 led to a convergence toward the singular point S, that
is, toward a tumor-free site, we are still looking for a fea-
sible biological procedure; we therefore investigated an-
other technique for controlling the tumor growth.

4.1 Numerical evidences

When a surgery for removing the whole tumor is not pos-
sible, common treatments in cancer are based on killing
a certain amount µ of tumor cells by i) chemiotherapy
applied at one to three weeks of intervals during 3 to 6
months, ii) daily radiotherapy (5 days a week) for 6 to
7 weeks [13] or, iii) both combined [14, 15, 16]. As a
first step in our investigations, we considered that such
a treatment was ideally selective and thus able to only
affect tumor cells. While common clinical treatments are
applied at constant interval of time, it was noticed dur-
ing our simulations that a much more effective strategy
consists in using a threshold value zth on the population
of tumor cells to trigger the action. Considering that an
oscillation of the cell populations as shown in Figs. 2 lasts
for about one month and that there is always a delay δ
between detecting the threshold value zth and triggering
the treatment, we investigated different threshold values
zth and different delays δ (expressed in days). At each
treatment, we considered that a ratio µ of tumor cells (in
% of the actual value z) was killed. By default, the ini-
tial state was (X(0), y(0), z(0), z(0)) = (0.8, 0.1, 0.3, 0.2).
Depending on the treatment parameters zth, δ and µ, we
distinguished five main scenarios, three of them leading to
a tumor-free site and two others with sustained chaotic
oscillations in the populations of cells. These scenarios
are as follows.

1. Type-i efficient treatment: after a few (or even none)
oscillations, the trajectory converges monotonously
toward the singular point S (Figs. 4);

2. Type-ii efficient treatment: the transient regime
presents some oscillations before the monotonous
convergence toward the singular point S (Figs. 5);

3. Type-iii efficient treatment: the trajectory converges
toward the singular point S only after a rather long
transient regime during which there are long —
deleterous — durations corresponding to a very small
population of host cells (Figs. 6);

4. Type-i inefficient treatment: the trajectory remains
on a chaotic attractor with a population of tumor
cells always less than 1, there is therefore no vascu-
larization of the tumor but, globally, the treatment
is inefficient (Figs. 7);

5. Type-ii inefficient treatment: the trajectory remains
on a chaotic attractor with a population of tumor
cells which can be greater than 1, thus inducing a vas-
cularization of the tumor; the treatment is deleterous
since it contributes to develop the tumor (Figs. 8).

Type-ii efficient treatment may be characterized by
pretty fast convergence toward a tumor-free site (singular
point S) although after some oscillations: these cases are
designated as type-ii* efficient treatment.

Table 2: Efficiency of the treatment depending on the
threshold value zth, the delay δ (in days) with which it is
applied and, the amount µ of killed tumor cells.

δ zth µ Treatment

1 [0.1, 0.9] 10% or 20% Type-i efficient**

2 ≤ 0.11 10% Type-iii efficient
0.12 Type-ii efficient
0.15 Type-ii efficient
0.2 Type-ii efficient
0.3 Type-ii* efficient

≥ 0.4 Type-iii efficient

≤ 0.29 20% Type-i efficient
0.3 Type-ii efficient

≥ 0.31 Type-i efficient

3 ≤ 0.1 10% Type-i inefficient
> 0.1 Type-ii inefficient

0.1 20% Type-iii efficient
0.2 Type-ii efficient
0.3 Type-ii* efficient
0.4 Type-ii efficient
0.5 Type-ii efficient
0.6 Type-iii efficient

≥ 0.7 Type-ii efficient

4 any 10% Type-i efficient **

≤ 0.4 20% Type-iii efficient
0.5 Type-ii efficient
0.6 Type-ii inefficient
0.7 Type-iii efficient

≥ 0.8 Type-ii inefficient

∗∗Verified for different initial conditions.

4.2 Mathematical Proof of the Stability
Properties

In this subsection a stability analysis with respect to δ
and µ is performed in order to justify mathematically
the proposed treatment. From system (1), the dynamics
governing the tumor cell population z is

ż = ρ3z(1 − z) − α31Xz − α32yz + α34z
w

1 + w

≤ z − z2 +
α34

2
z = αz − z2

where α = 1+ α34

2 corresponds to the worst scenario with
respect to x, y and w by setting X = 0, y = 0, w = 1. We
here considered ρ3 = 1 as in all numerical simulations per-
formed in this paper. This allows to obtain a conservative
but guaranteed stability condition which only depends on
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(b) Variable z: tumor cells

Figure 4: Type-i efficient treatment: the tumor is re-
moved after a very few actions. Treatment parameter
values: δ = 1, zth = 0.3 and µ=10%.
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(a) Variable X: host cells
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(b) Variable z: tumor cells

Figure 5: Type-ii efficient treatment: three actions were
here required for removing the tumor. Treatment param-
eter values: δ = 1, zth = 0.2 and µ=10%.
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(a) Variable X: host cells
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(b) Variable z: tumor cells

Figure 6: Type-iii efficient treatment: six actions were
here necessary for removing the tumor after a long dura-
tion with a very small population of host cells. Treatment
parameter values: δ = 2, zth = 0.5 and µ=10%.
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Figure 7: Type-i inefficient treatment: the populations
present sustained chaotic oscillations but there are always
less than 1, meaning that there is no angiogenesis. Treat-
ment parameter values: δ = 4, zth = 0.5 and µ=10%.
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Figure 8: Type-ii inefficient treatment: despite the ac-
tions, the populations present sustained chaotic oscilla-
tions and some of them can greater than 1, meaning that
the angiogenic switch occured. Treatment parameter val-
ues: δ = 4, zth = 0.9 and µ=10%.

z. By setting ζ = z−1, the resulting Bernoulli differential
equation

ζ̇ = −z−2ż ≥ −α
1

z
+ 1 = −αζ + 1

can be easily solved analytically, thus leading to the so-
lution

ζ(t) ≥ αζ(ti) − 1

α
e−α(t−ti) +

1

α

for t in the time interval [ti, ti+1). This solution can be
also expressed using variable z as

z(t) ≤ 1

ζ(t)
=

α

1 −
(

1 − α

z(ti)

)
e−α(t−ti)

, t ∈ [ti, ti+1)

with i ∈ N. The aim is now to compute the time ti at
which the action is applied for ensuring the convergence
of z towards zero. Hence, µ must satisfy the inequality

|µz(ti+1)| < |z(ti)| .

Since system (1) has only positive solutions, this inequal-
ity is equivalent to µz(ti+1) < z(ti), or

µ
z(ti+1)

z(ti)
< 1

which can be rewritten as

µ
z(ti+1)

z(ti)
= µ

α

z(ti) − (z(ti) − α)e−α(ti+1−ti)
< 1 .

For the sake of simplicity, we simply considered a constant
delay δ = ti+1 − ti (more complicated procedure can be
imagined) and we choose the initial time as t0 = 0; one
thus gets the condition on the killing rate of tumor cells

µ <
1 − e−αδ

α
z(0) + e−αδ .

This condition on the killing rate is obviously based on the
assumption (at least conservative) that the population of
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tumor cells at the initial time is known. When this is not
the case, it is possible to consider the more conservative
condition

µ < µmin = e−αδ .

In such a case, one can choose µ = µmin and starts the
first action at t = 0, thus ensuring that z never reaches
1.

5 Conclusions

In this paper, a stability analysis of a four dimensional
cancer model was performed: the key parameter control-
ling the tumor growth is the one defining interactions
between host and tumor cells. It can be shown that it is
efficient to kill a rather small amount of tumor cells when
this population just starts to grow; tumor cells can be re-
moved from a given tumor site after very few oscillations
(if not none) when the delay of the action is not too large
(typically one day). It was shown that larger the delay,
less efficient the treatment. These numerical evidences
were supported by a proof for the stability of the tumor-
free site under the proposed treatment. In the present
work, the treatment was supposed to be ideally selective
(only tumor cells were killed) and its action was imme-
diate, two properties chemiotherapy and radiotherapy do
not have. For instance, in radiotherapy, the amount of tu-
mor cells killed by each session can be from 0.5 to 5% (and
cells actually die between 1 to 3 months after the session)
[17]. In chemiotherapy, the amount of cells is between
10 and 20% [18]. The delay with which the treatment
is actually effective will therefore be considered in future
works as well as a lack of selectivity in the cells affected.
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CHARACTERIZATION OF THE DYNAMICS UNDERLYING
COMPUTER MEDIATED COMMUNICATION OF VISUALLY

IMPAIRED AND NORMAL TEENAGERS
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Abstract. In order to investigate whether visually impaired and

sighted teenagers interact in a similar way via mediated communi-

cation, we designed a protocol in which two participants interact

via two connected perceptual supplementation devices. The two

participants were asked to cooperate for locating a public object.

We compared the probability for correct joint location and the dy-

namics of their spatial explorations.

Keywords. Joint action, interaction dynamics, visually im-

paired teenagers

1 Introduction

According to De Jaegher et al. [1], interactions are de-
fined as “mutually engaged co-regulated coupling between
at least two autonomous agents where the co-regulation
and the coupling mutually affect each other, and con-
stitute a self-sustaining organization in the domain of
relational dynamics”. Such a co-regulation is possible
through verbal as well as non verbal interactions. Indeed,
nonverbal interactions can be developed by the perception
of movements of eyes, faces, hands and body of other in-
dividuals thus providing information about their action
and intention [2]. Such behaviors are involved in a com-
plex form of social interactions, the so-called joint action
defined as “any form of social interaction whereby two
or more individuals coordinate their actions in space and
time to bring about a change in the environment” [3].
So, one needs to see the other individuals to coordinate
their actions with his own ones for achieving a common
task. An important problem arises when someone does
not have access to visual modality. Without vision, the
smooth development of interactions is strongly compro-
mised. Several authors asserted that children with visual
impairment present various types of deficits in social in-
teractions [4, 5, 6], leading to social isolation, mainly due
to quite difficult exchanges with sighted peers.

But today social interactions between teenagers have

∗UPRES PSY-NCA - EA 4306 — Normandie Université,
Rue Lavoisier 76821 Mont Saint Aignan, France. E-mail: val-
leaur@gmail.com

�CORIA-UMR 6614 — Normandie Université, CNRS-Université
et INSA de Rouen Campus Universitaire du Madrillet 76800 Saint
Etienne du Rouvray, France.

changed. They are over using social network (90% of
young Europeans aged from 12 to 18 years, according
to IPSOS, 2013) and are interacting through game online
like MMORPG (Massively Multiplayer Online Role Play-
ing Game): this is the so-called mediated communication.
We can expected that, throught this new type of commu-
nication, the interaction between sighted teenagers and
visually impaired teenagers takes place without difficul-
ties. However, Lefebvre, Perron & Pauchet [7], who stud-
ied non-verbal behaviour while using a collaborative vir-
tual storytelling device (VIRSTORY), found that the vi-
sion of partners’ communicative behavior (through their
avatars) is as important as during non-mediated com-
munication. It is therefore expected that visually im-
paired teenagers would have difficulties for interacting
with sighted teenagers through mediated communication.

Several sensory substitution devices have been created
for allowing visually impaired persons to access to me-
diated communication taking advantage of their haptic
compentence. For instance, “Tactos” is a perceptual sup-
plementation device allowing to explore and to read dig-
ital shapes appearing in a computer screen by the means
of tactile stimulation induced by controlling the activa-
tion of piezoelectric Braill cells depending on the cursor
movements in the two-dimensional space of the screen [8].
Two peripheral elements, an effector (the pointer of the
mouse) and a tactile stimulator are connected to the com-
puter; when the latter crosses at least one black pixel of
the screen, a tactile stimulator is activated. Several stud-
ies showed that visually impaired adolescents are thus
able to locate, recognize, categorize and identify digital
shapes more or less complex [9, 10].

When several “Tactos” systems are connected in a net-
work, this constitutes a new device named “Intertact”.
Each user, by the means of his effector, controls i) the
movements of a matrix of receptor fields, that is, a per-
ceiving body that is coupled to the same number of tactils
stimulators and, ii) the movements of an avatar, that is,
a body-image that the other users can perceive with their
own receptor fields. By this way, when one user touches
the other, he is also touched by him. This latter device al-
lows to investigate interaction processes involved in com-
puter mediated communication, like joint activities. A
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recent study with sighted adults [11] has been conducted
to investigate the posibility for interactions to perform a
cooperative task. Participants enter into contact, either
with objects existing in the shared environment, or with
the body-image of the other user. The final goal is that
each participant must locate the object shared with the
other. There is three conditions governning interactions
according to the type of tactile stimulation :

1. Differentiated : the 4 top pins are activated when a
subject encounters the other and the 4 down pins are
activated when he encounters an object;

2. Mono : all the pins are activated when the partici-
pant encounters the other or an object;

3. Parallelism: pins are activated one by one, thus pro-
viding access to the other participant.

Deschamps’ results show that participants actually in-
teract and coordinate their perceptual activities mainly
with ”Differentiated” tactile simulation. So, unlike the
conclusion provided by the study VIRSTORY, an indi-
vidual seems to be able to interact and to joint act with-
out vision. We thus propose to use a similar experimen-
tal configuration to those conducted by Deschamps [11]
for determining whether visually impaired teenagers and
sighted teenagers interact and jointly act within “Inter-
tact” in the same way as sighted teenagers.

2 Experimental Protocol

Similarly to the study conducted by Deschamps [11] with
adults, 12 visually impaired teenagers and 10 sighted
teenagers (MA : 13 years old and 6 month) were in-
vited to interact and cooperate via the “Intertact” setup.
We created a “Plateform game” scenario for stimulat-
ing teenagers’ interactions. Participants were grouped
by pairs (matched age and visual status). Each subject
moves along a shared one-dimensional space of 400 pixels
by the means of a mouse. In the virtual space at their dis-
posal, participants can encounter two types of object: the
“public object” perceived by both participants and the
“private” object only perceived by one of the two partici-
pants. Participant receives a tactile stimulation when his
cursor encounters the cursor of his partner or an object.
We used two of the three conditions governing interac-
tions via tactile simulation for our experimental protocol:
there are the two conditions retained in the study con-
ducted by Deschamps [11], that is, ”Differentiated” and
”Parallelism”. The condition ”Mono” was judged irrele-
vant according to previous results.

Each participant is asked to practice for 16 sessions of
one minute each (eight sessions by condition). There were
five training sessions (not recorded) for each condition.
In each session, the participant had to interact with the
other participant to locate the public object. At the end
of each session, participants were asked to click at the

location where they think the public object was. At the
end of the experiment, we made a debriefing with the two
participants.

3 State Space Reconstruction

Our aim is to investigate the dynamics underlying inter-
actions between our teenagers using some concepts bor-
rowed from the nonlinear dynamical systems theory. In
order to do that, the first step is to reconstruct from the
available measurements an adequate state space [12]. The
measured data consist in the successive locations of the
pointer in a segment of 400 pixels. The particularity is
that when the pointer is at the right (left) end of the
segment, it automatically switches to the other end, thus
introducing a discontinuity in the data which must be re-
moved (the analysis of a trajectory in the state space is
always performed in the paradigm of determinism). The
pointer motion is therefore mapped into a plane, along a
circle with a 400 pixel perimeter, that is, with a radius
R = 400

2π
. The location is thus determined by the angle

θ = X

R
, (1)

or, equivalently, by the two coordinates

∣ x = R cos θ

y = R sin θ .
(2)

The set of locations actually visited by each teenager thus
forms an arc of a circle (or a circle in certain cases) as
shown in Fig. 1. The portion of the space explored can be
quantified using the “angular aperture” ∆θ = θmax−θmin.
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Figure 1: Projection of the evolution of the pointer driven
by a teenager. Case of subject 1 from the pair 1 of normal
teenargers interacting using condition 1.

The dynamics underlying interactions between
teenagers could be investigated from the relative loca-
tions (x, y). Nevertheless, since the cooperative task
proposed to these teenagers was to locate the public ob-
ject using their mediated interactions, it was convenient
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to investigate individual dynamics for checking how each
participant was able to locate the public object, the
relative motion being saved for investigating joint action.
Individual dynamics was therefore investigated using
location (xi, yi) of the ith participant. It appeared that
interactions between participants strongly depends on
the velocities with which each pointer was moved (see
next section). The pointer motion of each teenager can
be investigated using a representation focused on the ith
subject and using the location of his pointer x⃗i = (xi, yi)
from which the velocity V⃗i = (Vx, Vy) was computed
according to the technique detailed in [13]. The location
of the pointer driven by the second subject is analyzed
in a similar way. In order to unfold the information
contained in the velocity, we choose to rotate by π

4
the

velocity vector (which, by definition, is tangent to the
trajectory). In order to save a shape globally circular
to the resulting state portrait, we applied a coefficient
reducing by 10 the norm of the velocity vector. The
trajectory representative of the pointer dynamics driven
by each subject is thus obtained using the coordinates

∣ ui = xi + 0.1Vi,y

vi = yi − 0.1Vi,x .
(3)

Four examples of these representations are shown in Figs.
2: when the velocity is small, the trajectory presents a
global circular shape (Fig. 2a). Larger the velocity is,
more different from a circle the state portrait is (Fig. 2b).
These two examples therefore correspond to very different
velocities although the angular apertures are nearly the
same (∆θ = 0,99 in Fig. 2a and ∆θ = 0,94 in Fig. 2b).
In the third case, the subject explores much more the
available space (∆θ = 1,91) with a velocity presenting
moderate fluctuations thus inducing a state portrait with
a “ring” shape. Contrary to this, the fourth case (Fig.
2d) presents a trajectory visiting a relatively large part
of the available space with a greatly fluctuating velocity,
thus blurring the annular shape of the state portrait. Our
state portraits are thus representative of the individual
dynamics.

The trajectories often end at the location of one of the
objects (private or public) (Figs. 2a, 2b and 2d); these
objects thus structure the state portrait more or less as
singular points are structuring chaotic attractors: they
are relevant for the organization of the trajectories in the
state space, at least when the teenagers successfully locate
one of the objects. The two teenagers of a given pair are
said to be “jointly acting” when the distance

d = √(u1 − u2)2 + (v1 − v2)2 (4)

is less than ǫ = 5,09, this threshold corresponding to the
retained precision (16 pixels) for correctly locating an ob-
ject.
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(a) Subject 1 from the pair

1 of sighted teenagers under

condition 1, 6th session

(b) Subject 1 from the pair
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Figure 2: Examples of state portraits for different sub-
jects and different coupling condition.

4 Results

4.1 Locating the public object

Participants were asked to click at the location where
they identified the public object. They had to do this
at the very end of each session. We thus investigated the
probability Pcjl with which both participants correctly lo-
cated the public object and compare these probabilities
obtained with the pairs of visually impaired teenagers to
those computed for sighted participants (Fig. 3). How-
ever, oral exchanges with participants at the end of the
session reveal that visually impaired teenagers actually
try to collaborate to locate the public object; they claimed
for designing a strategy to achieve their task. Contrary
to this, sighted teenagers, although there were placed in
situation in which cooperation was strongly suggested,
remain in a competing attitude, still trying to better per-
form than the other. They were more focused on the pin
simulations than the corresponding meaning in terms of
interaction with the other participants.
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Figure 3: Probability of correct joint location Pcjl of the
public object by pairs of visually impaired and sighted
teenagers.

4.2 Joint action

We started our dynamical analysis by computing the rel-
ative velocity

Vrel = √(V1,x − V2,x)2 + (V1,y − V2,y)2 (5)

between the two participants. We then computed the
mean relative velocity V rel of a session; the probability
for joint action PJA, defined as the duration for which
d < ǫ related to the duration of the session, was plot-
ted versus V rel (not shown). The interval over which the
main relative velocity was found was divided by intervals
of 10 pixel.s−1: over each interval the mean probability
for joint action was computed with its standard devi-
ation; both were then plotted versus the mean relative
velocity V rel as shown in Fig. 4. Normal and visually im-
paired teenagers were here considered for the two types
of conditions. The probability for joint action PJA was
significantly auto-correlated (r = −0.89, p < 0.003) to the
mean relative velocity V rel. It thus appears that smaller
the mean relative velocity, greater the probability for joint
action. Nevertheless, we should not miss the large stan-
dard deviation observed in most of the interval V rel.

In a similar way, we investigated the correlation be-
tween the minimal mean velocity V min presented among
the pointers of the two participants (Min(V1, V2), during
each session): the probability for joint action PAJ is also
significantly anti-correlated (r = −0.84, p < 0.01) to the
minimal mean velocity V min (Fig. 5). It is therefore rel-
evant to have at least one of the two participants who
drives slowly his pointer: this increases the probability
for the two participants to follow each other, and so to
have a joint action.

There is a significant departure in these correlations
between the normal and visually impaired teenagers (Fig.
6): the probability for joint action is significantly anti-
correlated to the minimal velocity Vmin for the normal
teenargers (r = −0.82, p < 0.02) but not for the visually
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Figure 4: Mean probability for joint action PJA (for each
subinterval of V rel versus the mean relative velocity V rel.
All pairs for all conditions are taken into account.
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Figure 5: Mean probability for joint action PJA (for each
subinterval of V min versus the mean minimum velocity
V min. All pairs for all conditions are taken into account.

impaired teenagers (r = −0.49, NS). This would mean that
the visually impaired teenagers are more able to develop
joint action with high speed than the normal ones.

5 Conclusions

The present dynamical analysis reveals that, although
there is no significant difference for completing the initial
task (locating the public object), the dynamical analysis
and oral exchanges with participants at the end of the
recording sessions evidenced different strategies used by
visually impaired and sighted teenargers. Thus, sighted
teenagers used velocities less than those used by visu-
ally impaired teenagers; moreover; the formers need to
focused on the shared object while the latters do not
present an equally large duration of joint action. This
feature suggests that visually impaired teenagers are able
to explore more quickly the environment, interact and
locate the shared object.

412 ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014



Dynamics underyling computed mediated communication of teenagers

0 10 20 30 40 50 60 70 80 90
Minimal velocity V

min

0

0,1

0,2

0,3

0,4

0,5

0,6

0,7

0,8

0,9

1

Jo
in

t a
ct

io
n 

pr
ob

ab
ili

ty
 P

JA
P

AC 
= 0.711 - 0.0057 V

min 
 (r = -0.82, p < 0.02)

(a) Normal teenagers
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(b) Visually impaired teenagers

Figure 6: Mean probability for joint action PJA (foe each
subinterval of V min) versus the mean minimum velocity
V min. Normal (a) and visually impaired (b) teenagers for
both conditions are taken into account.

According to answers by sighted teenagers, this reduc-
tion in the velocities could be due to the fact they fo-
cused their attention to explore the digital space more
on tactile simulations than on the interactions with the
other participant. In other words, they needed their full
attention to detect pin simulations and were unable to
interpret them as the presence of the other. Contrary to
this, visually impaired teenagers have a very good haptic
competence leaving them to easily access to the mean-
ing of pin simulations and, consequently, they were able
to interact with the other participants. Such a variabil-
ity in haptic competence was already evidenced in previ-
ous studies as those conducted by one of us [14] between
blind and sighted adolescents: they found that sighted
subjects spent twice as long as the blind subjects in or-
der to explore the shape of an object. These results are
thus consistent with the fact that touch can provide as
much information as sight [15] and that, consequently,
visually impaired teenagers develop haptic competence
for compensatinig the lack of visual experience. If there
is no difference in completing the final task (identifying

the location of the public object), this is because sighted
teenagers can learn to explore space by tactile simulation:
nevertheless, their strategy differ from those presented by
visually impaired teenagers mostly due to a weaker ca-
pacity for memorizing location without visual reference
points. Regarding this latter aspect, visually impaired
teenagers seem to present a better ability for memoriz-
ing location than the sighted subjects. This feature is
currently under investigation from the present data.

Acknowledgements

This study was partly supported by the project ITOIP
(Région Picardie) and large research network (GRR) from
Haute-Normandie “Personnes en situation de handicap :
aides techniques et accompagnement humain”. We wish
to thank the center Normandie Lorraine and the school
“Le Roumois” from Routot for their reception.

References
[1] H. de Jaegher, E. Di Paolo & S. Gallagher, Can social interac-

tion constitute social cognition?, Trends in Cognitive Sciences,
vol. 14, pp. 441-447, 2010.

[2] T. Allison, A. Puce & C. McCarthy, Social perception from vi-
sual cues: role of the STS region, Trends in Cognitive Sciences,
vol. 4, pp. 267-278, 2000.

[3] N. Sebanz, H. Bekkering & G. Knoblich, Joint action: bodies
and minds moving together, Trends in Cognitive Sciences, vol.
10, pp. 70-76, 2006.

[4] R. C. Mulford, Referential development in blind children, In A.
E. Mills (Ed.), Language acquisition in the blind child: Normal
and deficient (London: Groom Helm), 1983.

[5] C. Tinti, Spontaneous facial expressions in congenitally blind
and sighted children aged 811, Journal of Visual Impairment
& Blindness, vol. 97, pp. 418428, 2003.

[6] M. Celeste & D. K. Grum, Social integration of children with
visual impairment: A developmental model, Elementary Edu-
cation Online, vol. 9, pp. 1122, 2010.

[7] L. Lefebvre, L. Perron & A. Pauchet, (2007). Animations
d’avatars dans les EVC: choix des indices non verbaux pour
l’interaction, Paper presented at the 2émes journées de l’AFRV
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SINGULARITY ANALYSIS: A METHOD FOR PROPERLY
CHARACTERIZING COMPLEXITY IN CARDIODYNAMICS

Oriol Pont ∗

Abstract. Characterization of arrhythmia complexity requires

defining well behaved measures that respect the known signal sym-

metries. Multifractal analysis methods take into account the in-

termittency of the fluctuations observed in the cardiac electric po-

tential. We present how singularity analysis provides a measure to

robustly characterize complexity at a local level. This method is

essentially nonlinear and it minimizes the effect of common arte-

facts on empirical signals such as finite size, noise and aliasing. The

presented method aims at improving the understanding of arrhyth-

mia mechanisms with minimal base hypotheses. In that sense, it

highlights arrhythmogenic areas on electrocardiographic potential

maps of the epicardium. From it, key descriptors could help in de-

termining the prognosis of the arrhythmia, to forecast the outcome

of ablation and resynchronization procedures, and to guide the sur-

gical action in these operations.

Keywords. singularity analysis, excitable systems, multifractal

dynamics, multiresolution analysis, electrocardiographic mapping

1 Introduction and State of the
Art

The usual approach to electrocardiography (ECG) con-
sists of qualitatively characterizing typical shapes of po-
tential signals, often labeled as waves. Some character-
istic signatures of such shapes are specific to certain ar-
rhythmias and this is principally what makes them a stan-
dard diagnostic tool. Alternatively, but in a quite similar
way, the statistical approach tries to highlight specifici-
ties that are not evident in the electrical signals them-
selves but in their distribution functions or some measure
derived from them. Statistical methods for processing
cardiac signals have had a notable success in several ar-
eas, e.g., providing measures of complexity of a certain
arrhythmia. Additionally, they output quantitative mea-
sures, they provide confidence intervals and, sometimes,
we know robust implementations for them.

Standard statistical methods do not always respect the
signal invariances. This fact motivates looking for frac-
tal [16] or multifractal [11, 10] approaches to heart rate
variability, which do capture the multiscale structure of

∗Team GeoStat - INRIA Bordeaux Sud-Ouest, F-33405 Tal-
ence, France & L’Institut de rythmologie et modélisation cardiaque
LIRYC, Université de Bordeaux, F-33000 Bordeaux, France

the process. More interestingly, multifractal analysis re-
connects the statistical features of the signal with a geo-
metrical interpretation linked to the effective macroscopic
transfer of information in the signal [19, 20, 17, 18, 23].

Taking a different path, embedding methods can also
reconstruct the effective attractor of the system that pro-
duced the signal. This effect reinforces the possibilities
for cross-validating the obtained parameters as well as ob-
taining their physical interpretation [25, 24]. This makes
an interesting duality of approaches, with the one based
on a multiscale hierarchy and the other on reconstruct-
ing a chaotic dynamics. Since the analysis is done at the
effective level (i.e., independently of the microscopic de-
scriptors), it is unclear whether the assumption of chaos
is correct or not [3, 31]. Actually, chaotic cardiac electro-
physiological models coexist with stochastic ones.

Atrial fibrillation (AF), the most common form of
cardiac arrhythmia, consists in the chaotic operation,
electrical activation and pumping of the atria. In some
circumstances, it can induce life-threatening complica-
tions such as inducing a heart failure or forming blood
clots that lead to stroke. In cases where medication is im-
possible or ineffective, a successful treatment consists in
radiofrequency ablation of the endocardial tissue to ease
an appropriate electrical conduction. In case of paroxys-
mal AF, Häıssaguerre et al. have shown [6] that for 80 %
of patients, electrical insulation of the pulmonary veins
allows the patient to regain a normal heart rhythm, but
in persistent or permanent AF, the location of problem-
atic areas remains difficult and is still an open problem
[2, 27, 29, 8, 9, 7, 4]. In persistent AF, the arrhythmo-
genic foci can be anywhere in the atria and so need a well
focused ablation.

Specific nonlinear analysis methods are required to
properly tackle the dynamics of the electrical activity of
the human heart. Complex synchronization processes be-
tween pacemaker cells, conduction inhomogeneities and
chaotic nonlinear amplification of fluctuations challenge
descriptional efforts, especially those of forecasting value
[10, 12, 14, 15].

This is particularly crucial in complex arrhythmic
regimes or at any level where linearizations deviate sig-
nificantly from the described phenomena. In a context of

ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014 415



O. Pont

noninvasive mapping of the epicardial potential, singular-
ity analysis becomes an appropriate processing method-
ology that can provide robust and accurate characteriza-
tions of dynamical transition fronts [19, 30, 17].

In this work, we derive from first principles an effective
cardiodynamical description where singularity exponents
sift a simple fast dynamics from its slow modulation [22,
23]. We characterize singularity transitions in epicardial
potential maps from patients with atrial flutter and atrial
fibrillation.

Such local transition analysis could eventually be in-
corporated to the inverse-problem regularization and im-
prove information on anomalous activity areas to e.g.,
support diagnosis or guide catheter ablation procedures.

The paper is structured as follows: section 2 introduces
the basic methods used for processing the cardiac elec-
trical signals. In section 3 we show our results in the
identification of dynamical regimes. Finally, in section 4
we discuss the results and present the conclusions of our
study.

2 Statistical methods based on
nonlinear dynamics

The electrical activity of the heart is often described as a
complex system. Complexity can have multiple interpre-
tations varying in both nature and extent. Nevertheless,
the effect in all cases is that the behaviour of the system as
a whole is an emergent behaviour, which could not be de-
rived from separately considering the microscopic mech-
anisms (be them at cell level or even at molecular level).
This non-separability of the different scales involved is a
consequence of nonlinear interactions or, in other words,
expressing the effect at a given level requires more than
just the sum of effects at lower levels. This is what makes
global synchronization possible, also can amplify micro-
scopic fluctuations to perturb the whole regime [10].

Emergence of chaos becomes even more important in
complex arrhythmic regimes, where linearized descrip-
tors fail to provide meaningful parameterizations except
only possibly for very short time windows, or microscopic
space or parametric scales. In this context, any appro-
priate processing methodology must be nonlinear in na-
ture. Singularity analysis provides a robust framework
that identifies dynamical transition fronts and informa-
tion content [19, 21, 17] which is useful for cardiac electric
potential signals [23, 25].

2.1 Singularity analysis

The degree of singularity or regularity of a given point in
a signal tells how rare is the signal at this point and there-
fore how much information it contains. A local expansion
of the signal around this point has a leading order that
dominates at the local neighbourhood (short distances,

or small perturbations of the position). This leading or-
der is the scale parameter raised to an exponent, which
is not necessarily integer. A signal s(x) has a (fractional)
singularity exponent h(x) at point x if

TΨµ(x, r) = αΨ(x) rh(x) + o
(
rh(x)

)
(r → 0), (1)

with TΨµ(x, r) =
∫
Rd dµ(x′) Ψ ((x− x′)/r) as the

wavelet-projected measure µ at scale r and Ψ as a cer-
tain wavelet kernel. The measure is differentially defined:
dµ(x) = ‖∇s‖(x) dx.

2.2 Source field (SF)

Now, the sole requirements of being deterministic, lin-
ear, isotropic and translational invariant permit to de-
fine a local reconstruction kernel [30, 18, 21]. Its form
implies locally evaluated singularities and thus no need
to assume any kind of stationarity. Actually, this
minimal-assumption reconstruction identifies a reduced
signal which is reconstructed only from the orientation of
the signal on its most singular points [22, 23]. As reported
in these references, the orientation of singularities defines
a fast and simple dynamics which, for the case of heart-
beat, is statistically compatible with a stochastic process
without memory. The key manifold of the signal driving
its dynamics is called the oriented most-singular compo-
nent. The reduced signal follows the same behaviour (1)
with the same exponents but different prefactor α(x) and
secondary terms. The original signal s and its reduced
counterpart r are related through a complex but slow-
changing modulation called source field (SF) [23], which is
defined as the Radon-Nykodym derivative between their
respective measures:

µs(A) =

∫

A
dµr(~x, t) SF (~x, t), (2)

where r refers to the reduced signal. This allows defining
the SF as the Radon-Nikodym derivative between the
measure on the signal and that on the reduced signal,

SF (~x, t) =
dµs

dµr
(~x, t). (3)

Singularity analysis gives a geometric perspective to the
system dynamics, which is only partially observed from
electrographic variables. When applicable, it provides an
accurate measure of complexity. All the structural com-
plexity of the system is abstractly represented as means of
effective dynamics: the dynamical changes implied from
singularity analysis also highlight atrial fibrillation in a
local way, as described in [23] and presented as well in
[25, 24].
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3 Empirical singularity exponents
on a case of atrial flutter

To show the presented methods in practice, we present the
analyses made on electrocardiographic maps from Bor-
deaux Haut-Leveque Hospital. Prior to the measurments,
heart geometry is extracted from a tomographic scan. A
252-electrode vest measures the electric potential around
the torso and these measures are mapped on the epicar-
dial surface [26, 13, 1]. The recordings correspond to dif-
ferences of electric potential between the vest electrodes.
This way, potential maps are reconstructed from invert-
ing the body surface maps (ecVue, CardioInsight, Cleve-
land OH) [26]. In any case, we have canceled the QRS
complexes as detected on the body surface ECGs, since
the ventricular activity blinds a proper mapping on the
atria; we have used an algorithm based on that in [28],
improved and adapted to our case.This inverse problem is
essentially ill-posed and requires extensive regularization.
Therefore, it is important that the analysis methods are
robust to perturbations and regularization artefacts [5].

The robust and compact framework provided by the
singularity exponents and source field can give a proper
description while filtering spurious effects, in a model-
agnostic way that stays as close to the empirical data as
possible. The first step has been to validate that eq. (1)
is verified in both space and time for our signals [25, 24].
This means that calculating singularity exponents makes
sense in that case. Additionally, the approach had already
been validated for endocardial potentials too [23], though
only for time series.

The singularity analysis approach here presented is
equivalent to the calculation of the source field that we
have presented at [25] for a setting similar to the one pre-
sented here. While time-evolving, the mapping series are
too short to extract a tachogram from them and so we
processed the potential signal itself, whose fluctuations
dynamically evolve – an effect usually related to fraction-
ation.

In the space domain, the estimation is done by consid-
ering the relative positions and orientations of the nearest
neighbours. In other words, we can compute the expo-
nents in time domain (treating each point as an inde-
pendent time series), in space domain, or in space-time
domain, with the typical propagation speed regularizing
the time coordinate. The spatial processing requires in-
terpolating the varying directions of each triangle, as well
as their unequal distances and curvatures. The result for
a case of atrial flutter (Fig. 1) shows how singularities
concentrate in a small zone next to the tricuspid valve,
consistent with the focus of that case of regular flutter.
Interestingly enough, space-only and time-only exponents
appear as missing a part of the picture, i.e., showing less
information than the spatiotemporal case.

As the next step, and following a procedure analogue
to the one at [23], singularity exponents define in a nat-
ural way a separation between a fast-simple dynamics

Figure 1: Median singularity exponent of the epicardial
electric potential in a case of atrial flutter, calculated on
space (top), time (middle) and space-time (bottom) do-
mains. We show the mapping on the atria and indicate
the position of the valves for reference. We observe a con-
centration of less regular exponents in the key area around
the tricuspid valve. Error propagations in the algorithms
indicate a sigma around 0.03 for the exponents.
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from a slow-complex one. As presented there, singularity-
exponent orientation over the most singular component
defines a 3-state chain process that lacks memory, and
so it can be reduced to a transitional matrix character-
ized by its eigenvalues (2nd and 3rd, as the 1st one is
always equal to one). The slow modulation counterpart
is the aforementioned SF, and we can see them in prac-
tice in Fig. 2. Extreme values of source field highlight
areas specifically related to the arrhythmias. The reen-
try around the valve is traduced in less regular exponents
and higher value of SF, meaning larger modulation factor.
The SF field changes more abruptly in the reentry region,
showing more specifically the problem area. The sharper
transitions characterized as smaller singularity exponents
indicate the reentry area. Consistently, the SF behaves
more specifically in the edges of the areas, and relatively
smaller SF values indicate a larger influence of the ori-
entational dynamics [23] in them. In general, extreme
values indicate an arrhythmogenic point in the tissue.

4 Discussion and conclusions

Nonlinear analysis provides methods for characterizing
cardiac dynamics. Singularity analysis and phase-space
reconstruction are physically meaningful complexity mea-
sures with minimal assumptions on the underlying inter-
actions. They are based on effective descriptions derived
from first principles, and as a consequence, parameters
are robustly estimated. We have validated this approach
on ECGs and electrocardiographic maps.

A noninvasive map sequence of epicardial potential al-
lows evaluation of spatio-temporal singularity exponents
in that signal. While the regular low-variation areas are
more prone to be affected by masking artefacts of the
inverse projections, the most singular points describing
the transitions are expected to be comparatively less per-
turbed. This way spurious effects can be filtered out and
working on the singularity field can be more robust than
on the potential signal itself, while staying close to the
physical data and without imposing any model or unrea-
sonable hypothesis.

Moreover, singularity orientation provides a sharp and
specific descriptor of transitional dynamics. We have pro-
cessed maps under atrial flutter, showing exponent and
SF transitions connected to problem areas on the anoma-
lous atrial cardiac dynamics. Key parameters vary infre-
quently and exhibit sharp transitions, which show where
information concentrates and correspond to actual dy-
namical regime changes. Singularity exponents sift a sim-
ple fast dynamics from its slow modulation. In space
domain, extreme values highlight arrhythmogenic areas.
This characterization of information transitions could be
used in the regularization of inverse-problem mapping of
electrocardiographic epicardial maps. Furthermore, this
opens the way for improved model-independent complex-
ity descriptors to be used in non-invasive, automatic diag-

Figure 2: Average 2nd (top) and 3rd (middle) eigenval-
ues, and average normalized SF value (bottom) of the
epicardial electric potential in a case of atrial flutter. We
show the mapping on the atria and indicate the position of
the valves for reference. We observe a larger source field
in the key area around the tricuspid valve. The source
field is sharp on the flutter area. Error propagations in
the algorithms indicate a sigma around 0.1 for the SF.
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nosis support and ablation guide for electrical insulation
therapy, in cases of arrhythmias such as atrial flutter and
fibrillation.

These results open the way for improved model-
independent complexity descriptors to be used as non-
invasive diagnosis support or operation guide in cases of
cardiac arrhythmias, particularly atrial fibrillation.
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Logistics	   is	   the	   activity	   which	   aims	   to	   manage	   the	   physical	   flows	   of	   an	   organization	  
between	   the	   point	   of	   origin	   and	   the	   point	   of	   consumption	   in	   order	   to	  meet	   customer	  
requirements	   and	   with	   the	   objective	   of	   ensuring	   the	   resources	   corresponding	   to	  
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• Lot-‐sizing	  Problem	  
• Green	  Logistics:	  a	  new	  Paradigm	  in	  Transportation	  
• Integrated	  Supply	  Chain	  
• Reverse	  Logistics	  and	  Remanufacturing	  Models	  
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OPTIMIZATION ALGORITHMS FOR SOLVING
MULTI-OBJECTIVE VEHICLE ROUTING PROBLEMS WITH

FUZZY DEMANDS

Bahri Oumayma1, Ben Amor Nahla1 and El-Ghazali Talbi2 ∗†

1 Abstract

Vehicle routing problems (VRPs) are very difficult and
complex combinatorial optimization problems for which
various techniques and methods have been used. Yet,
in real-world applications, these problems are naturally
multi-objective since they usually involve the simultane-
ous satisfaction of multiple conflicting objectives. Be-
sides, they are often subject to significant uncertainties
which must be taken into account such as the most com-
mon uncertainty of customer demands. Therefore, the
widely studied problem that has gained more and more
attention in recent years is the multi-objective version un-
der uncertainty because of its wide applicability in many
real-life situations.

The aim of our study is to deal with a bi-objective vari-
ant of VRP with uncertain demands, in which the uncer-
tainty is expressed by means of triangular fuzzy numbers
(TFNs): the Multi-objective Vehicle Routing Problems
with Time Windows and Fuzzy demands (MO-VRPTW-
FD henceforth). As a consequence in this fuzzy context,
the classical methods of VRP cannot be applied to ob-
tain optimal solutions and so a need for special optimiza-
tion methods capable to handle such problems is evident.
However, almost all of existing approaches have been de-
voted to solve this problem in the mono-objective con-
text, while only few studies have been performed in the
multi-objective setting. To this end, we propose a fuzzy
extension of two well-known multi-objective evolutionary
algorithms: SPEA2 and NSGAII, in order to enable them
working in uncertainty space (i.e. fuzzy context) and con-
sequently handling the MO-VRPTW-FD problem. The
proposed algorithms, based mainly on the use of new
Pareto approach over triangular fuzzy numbers, are im-
plemented with the version 2.0 of ParadisEO-MOEO un-
der Linux.

In order to verify the performance of our both algo-
rithms, we test them on few instances of Solomons bench-

∗B. Oumayma and B.A. Nahla are from LARODEC Lab,
Université de Tunis, Tunisie. E-mails: oumayma.b@gmail.com,
nahla.benamor@gmx.fr
†E-G. Talbi is from both INRIA-Lille and CNRS/LIFL Labs,

Université de Lille1, France. E-mail: el-ghazali.talbi@lifl.fr

mark and finally we evaluate the obtained solutions using
some experimental tests based on multi-objective quality
indicators such as, Hypervolume and Epsilon indicators.

As a future work, we intend to extend the multi-
objective performance metrics to uncertain context and
to apply the proposed approach on a multi-objective
VRP having more than one uncertain data (ex. uncer-
tainty in demand and travel time).

Keywords. Vehicle Routing Problem, Multi-
objective, Uncertainty, Triangular fuzzy numbers,
SPEA2, NSGA2, Solomon’s benchmark.
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Abstract.  In this paper, we study the problem of finding the 

most interesting path (the one that maximizes the gain) toward 

one of several destination ports subject to uncertain information 

on the expected gain in each port.  

Although the cost of a ship trip between two points is usually 

predictable, some events may happen, thus impacting the cost. 

However, in most cases, only the final part of the trip is subject 

to changes. The price of goods to be delivered may fluctuate 

during the trip (thus impacting the gain), or the price to pay at 

the destination point can be higher as expected (in case of a 

strike for example). Besides, during the ship trip, the destination 

port can turn to be unavailable (conflicts in the country, 

bombings etc.). All of this has important economical conse-

quences for the shipowner and for the port on a long term basis. 

In this context, it is important for a shipowner to be able to react 

quickly when a destination port is no longer available. When a 

port terminal is on strike for example, ships are rerouted to other 

ports to be loaded and unloaded. 

We propose in this paper a simple and yet efficient algorithm to 

recompute the path of the ship, when she is on the way, based on 

the computation of the longest path in a weakly dynamic 

graphs, in order to maximize the global gain of the trip. Para-

metric routing tables are precomputed, and critical values are 

deduced. 

Keywords: Dynamic Graph; Longest Path Problem; Maritime 

Network; Route Planning; Time and Cost Factors. 

1 Introduction 

Static graphs have a long history of being used to ef-

ficiently represent static problems. In these problems, all 

the data are known from the start. The real world is not 

static, however, and the solutions to static problems may 

not always be used [2]. Some data may change, or be 

unknown in advance. For example, the traversal duration 

of a location may depend on traffic density, the presence 

or not of traffic jams, work in progress, etc. that are all 

time dependent and usually hard to predict. Thus several 
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approaches have been proposed to study parametric 

graphs [1] and dynamic graphs [6]. 

Fully dynamic algorithms, for example, are applied to 

problems that can be solved in polynomial time. They 

start with a computed optimal solution, and then try to 

maintain them when changes occur in the problem. They 

often propose sophisticated data structures to reach this 

goal [8]. 

When the delay between a change and the moment a 

new solution is needed is very small, or when the prob-

lem itself is NP-hard, faster algorithms are needed. These 

reoptimizing algorithms usually start from an initial so-

lution that is not optimal but is expected to be of good 

quality, if possible. As soon as a change is detected, they 

compute a new solution, trying to do it faster than clas-

sical algorithms. Or they compute a new solution as 

quickly as the classical algorithms but this resulting so-

lution is better than the ones found by classical algo-

rithms. These algorithms include meta-heuristics such as 

ants colony algorithms [5], or swarm algorithms [3]. 

Another approach used is probabilistic. Probabilities 

are associated to some variables in the graph, such as the 

value of a weight, or the presence of a node or of a con-

straint, for example. The algorithms used in these prob-

lems usually compute a solution and then do some ro-

bustness analysis in the probability space [9]. Or they do 

a quick re-optimization of the solution once the parame-

ters of the problem are perfectly known [4, 10]. 

In this paper, we study route planning in maritime 

network [11]. More specifically, we study the problem of 

finding the most interesting path toward one of several 

destination ports subject to uncertain information on the 

expected gain in each port. Although the cost of a ship 

trip between two points is usually predictable, some 

events may happen, thus impacting the cost. However, in 

most cases, only the final part of the trip is subject to 

change. The price of goods to be delivered may locally 

fluctuate during the trip (thus impacting the gain), or the 

price to pay at the destination point can be higher than 

expected. For example, it may happen that the dockers of 

a maritime port are on strike (examples of strikes include 
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Le Havre-Rouen-Marseille 2008, Liverpool between 

1995 and 1998 also known as Liverpool's Dockers' strike, 

Rotterdam 2013....). Actually, the strike phenomenon in 

maritime ports happens on a regular basis all over the 

world. To have an idea of the strike impact on maritime 

traffic, we can quote the example of the Greek port of 

Pireus: Piraeus’ volume peaked at 1.6 million TEU 

(Twenty feet Equivalent Unit) in 2003, but strikes and 

unrest led to a throughput of only 433,000 TEU in 2008 

[14]. Moreover, "exceptional" events can make a desti-

nation port unavailable: bombing, blockade because of 

economical sanctions etc... It is then necessary to reroute 

a ship when its destination port is unavailable as soon as 

possible [15]. All of this has important economical con-

sequences for the ship-owner and for the port on a long 

term basis. Thus, when a merchandise ship has to stay 

docked in a port without being taking care of, it implies a 

money loss that can be important for the ship-owner: 

sailors’ wages, ship rental, blocked merchandise, disre-

spect of deadlines for merchandise delivery (penalties), 

and extra fuel consumption. In this context, it is im-

portant for a ship-owner to be able to react quickly when 

a destination port is no longer available.  

2 Problem statement 

Maritime Shipping Graph (MSG): To study this 

problem, we will consider a graph G = (V, E). V is the set 

of nodes, V = S U P U {D}, S = {1, 2, .. s} is the set of 

stable nodes, P={X1, X2,... Xp} is the set of non-stable 

nodes (representing destination ports) and D is the des-

tination node. E is the set of edges, and to each edge is 

associated a weight w ϵ R. All the edges between a node 

of S and any other node are stable and their negative 

weights, that represent costs, never change. There is no 

edge between a stable node and D. However all edges 

leading to the final destination D in the graph are not 

stable and their weights may change at any time. The Xi 

nodes indicate the various ports available for delivery, 

and D is an added node indicating the abstract delivery of 

the load. Each edge between a node Xi and node D is non 

stable and has a value xi, representing the current ex-

pected profit for delivering the load in port Xi. We call 

this graph a MSG, Maritime Shipping Graph: 

 

 
Fig. 1 – Example of Maritime Shipping Graph with 3 var-

iable edges (x1, x2, x3) to the destination D (dashed lines on 

the graph).{1,2,3,4,5,6} is the set S of stable nodes and {X1, 

X2, X3} is the set P of non-stable nodes. 

The length of a path is the sum of the weights of its edges. 

Longest paths that do not include any variable edge may 

be computed with the Bellman algorithm. 

For example, taking the simplistic example of a wheat 

cargo, starting from Argentina to Europe, it may pass 

through several points (such as the Horn Cap or the 

Panama Canal). The price to pay, in oil, time, fees and 

such is usually known and may be represented by a sim-

ple static graph. Once the ship is close to Europe, each 

possible port will have different and possibly changing 

profit due the local conditions (port disponibilities, add-

ing the cost of train or road transports, strikes...). The 

profit earned we will consider is: 

Selling price at final destination - local fees and expenses 

at final destination - travel costs to Europe.   

For example on the graph of Fig. 1, starting from node 1, 

we intend to reach one of the final ports X1, X2 or X3. The 

profit expected from port Xi will be the price received for 

the cargo minus the cost to deliver it, minus the cost to go 

to the port. We aggregate the price received there for the 

cargo with the cost to deliver there in a non-stable value 

xi that is represented on the graph as an edge between 

node Xi and a virtual node D. 

We are interested in the “One-to-All” Longest path 

problem (LPP), that is, finding the longest paths from one 

node to all other nodes of this graph. This must be done 

considering the weights of the non-stable edges. Pre-

liminary results on the Shortest Path Problem (SPP) on 

weakly dynamic graphs with one variable edge were 

presented in [7]. In [13] this result is extended to two 

variable arcs. In both results, alternative shortest paths or 

parametric routing tables are pre-computed for all possi-

ble values of the non-stable weights. Thus when the 

non-stable weights change, new optimal paths may di-

rectly and immediately be deduced and used without any 

further recomputations.   

The LPP we study will use the model illustrated on Fig. 1. 

Each stable value is a negative value representing its cost, 

and the non-stable value of this kind of weakly dynamic 

graph is the price received for the cargo minus the mis-
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cellaneous local costs (including the effects of strikes, if 

any.). 

3 Main results 

3.1 The proposed algorithm 

We present now the following algorithm to solve this 

problem: 

Algorithm 

Input: G=(V, E) is a MSG, with P being the subset of 

non-stable nodes, and D being the destination 

Output: longest paths LP(j, D) from any node j of G to D 

For each non stable node Xi of P do 

 Compute LPS(Xi) = set of longest paths that do not use 

a variable edge, from  

               all nodes j,   j ϵ V- {D} to node Xi  using Bellman 

algorithm. 

 Let dXi[j] = the length of the path in LPS(Xi) that starts 

from j ϵ V- {D}  of the graph. 

EndFor 

The longest path LP(j, D) from j to D is the path such that 

length (LP(j, D)) = max (dXi[j]+ xi , Xi ϵ P) 

 

3.2 Example: we now apply this algorithm on the 

graph of Fig. 1. 

The least costly distance from each stable node to each 

non stable node is presented in Table 1. 

Table 1: distances from all stable nodes to all non-stable 

nodes 

 Stable node to non-stable node X1 X2 X3 

1 -40 -70 -65 

2 -30 -60 -65 

3 -50 -55 -45 

4 -65 -65 -55 

5 -20 -30 -35 

6 -40 -25 -15 

For example, the value of the least costly path from node 

3 to go to node X1 is -50, to go to node X2 is -55 and to go 

to node X3 is -45. 

We now suppose that the current expected profits at the 

possible delivery ports are (x1, x2, x3) = (1000, 1100, 

1200). 

The length of the longest path (that is the one with the 

highest total profit) from node 3 to D is max (1000 – 50, 

1100 – 55, 1200 – 45) = 1155. From node 3, the longest 

path will go to port X3 for delivery in the current condi-

tions. 

Now, if x3 falls to 1050 and the other values do not 

change, then the length of the longest path from node 3 to 

node D is max (1000 – 50, 1100 – 55, 1050 – 45) = 1045. 

From node 3, the longest path will go to port X2 for de-

livery in these new conditions. 

 

3.3 Some proprieties of the algorithm 

Theorem 1: Let G=(V, E) a Maritime Shipping Graph, 

{xi, with Xi ϵ P } be the values of the non-stable edges. 

Let dXi[j] the longest path without non stable edges from 

a stable node j to Xi, Xi ϵ P. Then the length of the longest 

path from a node j to node D is max {dXi[j] + xi, with  

Xi ϵ P } 

Theorem 2: The complexity of the algorithm is O(pnm). 

n is the number nodes and p is number of non-stable 

nodes and m is the number of edges. 

One interesting use of this result is in the building of 

pre-computed parametric routing tables.  These para-

metric routing tables include critical conditions that can 

easily be used to instantly establish a new destination if 

the expected profit in any possible final destination 

crosses a computed threshold value. 

We call critical conditions of a given node, the set of 

length functions associated to the longest paths to this 

given node computed by the algorithm. Because the 

functions of this set are constants, or very simple linear 

functions of the non-stable weights, they can be 

computed and compared very easily. Thus for each target 

node, the set of alternative paths can be stored along with 

the associated set of critical conditions. As soon as any 

variable weight changes, the critical conditions of the 

target node just need to be recomputed and compared. 

Then the new longest path may be chosen among the 

alternative paths stored for this node. No recomputation 

of longest paths is needed, no data beside the current 

values of the variable edges need to be exchanged, and all 

decisions may be taken locally.  

The result found by the proposed algorithm can then be 

used to build alternative routing tables for each ship 

starting from any location of the graph. The same tables 

can then be used to route these ships to the most 

profitable destination at any time during its journey. 

We develop the above ideas in the next part, using the 

example of Figure 1. 

4 Developed example 

We now again use the example of Figure 1 with the 

current values (x1, x2, x3) = (1000, 1100, 1200) for the 

current non-stable weights. Applying the algorithm gives 

the distances, from all nodes to D, presented in the right 

part of Table 2: 
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Table 2: distances from all stable nodes to all non-stable 

nodes, and to D with (x1, x2, x3) = (1000, 1100, 1200). 

 

Now, for any node, the length of its longest distance 

depends on the values of the non-stable edges. The pos-

sible lengths are summarized in Table 3. 

Table 3: Parameterized longest distance to go to D 

Node Parameterized longest distance to go to D 

1 Max(x1−40, x2−70, x3−65) 

2 Max(x1−30, x2−60, x3−65) 

3 Max(x1−50, x2−55, x3−45) 

4 Max (x1−65, x2−65, x3−55) 

5 Max(x1−20, x2−30, x3−35) 

6 Max(x1−40, x2−25, x3−15) 

X1 Max(x1, x2−40, x3−50) 

X2 Max(x1−40, x2, x3−10) 

X3 Max(x1−50, x2−10, x3) 

Next, it is now possible to build a parameterized routing 

table in each node to go to D. In the parameterized 

routing table of a given node, which neighbor to use 

depends on which part of the max formula gives the 

highest result using the current values of the non-stables 

edges. Table 4 presents the parameterized routing tables 

of nodes 3 and 4 if we have (x1, x2, x3) = (1000, 1100, 

1200). With these values, x3–55 in Table 4.b at node 4 

gives the highest result of  1145, so a ship at node 4 with 

the above conditions will go next to node 6. 

Table 4: Parameterized routing tables of nodes 3 and 4, to 

go to node D, (x1, x2, x3) = (1000, 1100, 1200) 

Table 4.a  

If current highest critical condition at node 
3 is 

Then go to neighbor 
node: 

x1 – 50 5 

x2 – 55 6 

x3 – 45 6 

Table 4.b 

If current highest critical condition at node 
4 is 

Then go to neighbor 
node: 

x1 – 65 3 

x2 – 65 6 

x3 – 55 6 

We now start to compute the sensitivity of the result in 

each node, stable or not. 

At node 1 for example, the best path to D has a length of 

1135, and uses edge (X3, D) to D. The second best des-

tination port is X2, using edge (X2, D) to D, and has a 

length of 1030. The remaining possible destination is X1, 

using edge (X1, D) to D, and has a length of 960. 

Now, for a different path to be chosen if only one non-

stable value changes, two cases are possible. Either the 

profit at the best destination port falls so much that the 

second best becomes better, or the profit at one destina-

tion port that is not the best one climbs so much that it 

becomes the best one. 

Comparing the values found in Table 2, and using the 

computed distance formula to go from any stable node to 

any non-stable node, we can deduce that, at node 1 for 

example,  the second best destination port becomes the 

best one if x3 − 65 < 1030, that is if x3 < 1095. We can also 

deduce that, at node 1, destination port X1 will becomes 

the best destination port if x1 − 40 > 1135, that is if x1 > 

1175. And that, at node 1, destination port X2 will be-

comes the best destination port if x2 −70 > 1135, that is if 

x2 > 1205. 

We call these values (1175, 1205, 1095) at node 1 the 

critical values of node 1 for the prices at destination ports 

(X1, X2, X3) if (x1, x2, x3) = (1000, 1100, 1200). If any 

single profit change occurs from the initial conditions (x1, 

x2, x3) = (1000, 1100, 1200), then there will be no path 

change to consider if the new price is not above its critical 

value for a non-best destination port, or is not below its 

critical value for the best destination port. Furthermore, if 

the local profit that changed changes again many times 

and the other non-stable profits do not change, than there 

is no recomputation needed of any path and values. 

5 Conclusions 

In this paper, we studied the problem of finding the most 

interesting path (the one that maximizes the gain) toward 

one of several destination ports subject to uncertain in-

formation on the expected gain in each port and rerouting 

a ship when needed.  

We proposed a simple and yet efficient algorithm to 

recompute the path of the ship, when she is on the way, 

based on the computation of the longest path in a weakly 

dynamic graphs, in order to maximize the global gain of 

the trip. Parametric routing tables are precomputed, and 

critical values are deduced. 

As a final remark, one can note that a particular patho-

logical classical situation that may arise in this kind of 

problem is that the expected values between two possible 

final destinations may change several times such that  the 

ship must alternatively follow a path along and edge from 

a to b, then back from b to a, several time. It is a 
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well-known problem of sensitivity in dynamic problems. 

One idea of heuristic may be that the ship is not allowed 

to come back toward another destination port unless the 

total expected profit there is superior to the total expected 

profit before the last change. With this heuristic, it is not 

possible for a ship to travel forever between two ports, 

because the prices will not increase forever. 

In the future, we intend to study the problem of finding 

longest paths in weakly dynamic graphs when some 

non-stables edges are not close to the destination node 

(passing through the Suez Canal for example). 

We also intend to work on extending this result to the 

problem of arbitraging multi-deliveries when several 

destinations must be reached by a ship at one time or 

another.  
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Abstract.  A new generation of terminals using 
automated container handling equipment needs 
efficient solutions to optimize task scheduling 
and operating costs. In this work we propose a 
new multi-objective approach to optimize the 
operating times, the storage space organization 
and the number of equipment used.  

 
Keywords.  Vehicle Scheduling, AGV (Automated Guided 
Vehicle), ALV (Automated Lifting Vehicle), Location as-
signment, Storage Location, Storage Bay, Transfer Crane, 
Multi-Objective Optimization, NP-Completeness, Operating 
Cost Evaluation, Makespan, Location Assignment Cost, Mul-
ti-Objective Optimization, Multi-Objective Evolutionary Al-
gorithms. 

1 Introduction 
Considering the phenomenal evolution of world con-
tainer traffic and particularly the increasing of container 
ship capacity, maritime terminals need more and more 
efficiency in their handling operations. In this work we 
propose a new integrated modeling considering the im-
port case in maritime automated container terminal. We 
consider combination between two known problems, the 
first is the storage location assignment problem and the 
second is the vehicle scheduling problem. In fact, we 
 
study the Multi-Objective Integrated Problem of Loca-
tion Assignment and Vehicle Scheduling (IPLAVS) in 
automated container terminal at import. This approach 
which combines two chronologically successive prob-
lems prefers the use of multi-objective optimization  

 
Yassine Adnan and Dkhil Hamdi are in Laboratory of Applied 

Mathematics of Le Havre, University of Le Havre, France. 
Chabchoub Habib and Dkhil Hamdi are in department of Enginery 

of Computing Systems in National School of Sfax, Tunisia. 
hamdi.dkhil@doct.univ-lehavre.fr 
yassine.adnan@univ-lehavre.fr 
habib.chabchoub@fsegs.rnu.tn 
 

 
(MOO). Three kinds of automated container terminal are 
studied. We identify these kinds of terminal considering 
their vehicles: Auto-Straddle-Carrier, AGV or ALV. 

2 Reviews of literature 
As we know, this work is the second study of this specific 
problem (IPLAVS) considering automated container 
terminals.  
The first study of the integrated problem of storage space 
allocation and vehicle scheduling, in the specific context 
of automated container terminals, was the study of Bish 
et al [1] which treats the problem for AGV handling 
system. In that work, the vehicle schedule and location 
assignment are optimized in order to minimize one ob-
jective which is the handling time. However, the wait-
ing-times in bay entry (AGV wait for stacking crane in 
bay entry), which is a crucial constraint of the real prob-
lem, is not considered.  In other studies, the optimization 
of storage location assignment, in the general context of 
container terminal, considers total vehicle routing dis-
tance. However, vehicle scheduling, waiting time in bay 
entries, as well as the interaction between the different 
equipment and others parameters are not considered. 
Golias and al. [2] formulated and solved the discrete 
space and dynamic vessels arrival time (DDBSP). For the 
first time, the multi-criteria aspect of the problem is 
considered.  Two objectives are maximized: the customer 
satisfaction and the reliability of the berth schedule. 
Authors used a multi-objective genetic algorithm to solve 
the problem.   
Giallombardo et all [3] studied the integrated problem of 
berth allocation and QC scheduling. Two objectives are 
considered, the first is to maximize the total value 
of chosen QC profiles and the second is to minimize the 
housekeeping costs of the transshipment flow. 
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3 Operating cost evaluation and mul-
ti-objective optimization at auto-
mated container terminal 

 
The objective is to minimize the operating cost which we 
evaluate considering eight components: the date of last 
task “makespan”, the total vehicle operating time, the 
total transfer crane operating time (or the total storage 
bay occupation time for terminals with straddle carriers), 
the number of vehicles used, the number of transfer 
cranes used ( or the number of storage bays used for 
terminal with straddle carriers), the number of storage 
locations used, and two different average costs of storage 
location assignment. The first average cost of storage 
location assignment is evaluated in order to favor the 
feasibility of next storage operations at import. The se-
cond average cost of storage location assignment is 
evaluated in order to facilitate containers transfer for 
deliveries. We assume that the operating cost is a func-
tion of these components and that the influence of each 
component is variable and dependent on different pa-
rameters. These parameters are essentially: the number of 
quays in the terminal; the vehicle traffic layout; the 
number of container ships to serve in the terminal; the 
influence of concurrent operations in the terminal; the 
storage space configuration; the number of free transfer 
cranes (the number of free storage bays for terminals with 
straddle carriers), the number of free vehicles, the num-
ber of free quay cranes, the mobility of quay cranes; etc.  
Considering our approach, in one hand, the integration of 
two optimization problems is theoretical guaranty of 
higher optimality. In the other hand, our solution pro-
poses an 8-objective optimization process. It is also a new 
and efficient approach considering the real-world sig-
nificance of the optimized objectives.   
We proved that the problem is NP-Complete using pol-
ynomial reductions of IPLAVS to the parallel machine 
problem (PMP) and the Traveling Salesman Problem 
(TSP). We studied the numerical aspect of the total 
routing path variation considering a chosen layout. 

4 Resolution 
We developed a Multi-Objective genetic algorithm 
adapted to the studied problem. The algorithm use dif-
ferent populations, we associate to each population a 
specific  
k-levels selection process. A central population is used 
and the best individuals of the others populations migrate 
to it periodically. The efficiency of the algorithm is 
proved by numerical results considering a large real in-
stance of 1000 containers and a total storage space ca-
pacity of 10 000 containers.  

5 Conclusion and perspective 
In this study, we treated the multi-objective optimization 
of the different kinds of automated container terminal. 
We optimized the operating cost of the handling systems 
considering different components. Real instances are 
used to prove the efficiency of our optimization ap-
proach. IPLAVS is solved effectively for large instances 
up to 1000 containers and a storage space of 10 000 
containers capacity.   
In future works, we will develop other multi-objective 
meta-heuristics to determine efficiently the approaches 
adapted to the studied problem. A comparative study of 
the productivity of the different kind of terminals will be 
introduced also.   
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Abstract.  In this paper, we reviewed a game theoretic approach 

to analyze an inventory and transportation optimization problem 

in a basic supply chain. We focus on a single channel, 

two-echelon supply chain with a single retailer and a single 

supplier of a one-product with the objective of modeling inter-

actions among players. Careful attention is given to information 

flow, more precisely demand forecasting, and its impacts on the 

supply chain’s performance since the retailer is closer to the 

market and has a better view of demand forecasts.  

Keywords. Game theory, Supply chain management, Inventory 

and Transportation costs, Asymmetric information, Probabilistic 

demand. 

1 Introduction 

When it comes to applying mathematics to analyze or 

evaluate strategic decisions among at least two rational 

actors, called players, we are in the realm of game theory; 

with sometimes cooperative and sometimes conflicting 

interests. Behaving rationally, for one player, means act-

ing to maximize his own payoff, knowing that the final 

outcome of each player depends not only on his own 

action or on chance events, but also on the actions of other 

players. 

Since the ultimate goal of any effective supply chain 

management system is to reduce its total relevant cost 

with the assumption that products are available when 

needed; this paper uses a game theoretic approach to an-

alyze an inventory and transportation optimization prob-

lem in a basic supply chain. We start by presenting game 

theory through examples: basic concepts…in order to 

explain how supply chain behavior can be predicted and 

optimized under a set of given objectives. Followed by 

demonstrating the importance of demand forecasting  
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among the supply chain’s members. Then we define the 

studied system with a mathematical modeling of inven-

tory and transportation costs: we consider a two-echelon 

supply chain composed of one retailer facing a random 

demand of a final product, and his supplier, we focus on 

information sharing and its impact on the payoff of each 

player. As a solution concept, we choose to find the equi-

librium that guaranties the maximum profit for all players. 

Different games are employed throughout this work to 

demonstrate the application of game theory’s tools. 

2 Game theory through examples 

2.1 Literature background 
Game theory is a mathematical tool that deals with in-

terdependence decisions (cooperation/competition) 

among multiple agents (players); It has proved its success 

in many areas (politics, economy, ).This theory was first 

introduced by Von Neumann and Morgenstern [1], then 

by John Nash [2], [3], [4], and [5] who developed the 

solution concepts for these games, more precisely the 

concept of equilibrium. Kuhn [6] focuses in his work on 

the concept of imperfect information. 

Cachon and Zipkin [7] studied a single channel, 

two-stage supply chain with stationary stochastic demand 

considering that inventory holding costs and backorder 

penalty cost are charged at each echelon of the supply 

chain. Two games are considered where inventory cost is 

charged by the two independent stage separately (compe-

tition) and then by choosing the same local inventory with 

shared costs (cooperation). The author demonstrate that 

the games have a unique equilibrium that differs from the 

optimal solution. 

Hongwei et al. [8] Analyzes a non-cooperative mecha-

nism in a two-echelon decentralized supply chain com-

posed of one supplier and n retailers under two conditions: 

sufficient and insufficient supply. Several Nash Equilib-

rium contracts are used both in echelon inventory games 

and local inventory games with the omission of the con-
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cept of asymmetric information. 

In Esmaeili et al. [9], several seller-buyer supply chain 

models are studied using non-cooperative and cooperative 

games with the Stackelberg strategy as a solution concept 

for the non-cooperative game and Pareto efficient solu-

tions for the cooperative game. 

Tetsuo and Zipkin [10] studied the benefits of sharing 

demand forecasts information of a stochastic demand in 

both cooperative and competition settings on a simple 

supply chain of a single supplier and a single retailer. 

Different modes of decision making are studied:  cen-

tralized mode, cooperative case, competitive case with 

centralized demand forecasts and competitive case with 

decentralized demand forecasts. 

 

In its general form, a game is defined by three param-

eters [11] < 𝑁, 𝑋𝑖 , 𝜋𝑖 >:  

 N: set of i players where N ={1,2…,n}; 

 𝑋𝑖: set of possible strategies of player i; called 

pure strategies of players 

 Payoff function of player i denoted 𝜋𝑖(𝑥𝑖 , 𝑥−𝑖) 

choosing to play the strategy 𝑥𝑖 given the strate-

gies adopted by the other players denoted 𝑥−𝑖.    

The main objective of each player i is to maximize his 

individual profit by finding the optimal strategy 𝑥𝑖
∗ Є 𝑋𝑖  ; 

where: 

𝑥𝑖
∗ (𝑥−𝑖) = arg max 𝜋𝑖(𝑥𝑖 , 𝑥−𝑖) (1) 

 

A mixed strategy for player is distribution on his pure 

strategies with given probabilities that determines the 

player’s decision. Note that not every game has a pure 

strategy equilibrium. However, every game has a mixed 

strategy Nash equilibrium. The idea is that each action is 

assigned a probability of play and given these probabili-

ties, a player who is adopting a mixed strategy is indif-

ferent between his actions. The example bellow (see 

example 2) explain how optimizing payoff might require a 

randomized strategy. 

 

2.2 Examples of game theory 
In order for game theory to apply, two assumptions 

must be made: 

 The players are rational which means that each 

player is acting in his self-interest 

 Each player (choice made) has only partial con-

trol of the game’s outcome  

   

We can describe a game by listing the players partici-

pating in the game as well as listing the alternative actions 

for each player. The simple form game is a two-player 

game, in this case the game is modeled in a matrix where 

the rows are the actions of the first player, and the col-

umns represent those of the second. In this matrix, the 

utilities of players are represented by two numbers: (First 

player’s payoff, Second player’s payoff). Note that higher 

numbers are better (more utility). 

 
Example 1. Prisoner’s dilemma game (Pure strategy) 

The prisoner’s dilemma game is one of the famous 

games, where two players are partners in a crime. Each 

prisoner is placed in a separate cell, and offered the op-

portunity to confess or not. The game can be represented 

by the following matrix of payoffs: 

    Prisoner 2  

  Not confess Confess 

Prisoner 1 Not confess (3,3) (0,5) 

 Confess (5,0) (1,1) 

 

In this example, (Not confess-Not confess) is a domi-

nant strategy equilibrium.   However, it is not Pareto op-

timal.  Both players could be made better off if neither 

defected against the other.  

 

 

Example 2. Mixed strategy 

 

    Wife  

  Football Shopping 

Husband Football (2,1) (0,0) 

 Shopping (0,0) (1,2) 

 

In pure strategies, the probability of each action is 1 2⁄ : 

Husband’s payoff:  

𝜋𝐻(Football) =1 2⁄ * 2 + 1 2⁄ * 0 = 1 

       𝜋𝐻(Shopping) = 1 2⁄ * 0 + 1 2⁄ * 1 = 1 2⁄  

Wife’s payoff: 

        𝜋𝑊(Football) = 1 2⁄  

𝜋𝑊 (Shopping) = 1 

We conclude that if we limit to pure strategy players 

will not coordinate therefore the best solution for players 

is being indifferent to their choices by associating a 

probability to each action: 

 α:  probability of choosing football for husband 

 β:  probability of choosing shopping for wife 

 

Since payoffs must be equal for both players:  

Husband: 

𝛼 ∗ 2 = (1 − 𝛼) ∗ 1    Meaning that 𝛼 = 1 3⁄  

Wife: 

    (1 − 𝛽) ∗ 1 = β ∗ 2     Meaning that 𝛽 = 1 3⁄  

 

In both cases the expected payoff of each player is 2 3⁄  

3 Demand forecasting techniques 

In the industrial world, firms cannot risk waiting for the 
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actual demand to occur so they can react and determine 

the quantities to purchase, produce and deliver; knowing 

that each one of these operations takes time and for a 

supply chain manager time is money. Demand forecasts 

are important and necessary to any member of the supply 

chain as they gave them the advantage of planning and 

anticipating for future needs (Just in Time delivery policy 

to costumer orders).  

The result of better demand forecasts leads to reducing 

stock, giving the opportunity of planning production, 

reducing logistic costs, and improving customer service. 

There are three commonly used techniques of modeling 

demand forecasts:  

 Qualitative techniques: based on opinion and intu-

ition, used with limited or unavailable costumer 

demand data. 

 Quantitative techniques: based on mathematical 

models and historical data to make forecasts. 

 Time series techniques: this technique is the most 

frequently used method in the literature, we  

- Simple Moving Average Forecasting Model 

that uses historical data to generate a forecast: 

 

𝐹𝑡+1 =  
∑ 𝐴𝑖

𝑡
𝑡−𝑛+1

𝑛
 (2) 

 
Where  

𝐹𝑡+1: Forecasts for period t+1 

𝑛: Number of period used to calculate 

moving average 

𝐴𝑖: Actual demand in period i 
 

- Weighted Moving Average Forecasting 

Model that is based on an n-period weighted 

moving average: 

𝐹𝑡+1 =  ∑ 𝑤𝑖𝐴𝑖

𝑡

𝑡−𝑛+1

  (3) 

 
Where  

𝐹𝑡+1: Forecasts for period t+1 

𝑛: Number of period used to calculate 

moving average 

𝐴𝑖: Actual demand in period i 

𝑤𝑖:  Weight assigned to period i with 

∑ 𝑤𝑖 = 1𝑡
𝑡−𝑛+1   

 

4 Problem statement: Two-echelon 

supply chain 

The first study of this work (Figure 1) examines a single 

product in a two-echelon supply chain composed of a 

single retailer (buyer) and a single supplier (vendor).  

The proposed models in this paper are based on as-

suming that transportation cost is paid by the supplier. 

Demand D is a random variable with distribution function 

𝐹𝐷 and density function 𝑓𝐷. It is defined by (m, σ) mean 

and standard deviation. Our goal is to apply game theory 

on a basic supply chain by modeling interactions among 

players in order to optimize both inventory and transpor-

tation costs of the whole system. 

 

The decision making process of this model is presented 

in figure 1. 

 

 

Figure 1: Sequence diagram of the two-echelon supply chain with demand information  
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4.1 Notations 
 The following notations are used: 

C: Capacity of vehicle; 

d: Distance (per Km) between the retailer and the supplier; 

𝐶𝑓 : Transportation fixed cost of the vehicle per Km, it is 

considered constant in each period (for example: parking 

fare or rewards to the driver…); 

𝐶𝑉: Transportation variable cost of the vehicle per, it 

depends mainly on the fuel consumed that is related di-

rectly to the distance travelled; 

D: Market demand of the product during the current pe-

riod;  

T: Length of each period; 

Q: Ordered quantity to the supplier per period T;  

r: Unit price with which the retailer buys the product from 

the supplier; 

p: Unit selling price of the product on the market by the 

retailer; 

𝑐𝑟 : Unit production cost of the retailer; 

𝑏𝑟 : Unit breakdown cost of the retailer; 

𝑐𝑠 : Unit production cost of the supplier; 

𝑏𝑠 : Unit breakdown cost of the supplier; 

N: Supplier’s replenishment level, it is the quantity in 

stock at the end of each period before demand arrives; 

ℎ𝑠:   Cost of unsold unit paid by the supplier; 

𝜋𝑟 : Retailer’s profit  

𝜋𝑠 : Supplier’s profit; 

 

4.2 The retailer’s model formulation 
The retailer’s objective is to maximize his net profit:  

Max [retailer’s profit = Sales revenue – Purchasing cost – 

Shortage cost – Production cost]; 

 

Max {𝜋𝑟} = Max  {𝐸[(𝑝 − 𝑟 − 𝐶𝑟) min(𝑁, 𝐷)
− 𝑏𝑟 (𝐷 − 𝑁)+]} 

(4) 

 
With 

(𝑥)+ = max (0, 𝑥) (5) 

 
Where:  

𝑆𝑎𝑙𝑒𝑠 𝑟𝑒𝑣𝑒𝑛𝑢𝑒 = 𝑝 min(𝑁, 𝐷) (6) 

𝑃𝑢𝑟𝑐ℎ𝑎𝑠𝑖𝑛𝑔 𝑐𝑜𝑠𝑡 = 𝑟 min(𝑁, 𝐷) (7) 

𝑆ℎ𝑜𝑟𝑡𝑎𝑔𝑒 𝑐𝑜𝑠𝑡 = 𝑏𝑟  (𝐷 − 𝑁)+     (8) 

𝑃𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑠𝑡 = 𝐶𝑟min (𝑁, 𝐷)     (9) 

 

4.3 The supplier’s model formulation 
Since the players are rational, the supplier is also in 

search of his optimal net profit, supplier’s profit = Sales 

revenue – Production cost – Shortage cost – Cost related 

to unsold product – Transportation cost; 

 

Max {𝜋𝑠} = Max  {𝐸[𝑟 min(𝑁, 𝐷) − 𝐶𝑠. 𝑁
− 𝑏𝑠 (𝐷 − 𝑁)+ −  ℎ𝑠 (𝐷 − 𝑁)+

−  𝐶𝑇]} 

(10) 

Where: 

𝑃𝑟𝑜𝑑𝑢𝑐𝑡𝑖𝑜𝑛 𝑐𝑜𝑠𝑡 = 𝐶𝑠. 𝑁       (11) 

𝑆ℎ𝑜𝑟𝑡𝑎𝑔𝑒 𝑐𝑜𝑠𝑡 = 𝑏𝑠 (𝐷 − 𝑁)+      (12) 

𝐶𝑜𝑠𝑡 𝑢𝑛𝑠𝑜𝑙𝑑 𝑝𝑟𝑜𝑑𝑢𝑐𝑡 = ℎ𝑠(𝑁 − 𝐷)+         (13) 

 

Using the model proposed by Martel [12], including 

both the fixed cost 𝐶𝑓 :  and the variable cost 𝐶𝑉  ; 

Transportation cost is modeled as follows: 

𝐶𝑇 =  𝐶𝑓 + 𝐶𝑉 . Q       (14) 

Where: 

𝐶𝑓 =  𝐶𝑎 + 𝐶𝑑. 𝑑          (15) 

 

𝐶𝑎: Stopping cost; 

𝐶𝑑: Cost related directly to the distance travelled 

 

4.4 Game’s matrix 
We suppose that each player has two choices: “Coop-

erate” or “Not cooperate”, as explained in the table 1. 

 

Table 1: Players strategies in the proposed model 

 Retailer Supplier 

 

Cooperate 

Send exact (trust 

worthy) demand 

forecasts to sup-

plier 

Trust demand 

forecasts sent by 

retailer and plan 

production level 

based on it 

 

Not 

cooperate 

Send wrong de-

mand forecasts to 

supplier 

Not Trust demand 

forecasts sent by 

retailer and use 

mixed strategy 

 

     Supplier  

   Cooperate Not cooperate 

Retailer Cooperate   (𝜋𝑟
∗, 𝜋𝑠

∗) (𝜋𝑟
𝑜, 𝜋𝑠

𝑜) 

 Not cooperate  (𝜋𝑟
′ , 𝜋𝑠

′) (𝜋𝑟
𝑜, 𝜋𝑠

𝑜) 

 

5 Conclusion 

Several works studying two-echelon supply chains us-

ing a game-theoretic mechanism were presented in this 

paper. Our goal is to use this theory to find the optimal 

situation for a decentralized retailer-supplier system with 

the objective of finding the equilibrium that guaranties 

maximum profit for both players and demonstrating how 
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payoffs depend on the two actions. 

It is true that our work is still unfinished, and since we 

are still validating our results by numerical examples we 

chose, for now, not to present these results. Next, as future 

work we propose the introduction of a third player (the 

distributor) to this problem. 
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ROUTING PARALLEL HETEROGENEOUS MACHINES IN
MAINTENANCE PLANNING: A HYPER-HEURISTIC APPROACH

Kassem Danach, Wissam Khalil, Francisco C. Lima Junior and Shahin Gelareh ∗†‡

Abstract. We consider a parallel heterogenous machine schedul-

ing problem arising in maintenance planning of heterogeneous fixed

installations[1][2][5][7][9][11]. A set of mobile maintenance machines

are responsible to accomplish some tasks that are located at cer-

tain locations. Each task needs a given level of maintenance which

is only offered by certain mobile maintenance machines. Each task

at a discrete location point is a production machine which is broken.

Given the distance between the discrete locations, the required ser-

vice level and the production of every installation, the problem is

to route the mobile maintenance machine in order to minimize the

overall loss of production[4]. We propose a time-arc indexed math-

ematical formulation as well as a hyper-heuristic method based on

a set of constructive, improvement, perturbation, and others types

of heuristic[3][8]. Our computational results demonstrate the effi-

ciency and quality of our hyper-heuristic against the exact methods

(our branch, price and cut) in terms of quality and time[6][10].

Keywords. Routing problem, Hyper-heuristic, Self-adaptive, Ar-

tificial intelligence, branch price and cut.

References

[1] Aloise, D. J., Aloise, D., Rocha, C. T., Ribeiro,
C. C., Filho, J. C. R., Moura, L. S., 2006. Schedul-
ing workover rigs for onshore oil production. Discrete
Applied Mathematics 154 (5), 695 – 702.

[2] Barnes, J. W., Brennan, J. J., Knap, R. M., 1977.
Scheduling a backlog of oil well workovers. Journal of
Petroleum Technology 29(12), 16511653.

[3] Burke, E. K., Misir, M., Ochoa, G., Ozcan, E., 2008.
Learning heuristic selection in hyperheuristics for ex-
amination timetabling. In: Proceedings of 7th Inter-
national Conference of Practice and Theory of Auto-
mated Timetabling (PATAT08), Montreal, Canada.

∗Kassem Danach,Wissam Khalil and Shahin Gelareh are
with Universite D’Artois, LGI2A, F-62400, Bethune, France.
E-mails: kassem danach@live.com, wissam.khalil@univ-artois.fr,
shahin.gelareh@univ-artois.fr
†Francisco C. Lima Junior is with DUERN, DI State University

of Rio Grande do Norte, 596000, Mossoro, Brazil. E-mail: fcli-
majr@gmail.com
‡Manuscript received April 15, 2014.

[4] Carlier, J., Pinson, E., 1989. An algorithm for solv-
ing the job-shop problem. Management science 35 (2),
164–176.

[5] Duhamel, C., Cynthia Santos, A., Moreira Guedes,
L., 2012. Models and hybrid methods for the onshore
wells maintenance problem. Computers & Operations
Research 39 (12), 2944–2953.

[6] Mattos Ribeiro, G., Desaulniers, G., Desrosiers,
J., 2012. A branch-price-and-cut algorithm for the
workover rig routing problem. Computers & Opera-
tions Research 39 (12), 3305–3315.

[7] Mattos Ribeiro, G., Regis Mauri, G., Antonio
Nogueira Lorena, L., 2011. A simple and robust simu-
lated annealing algorithm for scheduling workover rigs
on onshore oil fields. Computers & Industrial Engi-
neering 60 (4), 519–526.

[8] Misir, M., 2012. Intelligent hyper-heuristics: a tool for
solving generic optimisation problems. status: pub-
lished.

[9] Noronha T. F., Lima F. C. J., A. D. J., 2001. Um
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Description	  
	  
This	  session	  is	  supposed	  to	  bring	  together	  peoples	  developping	  tools	  for	  characterizing	  
chaos,	   its	   existence	   as	   well	   as	   its	   nature	   by	   using	   a	   qualitative	   (topological)	   or	   a	  
quantitative	   approach.	   These	   techniques	   can	   be	   also	   used	   in	   some	   applications	   in	  
physics,	  chemistry,	  engineering,	  etc.	  
	  
List	  of	  papers/presentations	  
	  
Bob	  Gilmore	  (Drexel	  University)	  	  
"Tale	  of	  Two	  Maps"	  	  
Abstract:	  The	  logistic	  map	  has	  been	  used	  to	  enrich	  our	  understanding	  of	  a	  large	  class	  of	  
highly	  dissipative	  dynamical	  systems,	  especially	  those	  contained	  in	  a	  genus-‐one	  torus.	  A	  
different	  unimodal	  map	  can	  be	  used	   to	  enrich	  our	  understanding	  of	  highly	  dissipative	  
dynamical	  systems	  contained	  in	  tori	  of	  genus	  $g>1$.	  The	  two	  maps	  are	  dual	  in	  a	  precise	  
topological	   sense.	   The	   two	   maps	   are	   described	   and	   their	   properties	   and	   predictions	  
compared.	  
	  
Jean-‐Marc	  Malasoma	  (ENTPE))	  	  
"Simplest	  time-‐reversible	  chaotic	  flow"	  	  
Abstract:	   Temperature	   control	   in	   molecular	   dynamics	   numerical	   simulations	   is	   an	  
essential	   task.	   Nosé	   resolve	   this	   problem	   during	   the	   eighty	   years	   by	   using	   time-‐
reversible	   integral	   feedback	   to	   control	   the	   kinetic	   energy	   [Mol.	   Phys.	   52,	   255-‐268	  
(1984)].	  The	  dynamics	  of	  the	  so-‐called	  Nosé-‐Hoover	  oscillator	  is	  governed	  by	  a	  set	  three	  
autonomous	   ordinary	   differential	   equations	   which	   exhibit	   both	   regular	   (periodic	   and	  
quasiperiodic)	  and	  chaotic	  solutions.	  So	  far,	  the	  Nosé-‐Hoover	  system	  was	  considered	  the	  
most	   elegant	   and	   algebraically	   simplest	   time-‐reversible	   conservative	   flow	   with	  
deterministic	  chaos.	  Quite	  recently,	  the	  minimal	  algebraic	  structure	  which	  is	  necessary	  
to	  allow	  chaos	   in	  three-‐dimensional	  quadratic	   flows	  was	   identified.	  Unfortunately,	   this	  
interesting	  property	  is	  based	  on	  the	  strong	  assumption	  (not	  verified	  by	  the	  Nosé-‐Hoover	  
oscillator)	   that	   the	   divergence	   of	   the	   flow	   is	   constant.	   New	   theoretical	   developments,	  
leaving	   aside	   this	   assumption,	   have	   uncovered	   what	   appears	   to	   be	   the	   algebraically	  
simplest	  example	  of	  time-‐reversible	  chaotic	  system.	  
	  
Laurent	  Larger,	  Roman	  Lavrov,	  Antonio	  Baylon	  Fuentes,	  Maxime	  Jacquot,	  Yanne	  K.	  
Chembo,	  V.S.	  Udaltsov	  	  
"Dual	  Delay	  Electro-‐optic	  Phase	  Oscillators:	  a	  Nonlinear	  Non-‐local	  Dynamics	  for	  
High	  Performance	  Secure	  Optical	  Chaos	  Communications"	  	  
Abstract:	  From	  the	  early	  beginning	  of	  chaos	  communications,	  delay	  dynamics	  have	  been	  
considered	  as	  an	  attractive	  solution	  for	  obtaining	  a	  robust,	  as	  well	  as	  a	  highly	  complex	  
chaotic	  motion	  for	  carrying	  the	  data	  to	  be	  hidden	  within	  chaos.	  This	  infinite	  dimensional	  
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temporal	  dynamics	  are	  moreover	  popular	  and	  relatively	  easy	  to	  design	  in	  photonics,	  in	  
which	  fiber	  optics	  communications	  are	  obviously	  a	  relevant	  field	  of	  application	  for	  novel	  
physical	  layer	  encryption	  approaches.	  Some	  of	  the	  challenges	  in	  this	  original	  application	  
of	  chaos	  theory	  are	  the	  wide	  bandwidth	  provided	  in	  the	  Fourier	  spectrum	  by	  the	  chaotic	  
motion	   (for	   the	   ability	   to	   encode	  high	  bit	   rate	  digital	   data),	   and	   its	  non-‐	  discernibility	  
from	   a	   purely	   random	   noise	   signal	   (security	   is	   related	   to	   the	   inability	   to	   extract	   any	  
deterministic	   feature	   from	   the	   chaotic	   motion).	   In	   our	   last	   attempt	   to	   design	   such	   a	  
chaotic	   transmission	  system,	  a	  particular	  dual	  delay	  electro-‐optic	  phase	  oscillator	  was	  
proposed,	  successfully	  addressing	  these	  two	  requirements,	  additionally	  to	  the	  capability	  
to	   allow	   for	   a	   robust	   and	   accurate	   experimental	   chaos	   synchronization	   between	   two	  
distant	   emitter	   and	   receiver.	   State	   of	   the	   art	   speed	   and	   distance	   optical	   secure	  
communications	   have	   been	   obtained,	   moreover	   with	   field	   experiments	   over	   installed	  
commercial	  fiber	  optic	  networks.	  
	  
Christophe	  Letellier,	  Gustavo	  H.	  Oliveira	  Salgado	  &	  Luis	  A.	  Aguirre	  	  
"Fractional-‐order	  systems:	  Does	  the	  derivative	  order	  differ	  from	  a	  bifurcation	  
parameter?"	  	  
Abstract:	   Fractional-‐order	   systems	   have	   been	   investigated	   in	   the	   context	   of	   control	  
theory	   since	   the	  early	  1990's.	  They	  have	  attracted	   recent	   attention	   to	   the	   researchers	  
developing	   techniques	   for	   controlling	   chaotic	   behaviours.	   Nevertheless,	   many	  
fundamental	  questions	  about	  dynamical	  properties	  of	  chaotic	   fractional-‐order	  systems	  
are	  still	  left	  open.	  We	  propose	  to	  address	  a	  few	  such	  questions	  as,	  for	  instance:	  does	  the	  
derivative	  order	  differ	  from	  a	  bifurcation	  parameter	  ?	  How	  is	  the	  dissipation	  rate	  of	  the	  
dynamics	   affected	   by	   the	   derivative	   fractional-‐order?	   What	   is	   the	   dimension	   of	   the	  
phase	   space	   of	   a	   fractional-‐order	   system?	   Numerical	   simulations	   of	   known	   bench	  
systems	  are	  used	  to	  provide	  (sometimes	  partial)	  answers	  to	  such	  questions.	  
	  
Adrien	  Kerfourn	  	  
"Phase	  synchronisation	  in	  a	  ring	  of	  Rössler	  systems"	  
	  
Luc	  Pastur,	  Charles	  Pivot,	  François	  Lusseyran	  &	  Christophe	  Letellier	  	  
"Time-‐delayed	  feedback	  control	  for	  phase	  coherent	  and	  phase	  noncoherent	  
chaotic	  regimes"	  
	  

446 ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014



Proceedings of ICCSA 2014
Normandie University, Le Havre, France - June 23-26, 2014

A TALE OF TWO MAPS

Robert Gilmore ∗†

Abstract. The logistic map has been used to enrich our under-

standing of a large class of highly dissipative dynamical systems,

especially those contained in a genus-one torus. A different uni-

modal map can be used to enrich our understanding of highly dissi-

pative dynamical systems contained in tori of genus g > 1. The two

maps are dual in a precise topological sense. They are described

and their properties and predictions compared.

Keywords. Logistic map, symbolic dynamics, fold map, cusp map,

explosion, chaotic attractor.

1 Introduction

Many strange attractors are organized around a single
unstable focus. The Rössler attractor [1] is a typical ex-
ample. In such cases the departure of a trajectory from
the unstable focus decelerates and eventually the trajec-
tory returns to the neighborhood of the focus and the
process is repeated. The chaos-generating mechanism is
of “stretch and fold” type and the return map has a char-
acteristic fold or parabolic shape. Strange attractors of
this type are typically contained in genus-one bounding
tori [2].

Other strange attractors are organized around two or
more unstable foci. The Lorenz attractor is a typical ex-
ample [3]. In such cases the departure of a trajectory
from the unstable focus accelerates and eventually the
trajectory departs from the neighborhood of one unsta-
ble focus and enters the neighborhood of another. The
chaos-generating mechanism in such cases is of “tear and
squeeze” type and a suitable form of the return map has
a characteristic cusp shape (See: Fig. 4 in [3] and Fig.
3.8 in [4].). Strange attractors of this type are typically
contained in bounding tori of genus g > 1 [2, 5].

2 Two Maps

The dynamics in the highly dissipative limit can be rep-
resented by fold and cusp maps [6]. The fold and cusp
maps can be given similar forms:

∗Department of Physics, Drexel University, Philadelphia, PA,
USA E-mails: robert.gilmore@drexel.edu, bob@bach.physics.drex-
el.edu
†Manuscript received May 2, 2014; revised May 2, 2014.

Fold x′ = f(x, a) = a− |x|k
Cusp y′ = g(y, b) = b− |y|1/k (1)

It is useful to choose k = 2 [7]. Both are unimodal maps
of the interval. As a result, kneading theory results are
directly applicable to both [8]. For the fold map both
branches are concave (down). For the cusp both branches
are convex. This difference in topological type reverses
the order in which interesting bifurcations occur in the
two maps. The return map for the Lorenz equations [3]
with (R, σ, b) = (28.0, 10.0, 8/3) is well-approximated, af-
ter suitable rescaling, by the map z′ = 0.282− |z|0.48.

3 Bifurcation Diagrams

The bifurcation diagram for the fold map x′ = f(x, a) has
been well-studied [5, 9]. A pair of period-one orbits is cre-
ated via saddle-node bifurcation at a = −1/4, x = −1/2.
A period-doubling cascade begins with a pitchfork bifur-
cation at a = 3/4, x = 1/2 and continues until the ac-
cumulation point is reached at a∞ = 1.401155. Beyond
the accumulation point there is a series of noisy period-
halving bifurcations [10]. In this region, extending from
the accumulation point a∞ to a = 1.543689, there is an
admixture of chaotic behavior and stable windows based
on orbits of even period created by saddle-node bifur-
cations. When a > 1.543689 orbits of both even and
odd period exist. The last stable window is created at
a = 2 − ε. The boundaries of the strange attractor are
xupper = f(0, a) = a > xlower = f2(0, a) = f [f(0, a), a] =
a − a2. There is a global attractor at x = −∞ and it is
the only attractor outside the range −1/4 < a < 2. At
a = 2 the lower bound xlower intersects the period-one
orbit that was unstable when created in the saddle-node
bifurcation at a = −1/4. This creates a crisis [11] that
destroys the strange attractor, leaving behind a set of un-
stable periodic orbits that continue to exist for all a > 2.
Almost all initial conditions escape to the global attractor
at −∞.

The bifurcation diagram for the cusp map y′ = g(y, b)
is not so well known [6]. There are three period-one
orbits in the range 0 < b < 1/4 and one outside this
range. They are organized together as a singular snake
[5]. At b = 1/4 an inverse regular saddle-node bifurca-
tion destroys the stable period-one orbit that exists for
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b < 1/4 and one of the two unstable period-one orbits
created in the first explosion at b = 0. In the range
1/4 < b < 3/4 there is a strange attractor that exists in
the range yupper = g(0, b) = b > ylower = g2(0, b) = b−

√
b.

In this parameter range there is a countable infinity of ex-
plosions, none of which is visible as there are no stable
windows. They follow the inverse order of orbit creation
in the fold map. At b = 3/4 the unstable period-one orbit
undergoes a pitchfork bifurcation, becoming stable. The
unstable periodic orbits that remain undergo some ad-
ditional explosions, and are eventually all annihilated at
b = 1. For all b there is a global repellor at y = −∞ and a
global attractor at finite values of y. The global attractor
is a chaotic attracter in the range 1/4 < b < 3/4 and a
stable period one orbit outside this range. For b < 0 and
b > 1 the only periodic orbit is a stable period one orbit.

4 Caustics and Anticaustics

Caustics are the forward images of the critical point x = 0
of f(x, a). Caustics appear in the bifurcation diagram as
traces with anomalously large density. The intersections
of the pth caustic with the critical line x = 0 identifies
parameter values a at which period p orbits become su-
perstable. The interleaving of the various caustics iden-
tifies the order in which orbits of corresponding periods
are created as the control parameter a increases. Five
caustics fp(0, a), p = 3 · · · 7 are shown in Fig. 1.

The caustics f1(0, a) and f2(0, a) are the upper and
lower bounds on the attractor. All caustics with p ≥ 3
intersect at axing = 1.543689, x = 0.839286. For a > axing
orbits of both even and odd period are created; for a∞ <
a < axing (the noisy period-halving region [10]) only even
period orbits are created. In this region the second and
third caustics fp(0, a), p = 2, 3 form the first interior
boundaries of the attractor; then fp(0), p = 4, 5, 6, 7 form
additional interior boundaries, and so on back to the first
accumulation point at a∞.

Anticaustics are forward images of the critical point
y = 0 of g(y, b). They are invisible on the bifurcation
diagram of the cusp map. Zero crossings of the anticaus-
tics identify points at which explosions take place. The
first explosion occurs at b = 0. It creates every trajectory
that can be composed of the two symbols 0, 1. All are un-
stable. The interleaving of the anticaustics identifies how
explosions of orbits of corresponding periods are ordered.
Eight anticaustics gp(0, b), p = 1 · · · 8 are shown in Fig.
2. The anticaustics g1(0, b) and g2(0, b) are the right- and
left- boundaries of the strange attractor.

All anticaustics cross at (b, y) = (1/4,−1/4) and at
(0.595743, 0.176100). To the left of the first crossing
point (0 < b < 1/4) no bifurcations of any kind take
place. In the intermediate range 1/4 < b < 0.595743 ex-
plosions involving both even and odd period orbits take
place. For b > 0.595743 explosions involving only even
period orbits occur. These cease when b = 0.782598.

Table 1: For the cusp map y′ = b − |y|1/2 different pro-
cesses take place in different ranges of the control param-
eter value b, as described below. bb = 0.575974, bc =
0.782598.

Left Right What goes on
−∞ 1/4 Stable period one orbit exists.
0 0 Explosion at b = 0 creates all

orbits based on symbols 0, 1.
0 1/4 No bifurcations in this range.
1/4 1/4 Stable period-one orbit destroyed

in inverse saddle-node bifurcation.
1/4 bb Explosions remove all odd- and

most even-period orbits.
bb bc Explosions remove even period orbits
3/4 3/4 Unstable period-one orbit undergoes

pitchfork bifurcation, becomes stable.
3/4 +∞ Stable period-one orbit exists.
bc 1 No further bifurcations in this range.
1 1 Explosion at b = 1 removes

remaining even-period orbits.

At this point all even anticaustics with p > 2 cross at
yeven = 0.1020047 and all odd anticaustics with p > 2
cross at yodd = 0.463150.

The anticaustics g2(0, b) and g3(0, b) form interior
boundaries of the bifurcation diagram of the cusp map
just as the caustics f2(0, a) and f3(0, a) form interior
boundaries of the fold’s bifurcation diagram. Other
interior boundaries of g(y, b) cannot be seen because
the period-one orbit becomes stable for b > 3/4. For
0.782598 < b < 1 there are no explosions of any type.
The explosion at b = 1 removes all remaining unstable
even period orbits. These results are summarized in Ta-
ble 1.

5 Explosions

The period-one explosion as b increases through b = 0 is
the prototype for all explosions. For b = 0 − ε the cusp
tip at y = 0 fails to contact the diagonal y′ = y through
the origin. So also do all forward iterates gp(y, b). At
b = 0 the cusp tip makes contact with the diagonal, as do
all forward iterates. As the tip pushes through the diag-
onal, g(y, b) intersects the diagonal twice near the origin,
g2(y, b) four (= 22) times, and gp(y, b) 2p times. Peri-
odic orbits of all possible periods exist. Their symbolic
dynamics correspond to all possible sequences of the two
symbols 0 and 1. In the parameter range 0 < b < 1/4
the pth iterate gp(y, b) continues to have 2p intersections
with the diagonal.

Following the explosion at b = 0 that creates all possi-
ble periodic orbits there is a refractory interval 0 < b <
1/4 in which no explosions take place.

As b increases above b = 1/4 a series of inverse explo-
sions remove periodic orbits. For example, at the period-

448 ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014



Two Maps

Figure 1: Caustics of the fold map fp(x = 0, a) are shown
for p = 3 · · · 7. Their zero crossings identify control pa-
rameter values at which period-p orbits become super-
stable.

three explosion, which occurs as b decreases through b3,
all possible periodic orbits built from the two symbols
K10 with K = 0, 1 are created. In the reverse direction,
as b increases through b3 this set of orbits is removed
from the set of orbits created in the period-one explosion
at b = 0. Other inverse explosions remove all the remain-
ing orbits created in the first explosion by the time b = 1,
with the single exception of one of the two period-one
orbits created in the initial explosion at b = 0.

As a function of b decreasing from b = 1 to b = 0 the
symbolic dynamics of the explosions follows the symbolic
dynamics of orbit and periodic window creation in the
fold map f(x, a) as a increases in the range −1/4 < a <
2. The refractory intervals following explosions in the
cusp map correspond to windows following saddle-node
bifurcations in the fold map.

6 Renormalization

The b values at which explosions occur are identified by
the crossings of the anticaustics with the critical point.
The procedure will be illustrated for the period-three ex-
plosion. The idea is to expand

g3(y; b) = b−
√
|b−

√
|b−

√
|y||| → ∆(b− b3) + α

√
|y|
(2)

in the neighborhood of an intersection with the anticaus-
tic g3(y = 0, b) with the critical point y = 0. The two
fundamental period-three orbits created at this explosion
have symbol set Kσ1σ2 = K10, with K = 0, 1. The
recursive expression in Eq. (2) is replaced by [12]

Figure 2: Anticaustics of the cusp map gp(y = 0, b) are
shown for p = 1 · · · 8. Their zero crossings identify con-
trol parameter values at which period-p explosions occur.
The order of superstable orbit formation with a increas-
ing (Fig. 1) is the same as the order of orbit explosions
with b decreasing (above). Corresponding zero crossings
describe orbits with the same symbol set.

g3(y; b) = b−
√
s2(b−

√
s1(b−

√
|y|))

si = +1 if σi = 1
si = −1 if σi = 0

(3)

The resulting expression is Taylor expanded about b3 to
terms linear in b− b3 and

√
|y|. The result is

g3(y, b3 + ε)→
(
b3 −

√√
b3 − b3

)
+

(
1 +

2
√
b3 − 1

4
√√

b3 − b3
√
b3

)
(b− b3)+

(
1

4
√√

b3 − b3
√
b3

)
√
|y|

(4)

Zeroing out the constant term determines the value of b3
(=0.465571) at which the explosion takes place. The coef-
ficients of ∆ of (b−b3) and α of

√
|y| determine the scales

of the renormalization in the the state variable direction
(α2, where α = 0.786974). and in the control parameter
direction (∆/α2, where ∆ = 1.286974). The extent of
the refractory interval after the period-three explosion is
determined as for the period-one explosion.

The values of the parameters b∗,∆, α for low period
orbits up to p = 6 are collected in Table 2.
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Table 2: Values of the parameters bK1∗,∆, α that are
involved in the renormalization of explosions of orbits of
the cusp map up to period six. Explosions occur in the
direction of increasing b when the signs of ∆ and α are
opposite, i.e. , only the period-one orbit.

Orbit Symbolics bc ∆ α
1 K 0 1 −1
2 K1 1 1/2 1/2
31 K10 0.465571 1.286974 0.786974
42 K100 0.360157 2.624703 1.180563
53 K1000 0.318897 4.647225 1.664335
52 K1001 0.418656 −3.231180 −1.983690
51 K1011 0.513175 2.628970 1.509712
65 K10000 0.297846 7.481728 2.233184
64 K10001 0.340328 −8.535145 −3.639587
63 K10011 0.380540 7.596535 3.574548

7 Summary

A great deal of what we know about the development of
strange attractors that are contained in genus-one bound-
ing tori has been learned by studying the first return map.
This has the form of a parabola, or a folded curve. By
contrast, fewer systematics are known for flows that can
be contained in bounding tori of genus greater than one,
for instance the Lorenz flow. The return map, in such
cases, has singularities like the cusp map. These two maps
(c.f., Eq. (1)) have similarities and differences. Briefly
put: both are unimodal, one is concave, the other con-
vex. One has zero or two period-one orbits; the other
has one or three. For one, regular saddle-node bifurca-
tions create stable orbits that then period double; for the
other singular saddle-node bifurcations create explosions.
Windows for one correspond to refractory intervals with
no bifurcations for the other. For one there is a global at-
tractor at x = −∞, for the other there is a global repellor
at y = −∞. For one the strange attractor is locally sta-
ble; for the other it is globally stable. Superstable orbits
are located by the zero crossings of caustics; explosions
by the zero crossings of anticaustics. For one there is
a renormalization theory within a period doubling cas-
cade and from window to window; for the other there
is a renormalization theory from explosion to explosion.
The zero crossings of caustics and anticaustics occur in
the same order with a increasing for one map and b de-
creasing for the other. There are regions in which orbits
of only even period are created in both maps and other
regions in which both even and odd period orbits are cre-
ated. Caustic crossings and anticaustic crossings separate
the control parameter space into regions in which related
processes occur. Topological entropy increases from 0 to
log 2 as a increases to a = 2 and decreases from log 2 to
0 as b increases from b = 0 to b = 1.
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Abstract. A chaotic attractor solution of the Lorenz system [1]

with foliated structure is topologically characterized. Its template

permits to both summarize the organization of its periodic orbits

and detail the topology of the solution as a branched manifold. A

template of an attractor solution of the Chen system [2] with a sim-

ilar foliated structure is also established.

Keywords. Chaotic attractor, topological characterization, tem-

plate

1 Introduction

The Lorenz system has been introduced with a set of pa-
rameters [1] for which the solution is a chaotic attrac-
tor. The topology of this solution has been established
by Birman & Williams [3] considering the periodic orbits
of the solution as knots evolving in a branched manifold,
currently called template. From experimental or numeri-
cal data, the idea of using periodic orbits to characterize
chaotic attractors comes from Auerbach et al. [4] and
has been developed since [5]. This topological analysis
of a chaotic attractor permits to obtain a template that
synthesises the relative organisation of its periodic orbits.

In 2003, Tsankov & Gilmore [6] introduced the theory
of toroidal boundary of a chaotic attractor as a way to
organize the branched manifold of the attractor as tem-
plate do for periodic orbits. In their second paper [7]
they explained how the Lorenz template can be rewritten
in order to fit its genus-3 toroidal boundary. Recently, the
general method has been extended in order to obtain the
template of chaotic attractors bounded by higher genus
torus [8]. Using this method, the topological character-
ization of two foliated attractors is performed, one is a
solution of the Lorenz system, and the other attractor is
solution of the Chen system [2] with more foliations.

This paper is organized as follows. Firstly, the template
of a foliated attractor solution of the Lorenz system is
obtained. Secondly, the topological analysis is performed
on an attractor solution of the Chen system.

∗CORIA-UMR 6614 - Normandie Université, CNRS-Université
et INSA de Rouen Campus Universitaire du Madrillet 76800 Saint
Etienne du Rouvray, France. E-mail: martin.rosalie@coria.fr

2 A foliated attractor solution of
the Lorenz system

The procedure of topological characterisation of attrac-
tors is presented for a solution of the Sprott system [9].
Recently [8], it is also presented and applied on an attrac-
tor solution of the Rössler system [10] and of the Lorenz
system [1]. To remind the major steps of this procedure,
firstly we summarize the topological characterization of a
Rössler attractor, already studied by Letellier et al. [11].
Secondly, the topological characterization of a foliated at-
tractor solution of the Lorenz system is detailed.

2.1 Topological characterisation of a
Rössler attractor

First, using the toroidal boundary theory [6], the bound-
ing torus of the solution is established and gives the struc-
ture of the Poincaré section. This attractor is bounded by
a genus-1 torus, thus a one component Poincaré section
is required to analyse the dynamics of the solution by a
discretization of trajectories. Secondly, a unique variable
is build to represent the section from which a first return
map is built and reveals an unimodal shape. Periodic
points of this map are used to identify orbits. Also from
this unimodal map, a symbolic dynamic is constructed in
order to obtain a partition of the map where trajectories
have the same behaviour over a period. Finally, the link-
ing numbers between pair of orbits are computed and a
template is proposed to summarized the relative organi-
zation of these orbits by providing the theoretical linking
number (see [11, 8] for details).

2.2 Topological characterisation of a
Lorenz attractor

Poincaré section and return map For the set of pa-
rameters R = 192, β = 8

3
and σ = 10, the solution of Lorenz

system ⎧⎪⎪⎪⎨⎪⎪⎪⎩
ẋ = σ(y − x)
ẏ = Rx − y − xz
ż = −βz + xy , (1)

is a chaotic attractor denoted L (Fig. 1). This system (1)
is symmetric by rotation and has three singular points
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Figure 1: Chaotic attractor L solution of the Lorenz sys-
tem (1) for the parameters R = 192, β = 8

3
and σ = 10.

that structure the phase space: the origin and two sym-
metric singular points S+ and S− that are respectively a
saddle point and two symmetric foci.L is bounded by a genus-3 torus with aligned holes,
as singular points are. The theory of toroidal bound-
ary introduced by Tsankov & Gilmore [6] indicates that
a two components Poincaré section is required to get a
discretization of trajectories. As previously done for this
system [8], a Poincaré section is defined using two sym-
metric components

P ≡ A ∪B ≡ {(yn, zn) ∈ R2 ∣xn = x+, ẋn < 0}
∪{(yn, zn) ∈ R2 ∣xn = x−, ẋn > 0} , (2)

where the x+ and x− are the x coordinate of the singular
points S− and S+. Fig. 2a is a representation of L in the
projection (x, y) with the Poincaré section (2) where the
flow evolves clockwise around the foci. We remain that
the origin is a saddle point, thus it ensures that a genus-
3 torus bound the attractor. This projection emphasises
the rotational symmetry of the system onto the flow and
the Poincaré section. In order to use the rules about par-
titioning a first return map with distinguishing increasing
and decreasing branches [11], we choose to build a unique
variable to represent the Poincaré section with yn as al-
ready done for the other attractor of the Lorenz system
even if it is not in bijection with the flow (Fig. 2b).

The use of a first return map built on a unique variable
from the inside to the outside permits to distinguish parts
of a chaotic attractor where trajectories have the same
behaviour. Thus, ρn is built to represent the nth passage
through the Poincaré section

ρn = 1A ⋅ ρA,n + 1B ⋅ (1 + ρB,n) (3)

where ρA,n and ρB,n are normalised in ]0; 1[ and represent
a component from the inside to the outside of the flow for
each focus [8]; the indicator function of a component is a
value, it is 1 if the trajectory is in the component and 0
else.

Fig. 3a is the return map on ρn to the Poincaré section
(2). A partition of the return map, and also a partition

(a) Attractor L.

(b) Cross section of the flow with the A component.

Figure 2: (a) Attractor L with a two components Poincaré
section (2). (b) Cross section of the flow with the A com-
ponent of the Poincaré section (2) that is symmetric to
the B component.

of the Poincaré section, permits to distinguish periodic
points that represent a portion of trajectories that will
have the same behaviour until the next Poincaré section
component. For a component, there are five points where
the slope of the application changes, three of them are
non differentiable points as displayed Fig. 3b. The two
other points are the extrema of the two unimodal parts
of the application in a component (Fig. 3b). These ten
points, five for each component, are chosen to split the
first return map. Thus, six branches with monotonous
slope are distinguished on each component. We chose to
label them with symbols 0, 2, 3, 4, 5 and 6 for the compo-
nent A and 0, 2, 3, 4, 5 and 6 for the component B. We
intentionally do not make any distinction between the two
increasing parts of the branch 0, or 2 for the A compo-
nent, respectively 0 and 2 of B because the left and right
parts of such branches are increasing and there is a differ-
entiable point that indicates a continuity between these
two parts. These parts are the consequence of the projec-
tion choice that repeats twice the same branch of the first
return map. We consider that two consecutive increasing
branches are in fact only one increasing branch. This is
due to the variable chosen to represent the Poincaré sec-
tion. In the case of unimodal return map, the natural
order [12] permits to organize periodic points. Thus, we

452 ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014



Templates of two foliated attractors

consider that the two branches are a unique branch for
which the natural order reorganizes its periodic points.

(a) First return map

(b) Detail of the first return map

Figure 3: (a) First return map to ρn that represents the
Poincaré section (2). (b) Details of component A.

From the return map, we can extract a transition ma-
trix T between symbols that details which transitions are
allowed for a given sequence of symbols

T =

0
2
3
4
5
6
0
2
3
4
5
6

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

0 0 1 1 1 1 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 1 1 0 0
0 0 0 0 0 0 0 1 1 1 1 1
0 0 0 0 0 0 1 0 1 1 1 1
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 0 1 1 1 1
0 0 0 0 0 0 0 0 0 1 0 0
0 1 1 1 0 0 0 0 0 0 0 0
0 1 1 1 1 1 0 0 0 0 0 0
1 0 1 1 1 1 0 0 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦

. (4)

For instance, this transition matrix between symbols in-
dicates that a sequence that contains symbol 2 must be
followed by a symbol 4. Due to the non bijection of ρn
with the flow, this transition matrix is exhaustive because
it might allow transitions that do not occur.

Orbits and template To extract periodic orbits, a
Poincaré section and a trajectory from any initial con-
ditions in the basin of attraction of the attractor are suf-
ficient because periodic orbits are dense in the solution.
The method consists in looking for points in the section
that the trajectory will reach after n passages through
the Poincaré section. This method also works in the first
return map and directly permits to give a symbol to each
periodic point of the orbits extracted. Fourteen orbits of
period lower than six have been extracted from L. Orbits
are considered as knots and we compute pair by pair their
linking numbers in order to obtain a numerical invariant
that is an integer (Tab. 1). All orbits extracted are sym-
metric, except (40035) for which it symmetric orbit exists
but was unsuccessfully detected in our numerical data.

A template is validated when the linking numbers theo-
retically computed correspond to those numerically com-
puted [5, 15]. In order to have periodic orbits with sym-
bols 2 and 2, we also compute linking numbers between
higher periodic orbits

lk(45032450334532,3324504533) = 24 , (5)

lk(45032450334532,450453333332) = 30 . (6)

Up to this point, the parity of twists that occur over each
strip of the template is given by the parity of the asso-
ciated symbol. The second point is that there is only
positive linking numbers. In the paper [13], a first return
map of another Lorenz attractor looks like the return map
built on L with only three branches for each component;
the template of this attractor is given. Using the termi-
nology of mixers [8], we can rewrite this template with
two identical mixers defined by the linking matrix

∣ 0 0 0

[0 1 0
0 0 0

MQQQQQO
. (7)

For the attractor L, the first-return map reveals that
there are couples of branches (3,4), (5,6), (3,4) and(5,6) with unimodal shapes that means their associated
strips stretch, fold and squeeze. This first-return map also
reveals three non differentiable points meaning that there
are three tearing mechanisms occurring to separate the
flow after each component. Compared with the template
whose linking matrix is (7), there is after each component
a tearing chart and a stretching and folding mechanism.
We suppose that a tearing mechanism occurs before this
first tearing. Thus, we obtain three tearing mechanisms
and two stretching and folding mechanisms as the return
map shows. It implies that all the mechanisms of (7) are
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Table 1: Linking numbers between pairs of periodic orbits of the attractor L.

(54) (45) (33) (650) (506) (5334) (4533) (60334) (50334) (50454) (46035) (46033) (45033)

(45) 1

(33) 1 1

(650) 1 1 1

(506) 1 1 1 1

(5334) 1 2 2 2 2

(4533) 2 1 2 2 2 4

(60334) 1 2 2 2 2 3 4

(50334) 1 2 2 2 2 3 4 3

(50454) 1 2 2 2 2 3 4 3 3

(46035) 2 1 2 2 2 4 3 4 4 4

(46033) 2 1 2 2 2 4 3 4 4 4 3

(45033) 2 1 2 2 2 4 3 4 4 4 3 3

(45045) 2 1 2 2 2 4 3 4 4 4 3 3 3

repeated twice for the mixer of each component. To ex-
plain the fact that mechanisms are doubled, we suppose
that the squeezing mechanism that unified the strips does
not occur entirely. Consequently, at the end of the mixer,
there are two distinguishable strips that will undergo the
mechanisms of (7). To overcome the fact that strips do
not entirely squeeze and are still one over the other, we
propose to use the convention of standard insertion [5]
that gives that upper strips are located to the leftest side
and lower strips are on the rightest side. As a conse-
quence, at the end of the mixer, the tearing mechanism
separates the flow in order to organize the strips with this
convention.

Finally, Fig. 4 is proposed as the template of L. In this
template, the squeezing mechanism of each mixer consid-
ers that all strips are unified in a branch line, but there-
after the tearing mechanism reorganizes parts of strips
that not squeeze according to the standard convention.
Consequently, the linking matrices of this proposed tem-
plate (Fig. 4) are

MA =
0
2
3
4
5
6

∣ 0 0 0 0 0 0∣ 0 0 0 0 0 0

[0 0 1 0 1 0
0 0 0 0 1 0

[0 0 1 1 1 0
0 0 0 0 0 0

MQQQQQQQQQQQQO

0
2
3
4
5
6

MB =
0
2
3
4
5
6

∣ 0 0 0 0 0 0∣ 0 0 0 0 0 0

[0 0 1 0 1 0
0 0 0 0 1 0

[0 0 1 1 1 0
0 0 0 0 0 0

MQQQQQQQQQQQQO

0
2
3
4
5
6

.

(8)

The cross-section Fig. 2b illustrates the end of the
mixer after the squeezing and before the tearing, it corre-

sponds to the structure of the proposed template. With
the method introduced by Le Sceller et al. [14], and ex-
tended in [8], all linking numbers computed theoretically
correspond to those computed numerically. In appendix
A, the theoretical computation of the linking number of
(6) is detailed. These calculations permit to ensure the
validity [15] of the template of L (Fig. 4). The template
proposed permits to compute all linking numbers between
pairs of orbits but it also contains a subtemplate that is
a more precise description of this attractor. Up to this
point we obtain a template of another attractor with a
foliated structure that is a solution of the Lorenz system.

3 A foliated attractor solution of
the Chen system

Introduced by Chen & Ueta [2] the system

⎧⎪⎪⎪⎨⎪⎪⎪⎩
ẋ = a(y − x)
ẏ = (c − a)x + cy − xz
ż = −bz + xy , (9)

of three differential equations can exhibit a chaotic at-
tractor as a solution. This system is a Lorenz-like system
because of its equations; see Tab. II of [13] for relations
between various symmetric systems with same quadratic
terms. For the set of parameters a = 35, b = 3 and
c = 28, this system has an attractor solution denoted C
(Fig. 5). There are three singular points, O the origin,
S+ = (3√7,3

√
7,21) and S− = (−3

√
7,−3

√
7,21); their

respective eigenvalues

ΛO =
RRRRRRRRRRRRRRRR
− 23.8− 30.8− 3

,ΛS+ = ΛS− =
RRRRRRRRRRRRRRRR
− 18.43− 4.21 + 14.88i− 4.21 − 14.88i

(10)
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Figure 4: Template of the attractor L with the two mixers MA and MB .

give that the origin is a saddle point and that the sym-
metric singular points are foci.

Figure 5: Chaotic attractor C solution of the Chen system
(9) for the parameters a = 35, b = 3 and c = 28.

In the (x, y) plan projection, the flow of C evolves clock-
wise around the foci (Fig. 6a). C is bounded by a genus-3
torus. According to the toroidal boundary theory [6] the
Poincaré section is made of two components

Q ≡ A ∪B ≡ {(yn, zn) ∈ R2 ∣xn = 7, ẋn < 0}
∪{(yn, zn) ∈ R2 ∣xn = −7, ẋn > 0} , (11)

The cross-section of the attractor C is similar to the
cross-section of the attractor L with more foliations; it
seems that there are four strips. ρn is built as previously
to obtain a variable that represents the Poincaré section
(11) from the inside to the outside. A first-return map to
this Poincar section is built (Fig. 7).

Again, the same structure appears with the foliation in
the first-return map. As previously done for the attractorL, a partition is made and symbols are associated to each

(a) Attractor C.

(b) Cross section of the flow with the A component.

Figure 6: (a) Attractor C with a two components Poincaré
section (11). (b) Cross section of the flow with the A
component of the Poincaré section (11) that is symmetric
to the B component.
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(a) First return map

(b) Detail of the first return map

Figure 7: (a) First return map to ρn that represents the
Poincaré section (11). (b) Details of component A.

distinguishable branches 0, 2, 4, 5, 6, 7, 8, 9, 10 and 11
for the component A and respectively the same symbols
with an overline for the component B. As previously
done for branch 0 for the return map of L, the branch
5 is a double decreasing branch considered as a unique
decreasing branch, the same applies for branch 6. Thus,
the structure is similar with more foliations.

From this first-return map, several periodic orbits are
extracted and, pair by pair, their linking numbers are
numerically computed (Tab. 2). In order to obtain in-
formations on strips with missing symbols we compute
numerically linking numbers between hight periodic or-
bits, for instance

lk(6668115664,6556672) = 6 , (12)

lk(6556672,6556682) = 6 , (13)

lk(6896676676,6668115664) = 9 . (14)

Table 2: Linking numbers between pairs of periodic orbits
of the attractor C.

(65) (55) (56) (6896) (6756) (6689) (6675) (6555)

(55) 1

(56) 1 1

(6896) 1 1 1

(6756) 1 1 1 2

(6689) 1 1 1 2 2

(6675) 1 1 1 2 2 2

(6555) 1 2 2 2 2 2 2

(5556) 2 2 1 2 2 2 2 4

To propose the template Fig. 8 of C, we use the same
chaotic mechanism of stretching and folding repeated four
times. The foliated structure of these chaotic mechanisms
is translated in the mixer where the structure of (8) is also
repeated to obtain the linking matrices

NA =

0
2
4
5
6
7
8
9
10
11

∣ 0 0 0 0 0 0 0 0 0 0∣ 0 0 0 0 0 0 0 0 0 0∣ 0 0 0 0 0 0 0 0 0 0

[0 0 0 1 0 1 0 1 0 1
0 0 0 0 0 1 0 1 0 1

[0 0 0 1 1 1 0 1 0 1
0 0 0 0 0 0 0 1 0 1

[0 0 0 1 1 1 1 1 0 1
0 0 0 0 0 0 0 0 0 1∣ 0 0 0 1 1 1 1 1 1 1

MQQQQQQQQQQQQQQQQQQQQQQO

0
2
4
5
6
7
8
9
10
11

NB =

0
2
4
5
6
7
8
9
10
11

∣ 0 0 0 0 0 0 0 0 0 0∣ 0 0 0 0 0 0 0 0 0 0∣ 0 0 0 0 0 0 0 0 0 0

[0 0 0 1 0 1 0 1 0 1
0 0 0 0 0 1 0 1 0 1

[0 0 0 1 1 1 0 1 0 1
0 0 0 0 0 0 0 1 0 1

[0 0 0 1 1 1 1 1 0 1
0 0 0 0 0 0 0 0 0 1∣ 0 0 0 1 1 1 1 1 1 1

MQQQQQQQQQQQQQQQQQQQQQQO

0
2
4
5
6
7
8
9
10
11

.

(15)

that algebraically describe the proposed template of the
attractor C. To validate this template, we also com-
pute theoretically linking numbers using the procedure
detailed in appendix A for the attractor L. All the theo-
retical linking numbers computed correspond with those
numerically computed, thus the template (Fig. 8) is vali-
dated.

4 Conclusion

This paper is the topological characterization of two fo-
liated attractors solution of two systems of differential
equations of different kind. Their templates give the
relative organization of their periodic orbits, more pre-
cisely, from their linking matrices that algebraically de-
scribe these templates, it is possible to obtain the linking
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Figure 8: Template of the attractor C.
number between two orbits of these solutions. These at-
tractors are symmetric, then their linking matrices are
identical for each symmetric part. These attractors have
a foliated structure that is visible in their linking matrix
with the repetition of a pattern. This pattern reminds the
work on the Rössler system when a parameter is varied.
In fact, this variation adds strips rolled up in the chaotic
mechanism with a spiraling process; the explicit linking
matrix with a pattern is given Eq. (12) of [11]. Here we
face a similar structure between these two systems that
have a solution with foliations. The attractor of the Chen
system is more foliated and consequently it exhibits more
complicated dynamics. On the other hand, the attrac-
tor of the Lorenz system contains only two foliations that
enable us to establish these templates.

A Example of theoretical compu-
tation of a linking number

The method used consists in numerically computing link-
ing numbers and finding a template that can predict the-
oretically these linking numbers. Numerically, the linking
number between two orbits of L is computed (Fig. 10)

lk(45032450334532,450453333332) = 30 . (16)

In this section, we present the details of the theoretical
computation of this linking number.

The first step is to distinguish periodic points that rep-
resent trajectory in mixer MA from mixer MB . Only the
first three symbols of a periodic point are used to label
it. The second step is to organize periodic points in strips

using the unimodal order, or natural order [12].

MA MB

033 032 ⊲ 045
245 245 ⊲ 245

345 ⊲ 332 ⊲ 333 ⊲ 333 ⊲ 324 333 ⊲ 333 ⊲ 334 ⊲ 324 ⊲ 324
453 ⊲ 450 ⊲ 450 453 ⊲ 450

532 ⊲ 503 533 ⊲ 504 ⊲ 503
(17)

Then, we use formula given by Le Sceller et al. [14] for
two orbits O and O′, respectively of period p and p′, with
σi is the ith symbol

lk(O,O′) = 1

2

⎛⎝
p∑
i=1

p′∑
j=1L(σi, σj) +Njoining(O,O′)⎞⎠ . (18)

L are the crossings due to mixers (except from the in-
sertion mechanism) and Njoining are the crossings due to
the insertion mechanism. There are two joining charts,
one for each mixer. The initial procedure introduce by Le
Sceller does not consider that periodic points can come
from various Poincaré section components; we adapt the
procedure with the following rules. First, the periodic
points are ordered with the strip order at the beginning of
the mixer. Then, torsions and permutations are applied.
Finally, the shift is operated. Positive crossings occur if
there are permutations between the two final ordered set
of periodic points. These crossings are underlined with
the circles of Fig. 9 (Njoining); crossings between the two
orbits and not self crossing.
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(a) Njoining(MA) = 7

(b) Njoining(MB) = 18

Figure 9: Joining charts indicating the number of positive crossing that occur at the end of mixers MA and MB .

Thus, we can theoretically compute the linking number

lk(45032450334532,450453333332)= 1
2
(3MA(0,3) + 2MA(0,4) + 3MA(2,3) + 2MA(2,4)+8MA(3,3) + 5MA(3,4) + 6MA(3,5) + 2MA(4,4)+4MA(4,5) +MB(0,0) + 2MB(0,2) + 5MB(0,3)+2MB(0,4) + 3MB(0,5) +MB(2,2) + 5MB(2,3)+2MB(2,4) + 3MB(2,5) + 6MB(3,3) + 6MB(3,4)+7M(3,5) + 4MB(4,5) + 2MB(5,5)+ Njoining(MA) +Njoining(MB))= 1

2
(35 + 7 + 18) = 30 ,

(19)
that corresponds to the numerical linking number.

Figure 10: (Color online) Numerical oriented crossings
computed in the plane (x, y) giving the linking number
lk(45032450334532,450453333332) = 1

2
(68 − 8) = 30.
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FRACTIONAL-ORDER SYSTEMS: DOES THE DERIVATIVE
ORDER DIFFER FROM A BIFURCATION PARAMETER?

Christophe Letellier, Gustavo H. Oliveira Salgado & Luis A. Aguirre ∗

Abstract. Fractional-order systems have been investigated in the

context of control theory since the early 1990’s. They have attracted

recent attention to the researchers developing techniques for control-

ling chaotic behaviours. Nevertheless, many fundamental questions

about dynamical properties of chaotic fractional-order systems are

still left open. We propose to address a few such questions as, for

instance: does the derivative order differ from a bifurcation pa-

rameter ? How is the dissipation rate of the dynamics affected by

the derivative fractional-order? What is the dimension of the phase

space of a fractional-order system? Numerical simulations of known

bench systems are used to provide (sometimes partial) answers to

such questions.

Keywords. Fractional-order systems, chaotic attractor, topologi-

cal characterization, bifurcation diagram

1 Introduction

Fractional calculus is a topic as old as integer calculus
since it was mentioned in a letter from Gottfried Leib-
niz to Guillaume de l’Hospital in 1695 (Leibniz, 1962).
Its application was considered in various fields as in
viscoelasticity, acoustics, rheology, polimeric and chem-
istry have been considered useful (Oldham, 1974). In
control theory, a fractional control was introduced with
CRONE control (Oustaloup, 1990) and a generalization
for PID-controller, called PIλDµ-controller, by replacing
the integer-order integral and derivatives by fractional or-
ders, shows better performance in comparison with the
classical one, when used in fractional order systems (Pod-
lubny, 1997). The concept of fractional-order modeling in
biological systems has been observed in signal processing
(Eke, 2002; West, 2006). These applications result from
some behaviors which cannot be fully reproduced by an
integer calculus modeling, but can be better explained by
fractional one (Westerlund, 1991).

Chaotic attractors can also be produced by fractional-
order systems by replacing the integer-order derivatives
with fractional-order ones (Hartley, 1995). It was shown
that chaotic behaviours can be produced by fractional-
order systems with a total order qT , defined as the sum
of the order of each equation, less than three (Hartley,

∗CORIA-UMR 6614 — Normandie Université, CNRS-Université
et INSA de Rouen Campus Universitaire du Madrillet 76800 Saint
Etienne du Rouvray, France. E-mail: Christophe.Letellier@coria.fr

1995; Petráš, 2011). Such a result leads to the necessity
to distinguish the total order of a set of fractional-order
differential equations from the dimension of its associated
phase space. For integer order systems, the total order
qT , which is necessarily an integer, is equal to the dimen-
sion of the associated phase space. For fractional-order
systems, the total order qT is most often a non-integer
(a real) number and cannot be equal to the dimension of
the phase space, the dimension of a vectorial space being,
by definition, an integer. Thus, the phase space dimen-
sion must be Int(qT ) + 1. Consequently, fractional-order
chaotic systems must present a total order qT such as
Int(qT ) + 1 ≥ 3. The Poincaré-Bendixson theorem that
requires a phase space with a dimension at least equal to
three for having chaos thus remains valid for fractional-
order systems.

One of the aims of this paper is to address quite funda-
mental issues related to fractional-order systems, with a
special attention paid to the role played by the fractional-
order q and, for instance, how it is related to a bifurcation
parameter. This paper is organized as follows. Section 2
provides some definitions for the fractional-order deriva-
tives. In Section 3, fractional-order derivatives of time
series are used to reconstruct some phase portraits. The
analogy which can be made between the fractional-order
and a bifurcation parameter is investigated in Section 4.
Section 5 gives some conclusions.

2 Definitions of fractional deriva-
tives

There are more than one definitions for fractional deriva-
tive. We present and discuss some of them in what fol-
lows. Fractional calculus is an extention of integer calcu-
lus and the most commonly used definitions are Riemann-
Liouville (RL), Caputo and Grünwald-Letinikov (GL)
(Oldham, 1974). Basically, these definitions are based on
iterate processes involving n-fold integrals and superior
orders derivatives.

The RL integral of a function f(x), x ∈ [a, b], is defined
by

Jq
a f(x) ∶= 1

Γ(q) ∫
x

a
(x − t)q−1 f(t)dt , (1)
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for q > 0 and x ≤ b and where Γ(q) = ∫ ∞0 e−t tq−1dt, is
an Euler’s Γ-funtion defined for all q ∈ R − Z∗−. The RL
derivative of a function f(x) is defined by

Dq
a f(x) =Dn Jn−q

a f(x), (2)

such that n = ⌈q⌉, that is, n− 1 < q ≤ n and Dn represents
the derivative of order n. The Caputo derivative of a
function f(x) is defined by

CDq
a f(x) = Jn−q

a Dn f(x), (3)

such that n = ⌈q⌉. The GL derivative of a function f(x),
x ∈ (a, b] is defined by

GLDq
a f(x) = lim

N→∞
1

hq
N

N∑
k=0

(−1)kΓ(q + 1)
Γ(q − k + 1)Γ(k + 1) f(x−khN),

(4)

such that hN = (x − a)
N

. The RL and GL derivatives

are equivalent for functions defined in f ∈ C⌈q⌉[a, b] (Di-
ethelm, 2010). Although the RL and the Caputo deriva-
tives are very similar, these definitions are not equivalent.
The relation between them is expressed as

CDq
a f(x) =Dq

a (f(x) − Tn−1[f ;a]) , (5)

where Tn−1[f ;a] denotes the Taylor polynomial of degree
n − 1 of f around x = a (Diethelm, 2010). The numeri-
cal evaluation for fractional calculus is based on the GL
definition.

From equation (4) and equivalence between RL and GL
definitions, the RL derivative can be approximated by

Dq
a y(t) ≈ h−q N∑

k=0
(−1)kΓ(q + 1)

Γ(q − k + 1)Γ(k + 1) y(t − kh), (6)

for N large. For a discrete grid within [a, b] with t−a
N+1

points Dq
a yi ≈ h−q i∑

k=0 cq
k yi−k, where yi−k = y(ti−kh) for

i = 1,⋯,N , h = t−a
N

, cq
0 = 1, and cq

k = (1 − 1 + q

k
) cq

k−1 for

k > 1.

3 Fractional derivatives for phase
portrait reconstruction

A well-known result from the nonlinear dynamical sys-
tem theory is the possibility to reconstruct the dynam-
ics from a single time series (Takens, 1981). A possible
reconstructed space is spanned by the (integer) deriva-
tive coordinates. We now investigate the role played by
fractional-order derivatives in reconstructing a phase por-
trait from a single time series.

Consider a scalar time series x(t) = sinωt and the 2D
reconstructed space spanned by

∣ X = x(t) = sinωt
Y =DqX =Dq sinωt .

(7)

Depending on the fractional-order q used, the circle is
more or less deformed into an ellipse which is, along the
first bisecting line (q < 1) or along the second bisecting
line (q > 1) (Fig. 1a-c). These reconstructions should be
compared to those obtained with delay coordinates (Figs.
1d-f). It appears that the fractional-order q plays more or
less the same role as the delay τ when delay coordinates
are used.
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(c) q = 1.5 (f) τ = 3π
4ω

Figure 1: Reconstructed phase portraits using fractional
derivatives (a-c) and delay coordinates (d-e). Parameter
value: ω = 1.

A similar investigation is now performed using the
Rössler system ⎧⎪⎪⎪⎨⎪⎪⎪⎩

ẋ = −y − z
ẏ = x + ay
ż = b + z(x − c) (8)

with a = 0.43295, b = 2 and c = 4. For small q-value, the
phase portrait spanned by fractional-order derivatives is
in the neighborhood of the first bisecting line (Fig. 2a) as
observed when using delay coordinates (Fig. 2d) with a
delay commonly considered as being too small. For q = 1,
the phase portrait spanned by fractional order deriva-
tives (Fig. 2b) is topologically equivalent to the portrait
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spanned by the delay coordinates (Fig. 2e) with an opti-
mal delay τ0 (here equal to a quarter of the pseudo-period
of the Rössler system). The most interesting case is ob-
tained with q greater than one. For instance, for q = 1.5,
the attractor (Fig. 2c) starts to be structured along the
second bisecting line and additional structures are eas-
ily identified in the right lower part of the attractor. As
observed with delay coordinates, the obtained attractor
remains topologically equivalent to the original Rössler
attractor (as shown in Figs. 2b and 2e, for instance). We
would thus conclude that the reconstructed portrait was
reconstructed with a too large fractional-order, as we con-
cluded for the portrait reconstructed using delay coordi-
nate and shown in Fig. 2f. Fractional-order derivative
coordinates are thus another possible set of coordinates
quite similar to delay coordinates, for which the free pa-
rameter is q and τ , respectively.
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(b) q = 1.0 (e) τ = 1.50 s
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Figure 2: Reconstructed phase portraits using fractional
derivatives (a-c) and delay coordinates (d-f) from the
measurements of variable y of the Rössler system. Pa-
rameter values: a = 0.432, b = 2, and c = 4.

Delay coordinates and fractional-order derivative co-
ordinates are not fully equivalent ; both tend to “sim-
plify” (linearize) the dynamics when the free parameter

(τ for the delay coordinates and q for the fractional-order
derivatives) is too small, compared to the “optimal” value
(τ0 and q = 1, respectively) and tend to add spurious fold-
ings, although not affecting the resulting topology of the
reconstructed attractor, when the free parameter is too
large compared to the optimal value. The way in which
these parameters affect the original dynamics only differs
in the nature of the additional foldings.

4 The fractional order q as a bi-
furcation parameter

4.1 Two conservative systems

An ideal (frictionless and linearized) pendulum can be
described by

{ u̇ = v
v̇ = −ω2u .

(9)

This system has a single singular point at the origin of the
phase space R2(u, v) which is characterized by λ± = ±iω:
it is thus a center point. Varying the single parameter
(ω) of system (9) just changes the pulsation, that is, the
time period of the periodic orbit. For all parameter values
(ω ∈ R+), the system (9) is conservative and the singular
point remains a center.

The corresponding fractional order system reads

{ Dq1u = v
Dq2v = −ω2u .

(10)

When q1 = q2, this system is said to be commensu-
rate (Petráš, 2011). According to the stability condition∣Arg(λ)∣ > qπ

2
(Petráš, 2011 and Abdelouahab, 2012), the

singular point at the origin has two complex conjugated
eigenvalues with a negative real part for q < 1 and with
a positive real part for q > 1. For the integer system, the
bifurcation observed at ω = 1, transforms the stable focus
point (ω < 1) into an unstable focus point (ω > 1). The
system being linear, there is no limit cycle resulting from
this bifurcation and the trajectory is ejected to infinity.
The fractional-order counterpart of the ideal pendulum
(9) is no longer conservative for q ≠ 1: it is dissipative for
q < 1 and expansive for q > 1 (Figs. 3).

We now investigate the case of the Nosé-Hoover system
(Posch, 1986) also known as the Sprott A system (Sprott,
1994) ⎧⎪⎪⎪⎨⎪⎪⎪⎩

ẋ = y
ẏ = −x + yz
ż = 1 − y2 .

(11)

This system has no singular point and is conservative
(Posch, 1986). Depending on the initial conditions, this
system produces periodic orbits, quasi-periodic solutions
or chaotic regimes. We choose initial conditions such
as the resulting behavior is quasi-periodic (Fig. 4a) and
whose Poincaré section has an annular structure (Fig. 4b).
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Figure 3: Phase portrait of the ideal pendulum. Param-
eter value: ω = 1 rad.s−1.

The fractional counterpart of the Nosé-Hoover systems
is integrated with q = 1. Our algorithms, which was val-
idated with the Rössler system (Letellier, 2013), is un-
able to produce a quasi-periodic solution with an annular
Poincaré section. The phase portrait (Fig. 4c) looks quite
similar to the portrait produced by the integer system
(Fig. 4a) but the Poincaré section is characterized by an
annular structure whose radius slowly decreases, ending
after a long transient regime — depending on the time
step — in a limit cycle. Such a feature thus suggests that
the main characteristics of integer conservative systems
are not recovered in the fractional counterpart, at least
using our algorithm. Conservative systems thus require
specific integration algorithms as the sympletic scheme
developed for integer conservative systems to ensure that
the energy is actually conserved.
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Figure 4: The Nosé-Hoover system in its integer version
(a) and in its “fractional” (q = 1) counterpart (b). Initial
conditions: x0 = 0.2, y0 = z0 = 0.

4.2 Nonlinear damped pendulum

We now investigate the van der Pol equation, which is a
nonlinear damped pendulum (van der Pol, 1926)

ẍ − µ(1 − x2)ẋ + x = 0 (12)

which can be rewritten as a set of two differential equa-
tions

{ ẋ = y

ẏ = µ(1 − x2)y − x .
(13)

It has a single singular point at the origin of the phase

space whose eigenvalues are λ± = µ±√µ2−4
2

. A Hopf bifur-
cation is observed for µ = 0 in the integer system (13).

The fractional-order van der Pol counterpart is ob-
tained by changing the integer-order derivatives in (13)
by fractional-order derivatives, thus getting

{ Dq1 x = y

Dq2 y = µ(1 − x2)y − x .
(14)

We will consider the commensurate case for which q1 = q2.
According to the stability condition for fractional order
systems, a Hopf bifurcation must occur for

qHopf = 2

π

RRRRRRRRRRRarctan

√
µ2 − 4

µ

RRRRRRRRRRR , (15)

that is, for q = qHopf = 0.667 with µ = 1. The bifurcation
diagram computed for the commensurate fractional order
van der Pol system versus q (Fig. 5) allows to numerically
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check that the Hopf bifurcation is actually observed for
q ≈ 0.667 (a longer transient would provide a better agree-
ment).
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Figure 5: Bifurcation diagram of system (14) with q1 =
q2 = q.

The nonlinearity of the solution increases with q (Figs.
6). For q = 1.3 > 1.161, the trajectory presents self-
intersections in the plane R2(xq, yq) where xq and yq are
the x and y coordinates of the fractional-order system.
Here increasing q induced a type of solution that is not
observed for the integer-order counterpart. Such a result
confirms the fact that the order of a fractional-order sys-
tem must be distinguished from the dimension of the cor-
responding phase space. Self-intersections of the solution
clearly indicate that the dimension of the reconstruction
space R2(xq, yq) is inadequate. With q = 1.3, the total
order qT of system (14) equals to 2.6. For integer-order
systems, the dimension of the associated phase space is
the number of phase variables. Since the dimension of a
vectorial space cannot be fractal, it clearly appears that
the total order qT of a fractional system is not equal to
the dimension of the associated phase space, an important
difference compared to integer-order systems. Hence, the
dimension of the phase space for the fractional van der
Pol system (14) must be greater than 2.

In order to introduce a new variable, let us start from
the integer van der Pol system (14) and rewrite it with
three variables as

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Dq u1 = u2

Dq u2 = u3

Dq u3 = µ(1 − u2
1)u2 − u1,

(16)

with q = 2.6
3
= 0.87 to preserve the total order qT of the

system. Such a system diverges to infinity. In fact, system
(16) can be rewritten as

D3qu1 = µ(1 − u2
1)Dqu1 − u1, (17)

which is not equal to (12), that is, u2 =Dqu1 ≠ y. A limit
cyle can be obtained when the third equation is replaced
with

Dq u3 = µ(1 − u2
1)u3 − u1 (18)

but the nonlinear aspect of the limit cycle is not recovered
(Fig. 7a). This second 3D fractional van der Pol system
is not yet equivalent to the 2D fractional system (14).
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Figure 6: Phase portraits of system (14) with q1 = q2 = q.

A fractional van der Pol equation equivalent to (12) can
be obtained with

D4q u1 = µ(1 − u2
1)D2qu1 − u1 , (19)

that is, with the 4D fractional van der Pol system

⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

Dq v1 = v2

Dq v2 = v3

Dq v3 = v4

Dq v4 = µ(1 − v2
1)v3 − v1 ,

(20)

where q = 2.6
4
= 0.65 to preserve the total order qT of sys-

tem (14). A nearly equivalent solution to those observed
in Fig. 6d is obtained, thus validating this 4D system.
This indicates that the dynamics results from a system
whose phase space dimension is most likely four. We have
thus a four-dimensional system with total order qT = 2.6.
In a general way, the phase space dimension d must obey
d ≥ Int(qT ) + 1. Consequently, for q < 1, fractional sys-
tems are associated with a di-dimensional phase space
where di is the dimension of the phase space associated
with its integer counterpart. For 1 < q < 2, fractional
systems should be rewritten as 2di-dimensional systems
with 1 < q < 2↦ 0 < q̃ < 1 where q̃ is its fractional order.

4.3 Rössler system

We will now investigate the fractional Rössler system

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
Dqxx = −y − z

dqyy = x + ay

dqzz = b + z(x − c) (21)
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Figure 7: Solution to the three-dimensional (a) and the
four-dimensional (b) fractional commensurate van der Pol
system. Both have the same total order qT = 2.6.

with b = 2, c = 4 and qx = qy = qz = q. The dy-
namics of (21) will be compared to those of the original
Rössler system from a topological standpoint as detailed
in (Letellier, 1995). With q = 1 and a = 0.43295, the
Rössler system settles to a chaotic attractor character-
ized by a smooth unimodal map. The increasing branch
should touch the first bisecting line, thus corresponding
to a nearly complete symbolic dynamics (any symbolic se-
quences on the two symbols {0,1} are realized as unstable
periodic orbits).

Increasing parameter a of the Rössler from 0.3 system
leads to a period-doubling cascade as a route to chaos.
Unimodal chaos observed after the accumulation point is
characterized by a first-return map made of two mono-
tonic branches splitted by a critical point located at the
differentiable maximum. When a period-doubling cas-
cade is observed, the maximum is necessarily differen-
tiable. For any system characterized by a smooth uni-
modal map, the periodic orbits are created according to
the so-called unimodal order which can be determined
from the symbolic sequences (Collet, 1980). Thus, the
whole population is determined by identifying the last
created orbit, that is the so-called kneading orbit.

Figure 8a shows a bifurcation diagram for the frac-
tional Rössler system using q as a bifurcation parame-
ter. When q is increased, a period-doubling cascade is
the route to chaos as observed in the original Rössler
system. Consequently, increasing the fractional-order q
develops the underlying dynamics. Conversely, decreas-
ing the fractional-order q in the commensurate fractional
system (21) reduces the underlying dynamics to the point
that, for q ≲ 0.965, the dynamics is reduced to a limit cy-
cle or even to a stable singular point. In this case, the
fractional-order q can be considered as a bifurcation pa-
rameter.

5 Conclusions

Various fractional systems were investigated. The results
discussed in this paper helped us to better understand
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Figure 8: Bifurcation diagrams for the fractional system
(21) and the integer Rössler system with a = 0.43295.
Other parameter values: b = 2 and c = 4.

the role played by the total order qT . In particular, it was
clearly shown that the total order of a system should not
be confused with the dimension of the associated phase
space. In certain cases, increasing the fractional-order
beyond one induces a dynamics which can no longer be
embedded within a space with dimension equal to the di-
mension of the phase space to the corresponding integer
system. In other cases, the fractional-order q plays the
role of a bifurcation parameter and a higher-dimensional
phase space is not required, as seen in the case of the
Rössler system. An interesting remark is that we were un-
able to obtain (in a general way) solutions characteristic
of conservative system by simulating the fractional-order
counterpart. This was only achieved in the very special
case of a very simple linear system with q = 1. It thus
seems that the algorithm used to simulate fractional-order
systems might need adaptation when used with conserva-
tive systems.
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PHASE SYNCHRONISATION IN A RING OF RÖSSLER SYSTEMS

Adrien Kerfourn∗† Laurent Laval ‡ Christophe Letellier∗†

Abstract. We investigated the dynamics of a ring of coupled

Rössler systems with some parameter mismatch. We focused our

attention on the cases in which local systems are phase synchro-

nized and how the “collective” dynamics depends on the parame-

ter mismatch and the number of local oscillators. The role of the

observability of the original phase space provided by the coupling

variable is also investigated. We found that under certain condi-

tions, the collective dynamics is equivalent to the dynamics of a

single isolated Rössler system.

Keywords. Ring of Rössler systems, observability, phase synchro-

nization, parameter mismatch.

1 Introduction

Spatio-temporal dynamics are typically produced by par-
tial differential equations in which the spatial derivative
induces an infinite-dimensional state space. Sometimes,
spatio-temporal dynamics are investigated by the means
of a ring of coupled oscillators [1, 2, 3]. Under certain con-
ditions, spatiotemporal chaos can be produced [4, 5, 6, 7].
In such a case, the dimension of the state space is no
longer infinite but remains large enough for inducing dif-
ficulties in the characterization of the resulting dynam-
ics. Nevertheless, in particular situations, that is, when
the local oscillators are phase synchronized, the result-
ing dynamics may be embedded in a “low dimensional”
state space where it can be investigated with common
tools used for characterizing temporal chaos [7]. Despite
of this, these systems are mostly studied by using spatio-
temporal diagrams [8] and no link was established with
the structure of the chaotic attractor associated with such
a collective behavior. Perhaps this link was not searched
due to the lack of a “Takens-like” theorem for this kind
of systems: we have therefore no guarantee that there
is a possibility for reconstructing from a single time se-
ries a phase portrait diffeomorphically equivalent to the
portrait in the original state space [7]. When these oscil-
lators are phase synchronized and since they only differ
by a rather limited parameter mismatch, it seems possi-
ble to assume that all oscillators produce an equivalent

∗CORIA UMR 6614, Normandie Université, Saint-Etienne
du Rouvray, France. E-mail: adrien.kerfourn@coria.fr,
christophe.letellier@coria.fr
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cedex, France

dynamics and, consequently, that the collective dynamics
can be embedded within a low-dimensional state space,
if not in a space whose dimension is equal to the dimen-
sion of the state space associated with a single isolated
oscillator.

From the seminal paper by Pecora and Carrol [9] on
synchronization, it is known that the quality of synchro-
nization depends on the variable chosen for coupling the
systems. In most of the papers, the results are presented
using one variable chosen a priori without any justifi-
cation. Very frequently, systems are empirically coupled
using the variable providing the best observability: for in-
stance, Rössler systems are coupled using variable y [10]
which is the best variable since there is a global diffeomor-
phism between the original state space of the Rössler sys-
tem and the differential embedding induced by variable
y and its first two derivatives [11]. Since a diffeomor-
phism represents the best map between the original state
space and a reconstructed space, one may consider that all
the relevant information is retrieved in the reconstructed
space [11]. Variable y is the best one for synchronizing
Rössler systems [12]. In the other hand, Lorenz systems
are often coupled using variable x as done in [9]. Although
there is no global diffeomorphism between the state space
of the Lorenz system and the x-induced differential em-
bedding, variable x provides the best observability [13].
A variable is associated with a lack of observability when
there is a domain — the observability singular manifold
defined by Det JΦs

= 0 where JΦs
is the jacobian matrix

of the coordinate transformation Φ between the original
state space and the differential embedding induced by the
“measured” variable s — in the state space which can-
not be properly reconstructed using the chosen variable.
Obviously the location of the observability singular mani-
fold related to the chaotic attractor has an impact on the
quality of the variable [14].

The interplay between observability and synchroniza-
tion was shown for bidirectional coupling between two
nearly identical systems [12]: the range of values of the
coupling parameter for which complete and/or phase syn-
chronization can be obtained is the largest when the sys-
tems are coupled via a variable providing a good observ-
ability as shown, for instance, in the case of two Rössler
systems bidirectionally coupled (Fig. 1).

After a description of the architecture of the ring of
Rössler oscillators we studied, we defined how phase syn-
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Figure 1: Critical coupling curves that correspond to the
onset of synchronization (synchronization curve) and the
ejection of the trajectory to infinity (ejection curve), re-
spectively. Below the synchronization curve, the aver-
age distance between points and the first bisecting line
of plane y1-y2 is greater than 0.1. Case of two Rössler
systems, b = 2, c = 4.

chronization was determined and a measure of the de-
parture from phase synchronization is introduced. Some
numerical simulations show how the dynamics of a local
oscillator is affected by the ring architecture and how it
can be sometimes considered as equivalent to the behav-
ior of a single isolated system. This paper ends by some
conclusions.

2 Architecture of the Ring of Os-
cillators

The ring of oscillators here investigated is characterized
by a closed chain of dynamical systems Si (i = 1, . . . , N)
in the form

Ẋi = fi(Xi) + Ui (1)

where fi(Xi) are the governing equations of the ith iso-
lated oscillator and Ui the coupling command. The ele-
ments of the ring are coupled in a bidirectional and sym-
metrical way according to

Ui = Ui,i−1 + Ui,i+1 (2)

where Ui,j is the coupling of Sj on Si. In order to close
the chain, we have U1,0 = U1,N and UN,N+1 = UN,1.
To impose the symmetry of coupling terms, we must have
Ui,i−1 = −Ui−1,i.

In this study each node is a Rössler system [15] defined
(without the coupling command) as

Si ≡





ẋi = −yi − zi

ẏi = xi + aiyi

żi = b + zi(xi − c)

(3)

where b = 2 and c = 4. Parameters ai is specific to the
ith oscillator Si. The Rössler system was chosen as a “lo-
cal oscillator” for three reasons: i) it is not equivariant
(this is important since symmetry properties induce quite

complex dynamics and tend to reduce the quality of the
synchronization [12]), ii) the dynamics of the Rössler sys-
tem is well known [16], and iii) there is one variable (y)
providing a full observability and one variable (z) provid-
ing a very bad observability [17, 18]. Each Rössler system
is then slightly “perturbed” by varying the value of pa-
rameter a using parameter mismatch δa as shown in Fig.
2. Thus we have a ring of different systems (from the
parameter point of view) and we will investigate how the
behavior of each local oscillator is modified by the other
oscillators.
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(a) Even number (b) Odd number

Figure 2: Distribution of the parameter mismatch δa for
a ring with an even (a) and an odd (b) number of bidi-
rectionally coupled Rössler systems. From the parameter
point of view, the ring has a reflection symmetry.

We thus used the couplings

Ui,i−1 = Kp(Xi−1 − Xi)

Ui,i+1 = Ks(Xi+1 − Xi)
(4)

where Xi = [xi yi zi]
T ∈ R3. Kp ∈ R3 and Ks ∈ R3

are two coupling parameters. To have a symmetrical
coupling, we impose K = Ks = Kp with a single non-
null component (to choose the coupling variable), that
is, K = [K 0 0]T for a coupling via variable x and
K = [0 K 0]T for a coupling via variable y.

3 Analytical Study

Since the existence of a complete synchronization is rather
difficult to prove for N systems, we here investigated a
simplest form of synchronization, that is, phase synchro-
nization. In this case, we are only looking for having the
oscillators with a nearly constant phase between them.
Nevertheless, we are facing with the sometimes difficult
problem to define the phase of a system. For example, the
Rössler system here used as local oscillator can produce
— for certain parameter values — solutions for which a
phase is rather tricky to determine (this kind of behav-
ior is said to be “phase non coherent”) [19, 16]. Indeed,
defining a phase for some solutions to the Rössler sys-
tem is not a trivial task since they are governed by two
rotation axes (each one is associated with the real eigen-
value for each of the two singular points): these phase
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non coherent solutions are characterized by two different
pulsations.

Since, according to the bounding tori as introduced by
Tsankov and Gilmore [20], phase non coherent solution is
bounded by genus-one torus as phase coherent solution,
the phase should be defined in the same way for the two
types of solutions. The single “hole” in the middle of
the attractor can thus be used as a reference for defin-
ing a phase. The simplest way to do this is thus to use
the one-component Poincaré section as a reference and to
consider that the phase is increased by 2π between two
successive crossings of the trajectory with the Poincaré
section. Hereafter, the duration Tk between these two
successive intersections is associated with the increment
by 2π and the linear interpolation

φ(t) = 2πk + 2π
t − Tk

Tk+1 − Tk
(rad). (5)

allows to have the phase for any arbitrary time Tk <
t < Tk+1 [12]. There is a slight approximation here in
the sense that the linear interpolation would have been
rigorous only if the velocity would have been constant
during a revolution, a property which is not verified in
the Rössler system. Nevertheless, the departure with the
actual phase remains limited since it is vanished at every
crossing with the Poincaré section, by definition. With
such a definition, we avoid the problem of the choice of
the rotation axis required for defining a phase. Despite all
these advantages, this procedure can only be used in nu-
merical simulation. It is therefore not possible to develop
an analytical proof for the existence of a phase synchro-
nization between a given number N of Rössler systems. It
is not possible to determine the conditions under which
(from the parameter values point of view, for instance)
phase synchronization can be obtained.

In the simulations discussed in the subsequent part of
this paper, we computed the bifurcation diagrams for
each local system of the ring. For each parameter value,
systems are integrated for at least 1000 crossings with
the Poincaré section. When systems are phase synchro-
nized, the number of crossings with the Poincaré section
is the same for each system. But, and this is particularly
true when solutions are phase non coherent, different sys-
tems may present different number of crossings with the
Poincaré section: this is thus a direct evidence for a lack
of phase synchronization. For the sake of simplicity and
because we can expect that these numbers will differ the
most for the more distant systems, that is, for oscillators
with the largest mismatch according to the architecture
of our ring, we only reported the bifurcation diagrams for
these two local oscillators.

Moreover, the lack of phase synchronization is assessed
by computing the relative difference

ηa =
|L1 − L2|

min(L1, L2)
(6)

between the number of crossings with the Poincaré section
counted for these two distant oscillators, that is, L1 and

L2, respectively. ηa will be named the “asynchrony rate”
in the subsequent part of this paper. In Eq. (6), the
function min(L1, L2) returns the smallest value among
L1 and L2.

4 Dynamical Analysis

In our rings of Rössler systems, there is parameter ai that
is specific to the ith oscillator. As previously explained,
the ring is constructed with a constant parameter mis-
match δa (Fig. 2) between two consecutive systems (with
the exception of ring with an odd number N of oscillators
for which there are two systems with the same parameter
value, that is, a null mismatch). It is thus possible to
investigate how local dynamics depends on the nominal
parameter value a and for a given mismatch δa the ith
parameter value being ai = a+g(i)δa where g(i) depends
on the ring architecture, see Fig. 2).

The parameter mismatch δa affects the intrinsic pa-
rameter value a of each local Rössler system and so its
dynamics according to Fig. 3. We are now investigat-
ing how are affected the dynamics of the coupled Rössler
systems differing by the parameter mismatch δa. Let us
start with a ring of N = 4 Rössler systems coupled by
variable y with a gain K = 25.0 and for various values
of the parameter mismatch δa. For any value of δa for
which the trajectory remained in a chaotic attractor, we
always observed that the four oscillators were phase syn-
chronized. The dynamics of each oscillator was strongly
dependent on the mismatch δa as shown in Fig. 4: in
fact, δa plays the role of a bifurcation parameter (similar
to the role played by parameter a in the present case)
and a bifurcation diagram equivalent to the reference di-
agram (Fig. 3) is obtained. The fact that all the systems
are phase synchronized, as evidenced by the asynchrony
rate which remains null for any δa-value as well as by the
feature that every bifurcation occurs at the same δa-value
for any oscillator, indicates that the ring of four oscilla-
tors behaves as a single isolated Rössler system with a
parameter value affected by the mismatch δa.

 0
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 0.3  0.35  0.4  0.45  0.5  0.55

�
n

�

Figure 3: Bifurcation diagram versus parameter a of a
single isolated Rössler system. This bifurcation diagram
served as a reference for many comparisons with diagrams
computed for coupled Rössler systems.

In order to investigate how the observability provided
by the variable used for coupling the oscillators affects the
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Figure 4: Bifurcation diagrams for the most distant local
oscillators in a ring made of N = 42 Rössler systems
coupled via variable y. Parameter values: a = 0.398,
b = 2, c = 4 and K = 25.

local dynamics, we used the three state variables, from the
best (variable y) to the worst (variable z). We also inves-
tigated how the “size” of the ring, that is, the number N
of oscillators, influences the local dynamics. The best ob-
servability is provided by variable y and, obviously, this
is the variable that allowed phase synchronization for the
largest range of values for the parameter mismatch δa. As
already mentioned, the collective dynamics is equivalent
to the dynamics of a single isolated oscillator. When δa
is decreased from 0, the chaotic attractor is progressively
reduced by pruning the population of unstable periodic
orbits up to a simple period-1 limit cycle. When δa is in-
creased, the chaotic behavior is developed as the Rössler
system is when parameter a is increased [16]. Around
δa = 0.16, the trajectory is ejected to infinity due to a
boundary crisis between the attractor and the boundary
of the attraction basin as observed in an isolated Rössler
system [16]. We never observed some behaviors which
were not solution to the original Rössler system.

When we changed the nominal value of parameter a,
we did not observe any change in the collective dynamics
and the bifurcation diagram was only shifted in a-values.
This property was verified for any number N of local oscil-
lators in the ring (but not for any coupling variable). We
can thus limit our study by always using the same nomi-
nal parameter value (say, for instance, a = 0.398). When
the number N of oscillators in the ring was increased,
the bifurcation diagram versus the parameter mismatch
δa remained qualitatively the same; the attractor was re-
duced when we decreased δa from 0 and developed when
δa was increased. Only the δa-values at which the bifurca-
tions occur were changed in such a way that the δa-value
beyond which the trajectory is ejected to infinity was re-
duced from δa ≈ 0.16 with N = 4 systems (Fig. 4a) to
δa ≈ 0.014 with N = 42 systems (Fig. 4c).

The asynchrony rate ηa is related to the number N
of systems in the ring. Pecora and Carroll showed that
there is a limit in the number of Rössler systems which
can be coupled with a complete synchronization [21]: this
limit was 42 for Rössler systems coupled via variable y.
We here observed that when the number of systems in
the ring is small enough (Fig. 4a) the asynchrony rate is
always zero. When this number is increased (Fig. 4b),
the asynchrony rate becomes nonzero for the largest pa-
rameter mismatch, that is, when the dynamics of each
local oscillator is strongly phase non coherent. When
the number N of systems is increased again, the asyn-
chrony rate becomes larger and is nonzero as soon as the
dynamics of the local oscillators are phase non coherent
(δa ≈ 0.005), that is, when a third branch occurs in the
first-return map [16] (Fig. 4c). When the asynchrony
rate is computed versus the number N of oscillators in
the ring (Fig. 5), we observed that it becomes nonzero
when N ≈ 24 and increases as N was increased. It re-
turns to zero for N = 36 because the collective dynamics
was a period-2 limit cycle and all oscillators were thus
phase synchronized. The increase of ηa versus N (when
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the collective dynamics was not a limit cycle) means that
the number N of oscillators plays more or less the role
of a bifurcation parameter. Moreover, there is an upper
limit (Nlim ≈ 24) beyond which phase synchronization is
no longer observed. Such a limit also depends on the mis-
match δa, the nominal value a and the coupling variable
as discussed below.
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Figure 5: Asynchrony rate ηa versus the number N of
local oscillators in a ring of Rössler systems coupled by
variable y. The parameter mismatch δa is chosen in such
a way that < a >N= 0.528 (see below). Other parameter
values: a = O.398, b = 2, c = 4 and, K = 25.

Consequently phase synchronization strongly depends
on i) the phase coherence of the dynamics underlying each
local oscillator and ii) the number N of oscillators which
are in the ring. Roughly speaking, we can say that phase
synchronization is more difficult to obtain when the com-
plexity of the ring increases. It is interesting to remark
that the asynchrony rate is zero when local oscillators pro-
duce limit cycle (Fig. 4c): see for instance, the period-1
window located at δa ≈ 0.012.

The results obtained with a coupling via variable y ev-
idence that the global behavior of the ring can be associ-
ated with the behavior of a single isolated Rössler system.
In fact all oscillators have the same behavior and then can
be viewed as isolated Rössler systems for which parameter
a would take the mean value

< a >N= a +
N

4
δa (7)

when there are an even number N of oscillators and the
mean value

< a >N= a +
(N − 1)2

4N
δa (8)

when N is odd,

In order to check this assertion, we compared the
first-return map of a local Rössler system from different
ring configurations to the map computed for an isolated
Rössler system with a =< a >N . The simplest case is
when the parameter mismatch δa = 0 (Fig. 6): in this
case < a >N= a = 0.398 for any N ∈ N+: all systems are
phase synchronized and the resulting first-return maps
are identical to the map of the isolated Rössler system.
The collective dynamics is therefore equivalent to the dy-
namics produced by a single Rössler system. When the
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Figure 6: First-return maps of a local Rössler system
from different ring configurations. Parameter values:
a0 = 0.398, δa = 0, b = 2, c = 4 and K = 25.
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0.528. Parameter values: b = 2, c = 4 and K = 25.
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parameter mismatch δa is non zero, the mean param-
eter < a >N is increased. We choose the case where
< a >N= 0.528 for various N -values (Fig. 7): the first-
return map has now four branches and the dynamics is
phase non coherent. When N is not too large (N ≤ 26),
the number of monotonous branches is still four even if
they are slightly foliated for N = 26 (Fig. 7c). Within
a good level of approximation, the collective dynamics
can still be considered as resulting from a single iso-
lated Rössler system, mainly because local oscillators are
nearly phase synchronized. This is no longer the case
with N = 42: local oscillators are not phase synchro-
nized (ηa = 8.5%) and the collective dynamics is no longer
equivalent to the dynamics produced by a single isolated
Rössler system as evidenced by the multi-layered first-
return map (Fig. 7d). A first consequence of this lack
of synchronization is that the embedding dimension in-
creases (the attractor can no longer be embedded within
a 3D subspace of the 3N -dimensional state space). Con-
sequently, there exists an upper limit Nlim for the number
N of oscillators for which phase synchronization can be
obtained with good enough approximation, that is, with
ηa = 0.

Unfortunately, if using a variable with a full observ-
ability for coupling the systems allows to get a formula
for the value of parameter a to use in an isolated Rössler
system for reproducing the collective dynamics when os-
cillators are phase synchronized, this is not the case when
the coupling variable does not provide a full observabil-
ity of the original state space is used: we observed such
a feature when variable x was used as the coupling vari-
able. Nevertheless we obtained a phase synchronization
when N was not too large and we thus investigated the
differences with a coupling via variable y. The main de-
parture is that the bifurcation diagrams are not complete
and a rigorous comparison with a single Rössler system
is no longer possible.

For instance with a ring made of four oscillators, de-
creasing the parameter mismatch δa induces a simplifica-
tion of the resulting chaotic attractor as observed with a
coupling via variable y (compare the left part (δa < 0)
of the bifurcation diagram shown in Fig. 8 with the cor-
responding part of the bifurcation diagram shown in Fig.
4). It was nearly impossible to use a positive parameter
mismatch δa with a gain K = 0.5: the trajectory was
quickly ejected to infinity. When the gain is reduced to
K = 0.1, phase synchronization was retrieved even for
positive mismatch δa (Fig. 8b). Nevertheless, a period-4
window occurs with a relative length which is not com-
mon (if ever observed) in the Rössler system: at this end
of this period-4 window, the local oscillators are no longer
phase synchronized (ηa 6= 0) and the collective dynamics
can no longer be embedded within a three-dimensional
subspace. When the coupling variable does not provide
a full observability, the collective dynamics becomes very
sensitive to the gain K (a feature not observed using the
coupling variable y over a large range of K-value). When
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Figure 8: Bifurcation diagrams for the most distant local
oscillators in a ring made of N Rössler systems coupled
via variable x. Parameters : a0 = 0.398, b = 2, and c = 4.
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K was left equal to 0.5 but N increased to 42, the dynam-
ics was still reduced for negative δa-values but the devel-
opment was not observed for positive δa-values: contrary
to this, a cascade of inverse period-doubling bifurcations
is observed, leading to a period-1 cycle. Hereafter, the
trajectory was ejected to infinity. Consequently, the col-
lective dynamics strongly depends on the coupling vari-
able due to the different observability of the state space
it may provide. As shown in [12], using variable z as a
coupling variable does not allow to get easily phase syn-
chronization and we did not investigate this acid case.

5 Conclusion

In this study we investigated how the value of parameter
a and of the parameter mismatch δa in a ring of coupled
Rössler systems affects the collective behavior. We thus
showed that when the coupling is realized using variable
y — a variable providing a full observability —, the col-
lective dynamics can be compared to an isolated Rössler
system. In this situation, the oscillators are phase syn-
chronized for a large range of values of the parameter
mismatch δa, the gain K or the number of oscillators.
When phase synchronization is observed, we showed that
oscillators have the same dynamics which is equivalent to
the dynamics produced by a single isolated Rössler sys-
tem with a parameter a-value provided by an analytical
formula only depending on the number N of oscillators.
Nevertheless, when the number of oscillators becomes too
large, phase synchronization can no longer be observed,
perhaps due to the delay with which “information” was
propagated from one oscillator to any others.

When the observability of the original state space pro-
vided by the coupling variable decreases, the range of pa-
rameter values for which local oscillators are phase syn-
chronized is significantly reduced compared to what is
observed with a coupling variable with a full observabil-
ity. The dual aspect of such a feature is that the collective
dynamics is much more sensitive to parameter values. In
that case, even when local systems are phase synchro-
nized, it is not always possible to determine whether the
dynamics can be produced by a single isolated Rössler
system and for which parameter values. The collective
dynamics of a ring of oscillators therefore strongly de-
pends on the observability provided by the coupling vari-
able. When this observability is not global, the gain of the
coupling term, the number of oscillators, the mismatch
between local oscillator strongly affect the collective dy-
namics. These results are specific to the Rössler system
in the sense that its controllability does not depend on
the coupling variable.
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TOPOLOGICALLY INEQUIVALENT CHAOTIC ATTRACTORS

SOLUTION TO THE CHUA CIRCUIT

Martin Rosalie & Christophe Letellier∗

Abstract. We investigated topologically inequivalent chaotic at-

tractors solutions to a variant of the Chua circuit. We thus showed

that the circuit can produce spiral and funnel Rössler attractors, at-

tractors equivalent to those produced by Lorenz-like systems, and

the double-scroll attractor. Very few other types are also mentioned.

The Chua circuit is thus a system with a great richness of dynamics

but the number of topologically different attractors is not as large

as sometimes claimed.

Keywords. Chaotic attractor, topological characterization, tem-

plate

1 Introduction

Among the most studied chaotic attractors there are the
Lorenz attractor [1], the Rössler attractor [2] and the
double-scroll attractor known to be solution to the Chua
circuit [3]. The best way to evidence differences between
these three types of chaotic attractors is to perform a
topological characterization as developed by Gilmore and
co-workers [4, 5]. The first level of description of an at-
tractor is to consider a closed surface bounding the do-
main of the state space containing the attractor consid-
ered [6, 7]. The genus g of this so-called bounding torus
determines the (g − 1)-components the Poincaré section
is made of. Thus the Rössler attractor is bounded by
a genus-1 torus [8], the Lorenz attractor by a genus-3
torus and the double-scroll attractor by a genus-5 torus
[9]: these three attractors must be therefore investigated
using a one-, two- and four-component Poincaré section.
Since bounded by tori of different genus, these three at-
tractors are topologically inequivalent.

The second level of description which can be used for
describing the topological structure of attractors is made
in terms of branched manifolds (or templates). Branched
manifold was implictely used by Lorenz who computed
the “isopleths” [1] and by Rössler who draw “paper mod-
els” for distinguishing normal from Möbius bands [10]. It
was more explicitly defined by Williams [11] and clearly
introduced as knot holder by Birman & Williams [12], the
knots corresponding to the unstable periodic orbits con-

∗M. Rosalie and C. Letellier are with Normandie Université,
CORIA-UMR 6614 — CNRS-Université et INSA de Rouen Campus
Universitaire du Madrillet 76800 Saint-Etienne du Rouvray, France.
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stituting the skeleton of the attractor [13, 14]. A branched
manifold is characterized by the number of branches it
contains, the torsion each branch presents and their rela-
tive organization [15, 4]. From the branch manifold point
of view, the spiral Rössler attractor has two branches
[10, 16], the Lorenz attractor has four [17] and the double-
scroll attractor, as observed in the Chua circuit, has eight
[9], or more as seen below.

The third level of description is related to the first-
return map to a (g − 1)-component Poincaré section.
The spiral Rössler attractor is characterized by a uni-
modal smooth map [16], the Lorenz attractor by a three-
modal (or cubic) map with three non-differentiable crit-
ical points [18] and the double-scroll attractor by a
seven-modal map with four differentiable and three non-
differentiable critical points (see Fig. 2 in [9]). Differ-
entiable critical points (between monotonous branches
whose slopes are of opposite signs) are associated
with folding mechanisms while non-differentiable critical
points correspond to tearing mechanisms [19]. There are
deep implications resulting from the differences between
differentiable and non-differentiable critical points (or,
equivalently, between folding and tearing mechanisms):
for instance, a period-doubling cascade is necessarily as-
sociated with a differentiable critical point.

Topological characterization is therefore a very refined
technique for distinguishing (classifying) chaotic attrac-
tors and it should not be claimed that a given attractor
is “new” before checking that its topology is inequivalent
to the topology of any other attractor [20]. The Chua
circuit is known to produce various types of chaotic at-
tractors [21]. Some authors even claimed that it can pro-
duce nearly nine hundred of different attractors, but they
only showed pictures of the attractors and no topologi-
cal characterization was performed [22]. Our aim is here
to start from the “zoo” of attractors as described in [21]
and to investigate whether these attractors are actually
topologically inequivalent or not.
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2 The Chua circuit and the

double-scroll attractor

Chaotic attractors were noted in electronic circuits by
van der Pol and van der Mark in their investigations of
the now so-called van der Pol equation driven by a pe-
riodic term [23]; this was later confirmed by Levinson
who investigated the “bad” solutions which were quali-
fied by Cartwright and Littlewood as being “very diffi-
cult to rule out” [24]; Levinson thus showed that some
of the solutions are aperiodic (today we would have said
“chaotic”) [25]. In the late 1970s, few electronic circuits
were identified as producing chaotic attractors (see [26]
and [27] for a review). Today one of the most popular
electronic circuit was proposed by Leon Chua during a
stay at Waseda University (Tokyo) from October 1983
to January 1984. Chua visited Takashi Matsumoto with
whom he already published few papers [28, 29, 30]. With
the know-how Chua had in the use of piecewise-linear
electronic elements, Chua suggested a new circuit with
a piecewise-linear resistor; Chua was convinced that the
use of a piecewise-linear function is convenient for real-
izing electronic circuits producing rich dynamics as well
as facilitating analysis and programming. This is true
for designing circuits, true for some type of analysis but
has no deep consequence for computing. Very quickly,
Matsumoto was able to produce a double-scroll attractor
by using numerical integrations. Thus, the double-scroll
attractor was observed in this electronic circuit on Octo-
ber 1983 [31], that is, at the beginning of Chua’s stay at
Waseda University.

We here investigated a variant of the Chua circuit in
the form as [21] ⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

ẋ = κα(y − x − φ)
ẏ = κ(x − y + z)
ż = −κ(βy + γz) (1)

with the piecewise linear function

φ = bx + (a − b)(∣x + 1∣ − ∣x − 1∣)
2

.

For certain parameter values, this system can produce
a chaotic attractor now designated as the double-scroll
attractor (Fig. 1a). This attractor is bounded by a
genus-5 torus [9]. It is structured around three singu-
lar points, one being located at the origin of the state
space R3(x, y, z), the two others being located at

S± =
RRRRRRRRRRRRR

x± = ±1.7333
y± = ±0.0651
z± = ∓1.6682 .

(2)

This system is equivariant under an inversion symmetry:
the two singular points S± are thus symmetry-related.
For the sake of simplicity, this attractor is investigated
using a two-component Poincaré section defined as

P ≡ {(yn, zn) ∈ R2 ∣ xn = +1.35, ẋn < 0}∪{(yn, zn) ∈ R2 ∣ xn = −1.35, ẋn > 0} ;
(3)

such a simplification results from the fact that the two
components which should be added for characterizing this
dynamics as imposed by the genus-5 bounding torus are
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(a) Double-scroll chaotic attractor
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(b) First-return map

Figure 1: The double-scroll attractor solution to the Chua
circuit (1). Parameter values: α = 9.3515908493, β =
14.7903198054, γ = 0.0160739649, a = −1.1384111956, b =−0.7224511209, and κ = +1.

very complicated to define. The Poincaré section is there-
fore made of two components in relation to the order-2
symmetry (an inversion is an order-2 symmetry [18]) as
used in [32] for the double-scroll attractor. The first-
return map to the two-component Poincaré section P is
made of ten monotonous branches (Fig. 1b). Compared
to the double-scroll attractor investigated in [9], there
are two additional branches (the third in the lower left
panel and the first in the upper right panel). The rela-
tive organization of the eight others is equivalent to the
organization of branches of the double-scroll attractor in-
vestigated in [9]. Since the template for the latter double-
scroll attractor was shown to be topologically equivalent
to the unimodal template proposed by Ghrist [33], the
present double-scroll attractor (Fig. 1a), which is more
developed, also contains all types of knots (by the means
of its unstable periodic orbits).
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Table 1: Parameter values used for producing the different types of attractors observed in the Chua circuit (1).

Fig. α β γ a b κ

2a 6.5792294 10.8976626 -0.0447440 -1.1819730 -0.6523354 +1

2b -1.3635256 -0.0874054 -0.3114345 1.292150 -0.49717 -1

2c -1.5590535 0.0156453 0.1374556 -0.24385532 -0.0425189 -1

2d 8.4562218 12.0732335 0.0051631 -0.7056296 -1.1467573 -1

2e -75.6 31.25 -3.125 -2.4 -0.98 -1

2f -4.08685 -2.0 0 -1.142837 -0.7142858 +1

2g -5.053 -3.624135 -0.00118088 -2.501256 -0.9297201 +1

2h 143.1037 207.34198 -3.8767721 -0.855372 -1.09956 -1

2i -1.458906 -0.0930819 -0.3214346 1.218416 -0.5128436 -1

2j -1.5590535 0.0156453 0.1574556 -0.2438532 -0.0425189 -1

2k 3.7091002 24.0799705 -0.8592556 -2.7647222 0.1805569 +1

2l -1.3184010 0.0125741 0.1328593 -0.2241328 -0.0281101 -1

3 A zoo of chaotic attractors

Chua and co-workers obtained various other chaotic at-
tractors [34]. The most typical examples are shown in
Figs 2 where we selected attractors which were actu-
ally different from the topological point of view, that is,
discarding attractors only differing by a rotation and a
rescaling which were considered as equivalent. Parame-
ter values used for producing the retained attractors are
reported in Tab. 1. For each case the most suggestive
plane projection was shown according to the orientation
of the attractor in the state space R3(x, y, z).

The different attractors are ordered by increasing the
genus of tori bounding them, thus from the simplest
(Fig. 2a) to the most complicated (Fig. 2l). The sim-
plest attractor is a genus-1 mono-folded chaotic attrac-
tor (Fig. 2a): the first-return map is thus unimodal
and smooth. The attractor is therefore observed after
a period-doubling cascade. It is topologically equivalent
to a spiral Rössler attractor. There are in fact two co-
existing attractors, one being the symmetric of the other
under the inversion symmetry. The attractor shown in
Fig. 2b is also observed after a period-doubling cascade
but it encircles the two symmetry-related singular points
S± while the previous attractor was only encircling one
of them. Such differences have great implication in the
attractor resulting from the merging attractor crisis en-
countered when one of the parameter is varied.

The third attractor (Fig. 2c) has also a symmetric
companion under the inversion symmetry; it differs from
the first two by the fact that it is multi-folded, be-
ing thus characterized by a first-return map with many
monotonous branches as the funnel Rössler attractor [16].
We qualified this attractor as being multi-folded because
there are many differentiable critical points, each of them

corresponding to a folding.

The fourth and the fifth attractors are globally left in-
variant under the inversion symmetry. There are typi-
cally observed after a merging attractor crisis unifying
two genus-1 mono-folded attractors: there are topologi-
cally equivalent. They can be viewed as the two-fold cover
by an inversion symmetry of a genus-1 mono-folded at-
tractor (like a spiral Rössler attractor): they differ from
the order-2 rotation cover of a spiral Rössler attractor as
produced in [35] by the fact that the two foldings are of
opposite signs in the formers but of the same sign in the
latter. According to [20], these two attractors cannot be
considered as “new” since they are resulting from cov-
ering an attractor already identified (the spiral Rössler
attractor).

The attractor shown in Fig. 2f is a genus-1 inversion
cover of a two-folded attractor. This attractor looks like a
Burke and Shaw attractor [36, 37]: a detailed topological
characterization (see Section 4b) reveals that it has two
additional branches in the first-return map compared to
the attractor investigated in [37].

The attractor shown in Fig. 2g is a genus-3 inver-
sion cover of a teared-and-folded attractor: this means
that the first-return map presents differentiable and non-
differentiable critical points as observed in the Lorenz sys-
tem for certain parameter values (for instance, R = 91 as
investigated in [17]). The most significant departure from
the teared-and-folded attractor solution to the Lorenz
system which is globally invariant under aRz(π)-rotation
symmetry is that the attractor shown in Fig. 2g is invari-
ant under an inversion symmetry. This attractor is fully
characterized in Section 4c. The attractor shown in Fig.
2h is a variant of the attractor shown in Fig. 2g. This is
also a genus-3 inversion cover of a teared-and-folded at-
tractor but the monotonous branches of the first-return
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Figure 2: Zoology of chaotic attractors solution to the Chua circuit (1). Parameter values are reported in Tab. 1.
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map are distributed in different manner as it will be de-
tailed in Section 4c. The attractor shown in Fig. 2i is a
“banded” version of the two previous attractors.

The attractor shown in Fig. 2j is obtained from the
genus-1 multi-folded attractor (Fig. 2c) by increasing pa-
rameter γ to observe a merging attractor crisis. After
such a crisis, the attractor is bounded by a genus-5 torus.
It is multi-folded. If parameter γ is increased up to
γ = 0.165, it becomes an attractor topologically equiv-
alent to the genus-1 inversion cover of a multi-folded at-
tractor as shown in Fig. 2f. This route to a Burke and
Shaw attractor was never observed in Lorenz-like systems
and seems to be quite specific to the Chua circuit.

The last two attractors are much more complicated
to characterize because they have either a multi-foliated
structure (case of the attractor shown in Fig. 2k) or a
“cord” shape (Fig. 2l) as observed in [20]. A detailed
topological analysis is postponed for future works. We
focused our attention on cases 2b, 2f, and 2g as discussed
in the next section.

4 Topological analysis of some at-

tractors

4.1 Genus-1 mono-folded attractor

We focused our attention on case 2b for which there are
two chaotic attractors co-existing in the state space. Let
us designate by A−, the attractor resulting from initial
conditions (x0, y0, z0) = (10,6,−1) and A+ the attractor
issued from initial conditions (x0, y0, z0) = (−10,−6,+1).
These two attractors are structured around the three sin-
gular points, S0 and

S± =
RRRRRRRRRRRRRRRR
x± = ±6.435

y± = ±5.025

z± = ∓1.410 .

(4)

The singular point S0 located at the origin of the state
space R3(x, y, z) is characterized by the eigenvalues

Λ0 =
RRRRRRRRRRRRR

0.7303−4.4079−2.7592 ∶ (5)

this is a saddle point. The two symmetry-related points
S± are associated with the eigenvalues

Λ± = ∣ 0.1353± 0.7394 i−0.2676
(6)

and, consequently, are saddle-foci with a two-dimensional
unstable manifold.

We used the y-z plane projection of the state space
where the flow is clockwise as recommended in [38]. Since
bounded by a genus-1 torus, a one-component Poincaré
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(a) For attractor A+ (b) For attractor A−
Figure 3: First-return maps to the one-component
Poincaré section built on variable ρn for attractors A+
and A− corresponding to case 2b. Parameter values are
reported in Tab. 1.

section is required for performing the topological analysis
of each attractor. The section is defined as

PA+ ≡ {(xn, zn) ∈ R2 ∣yn = y−, ẏn > 0} (7)

for attractor A− and as

PA− ≡ {(xn, zn) ∈ R2 ∣yn = y+, ẏn < 0} (8)

for attractor A+. As introduced in [18] and generalized
in [38], a variable ρn is built from inside to outside of the
attractor and rescaled to be in the unit interval. These
first-return maps are unimodal and smooth (Figs. 3). Pe-
riodic orbits are extracted from the two attractors and
linking numbers between pairs of orbits are computed and
reported in Tab. 2.

Table 2: Linking numbers between pairs of periodic orbits
extracted from attractors A− and A+, respectively.

A− (1) (10) (100)

(10) -1

(100) -1 -2

(1011) -2 -3 -4

A+ (3) (32) (322)

(32) 1

(322) 1 2

(3233) 2 3 4

Linking numbers are all negative for A− and all positive
for A+. Due to the inversion symmetry, linking numbers
are such as

L(OA− ,O′A−) = −L(OA+ ,O′A+) (9)

where OA− (O′A−) designates an orbit from A− which is
the symmetric of the orbit OA+ (O′A+) from A+ under
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the inversion symmetry. The linking matrix defining the
templates of these two attractors are

MA− = [ 0 −1−1 −1⟧ (10)

with the natural order 0◁ 1 and

MA+ = [0 0
0 1
⟧ (11)

with the natural order 2◁ 3 (see [38] for details). It can
be shown that MA− is the symmetric of MA+ under the
inversion symmetry. We checked that linking numbers re-
ported in Tab. 2 are correctly predicted from these linking
matrices using

lk(O,O′) = 1

2

⎛⎝
p∑

i=1
p′∑

j=1 L(σi, σj) +Njoining(O,O′)⎞⎠ (12)

as introduced by Le Sceller et al [39] for a period-p orbitO and a period-p′ O′; in this equation, σi represents the
ith symbol of the orbital sequence of the considered or-
bit. Elements M(σi, σi) correspond to the local torsion of
the ith branch and elements M(σi, σj) to the number of
permutations between the ith and the jth branches [40].
Term Njoining designates crossings due to the insertion
mechanism as introduced in [39]. These two attractors
are thus topologically equivalent to the spiral Rössler at-
tractor (modulo the sign of the folding mechanism).

4.2 Genus-1 inversion cover of a multi-
folded attractor

The attractor shown in Fig. 2f is now investigated. This
is a genus-1 inversion cover of a multi-folded attractor as
detailed below. This attractor is structured around the
origin of the state space and the two symmetry-related
singular points

S± =
RRRRRRRRRRRRRRRR
x± = ∓1.499
y± = 0
z± = ±1.499 .

(13)

These singular points are associated with the eigenvalues

Λ0 = ∣ − 0.966 ± 1.553i
0.349

and Λ± = ∣0.613 ± 1.355i− 1.056 , (14)

respectively. Point S0 is thus a saddle-focus point with a
two-dimensional stable manifold and points S± are saddle-
focus points with a two-dimensional unstable manifold.

Attractor C (Fig. 2f) is bounded by a genus-1 torus
and it is globally invariant under the inversion symmetry.
We choose to use a two-component Poincaré section in
order to take into account the symmetry property. The
Poincaré section is defined as

PC ≡ {(xn, yn) ∈ R2 ∣zn = z0, żn < 0}
∪{(xn, zn) ∈ R2 ∣zn = z0, żn > 0} ,

(15)

and the first-return map is built on

ρn = 1A ⋅ ρA,n + 1B ⋅ (1 + ρB,n) (16)

(see [40] for details). The first-return map (Fig. 4) to this
Poincaré reveals the symmetric structure of the attractor.
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Figure 4: First-return map built on variable ρn for at-
tractor C shown in Fig. 2f.

There are four branches for each components; they are
labeled 1, 2, 3 and 4 for component A and 1, 2, 3 and
4 for component B. A branch labeled by symbol σ is the
symmetric of the branch associated with symbol σ. Any
branch from component A is sent to component B, and
vice versa: a signature of this feature is that the return
map only visits the upper left and the bottom right pan-
els (not the on-diagonal ones). The inversion symmetry
implies that any oriented crossing has its symmetric with
the opposite sign. Consequently, we have for instance

lk(4232,4233) = −lk(2423,3423) (17)

where orbit (4232) is the symmetric of orbit (2423) un-
der the inversion symmetry. Linking numbers of orbits
extracted from attractor C are reported in Tab. 3.

As developed in [38] the foldings evidenced by the dif-
ferentiable critical points of the first-return map can be
grouped into two sets, each of them being associated with
one of the two components of the Poincaré section. There
are therefore two mixers which can be investigated inde-
pendently as explained in [38]. Since one mixer is the
symmetric of the other under the inversion symmetry, it
is sufficient to characterize one of them, that is, to pro-
vide its linking matrix and to write the linking matrix of
the symmetric mixer using the formula [38]

ML = −ML −
RRRRRRRRRRRRRRRRRR

0 +1 +1 +1+1 0 +1 +1+1 +1 0 +1+1 +1 +1 0

RRRRRRRRRRRRRRRRRR
. (18)

Let us start with mixer MA associated with component
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Table 3: Linking numbers between pairs of periodic orbits extracted from attractor C.
C (32) (33) (23) (4232) (4233) (3233) (3323) (3423)

(33) 0

(23) 0 0

(4232) -1 0 0

(4233) -1 0 0 -2

(3233) -1 0 0 -2 -2

(3323) 0 0 1 0 0 0

(3423) 0 0 1 0 0 0 2

(2423) 0 0 1 0 0 0 2 2

A. Its linking matrix

MA =
⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 1
0 0 0 1
0 0 1 1
1 1 1 2

MQQQQQQQO
(19)

is written between component B using the natural order
1◁ 2◁ 3◁ 4 and component A using the natural order
1◁2◁3◁4. Using the relationship (18), we thus obtained

MB = −
⎡⎢⎢⎢⎢⎢⎢⎢⎣

1 0 0 1
0 0 0 1
0 0 1 1
1 1 1 2

MQQQQQQQO
−
RRRRRRRRRRRRRRRRRR

0 +1 +1 +1+1 0 +1 +1+1 +1 0 +1+1 +1 +1 0

RRRRRRRRRRRRRRRRRR
=
⎡⎢⎢⎢⎢⎢⎢⎢⎣

−1 −1 −1 −2−1 0 −1 −2−1 −1 −1 −2−2 −2 −2 −2

MQQQQQQQO

(20)

between component A and B. These two linking matrices
determine univocally the template of attractor C (Fig. 6).
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Figure 5: (Color online) Oriented crossings located
in the x-y plane for computing the linking number
lk(322412322423322422,4233412322422423) = 1

2
(239 −

247) = −4
Linking matrices MA and MB are validated using long

periodic orbits visiting all branches as for instance with

the linking number

lk(322412322423322422,4233412322422423)
= 1

2
(−43 +NA

joining +NB
joining)

= 1

2
(−43 + 29 + 7) = −4 .

(21)

which is found to be equal to the linking number counted
in a regular plane projection of these two periodic orbits
(Fig. 5). Our template is thus validated.

1
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B

234

4321

Figure 6: Template of the attractor C.
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4.3 Genus-3 inversion cover of a teared-
and-folded attractor

The case of the attractor shown in Fig. 2g is now consid-
ered. This is a genus-3 inversion cover of a teared-and-
folded attractor. This attractor is structured around the
origin which is a saddle point according to its eigenvalues

Λ0 =
RRRRRRRRRRRRRRRR
1.275− 2.378− 6.581

(22)

and the two symmetry-related singular points

S± =
RRRRRRRRRRRRRRRR
x± = ∓22.465

y± = 0.007

z± = ±22.465

(23)

whose eigenvalues are

Λ± = ∣0.150 ± 1.155i− 1.056
, (24)

and which correspond to saddle-focus points with a two-
dimensional unstable manifold. Compared to the pre-
vious attractor, this one visits the neighborhood of the
origin directly responsible for the tearing mechanism. As
observed in the Lorenz system for which genus-1 inver-
sion cover of a folded attractor is observed around the
z-axis with a transverse stability of a focus type and a
genus-3 inversion cover of a teared-and-folded attractor
is observed around the z-axis with a transverse stability
partly of a focus type and partly of a saddle type, the
Chua circuit presents various types of attractors depend-
ing on the type of the singular point S0 located at the
origin of the state space.

This genus-3 attractor is investigated using the
Poincaré section defined according to

PC ≡ {(xn, zn) ∈ R2 ∣yn = y+, ẏn < 0, zn > z+}∪{(xn, zn) ∈ R2 ∣yn = y−, ẏn > 0, zn < z−} .
(25)

A first-return map to this Poincaré section (Fig. 7a)
reveals a teared-and-folded structure since differen-
tiable and non-differentiable critical points are observed.
Monotonous branches inserted in component A are la-
beled 0, 1, 5 and 6, and those inserted in component B
are labeled 0, 1, 5 and 6. Contrary to what was observed
in attractor C, there are some branches which are rein-
jected in the component from which they are issued: this
is the case of branch 0 and 1 (0 and 1) which connect
component A (B) to itself; the others transit from one
component to the other.

Several linking numbers were computed between orbits
extracted from attractor D; all of them are equal to zero.
As attractor C, attractor D is made of two mixers, one
being the symmetric of the other. There are described by
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Figure 7: First-return maps built on variable ρn for two
genus-3 inversion covers of a teared-and-folded attractor.

the linking matrix

MA =
RRRRRRRRRRRRRRRRRR

0 −1 0 0−1 −1 0 0
0 0 1 0
0 0 0 0

MQQQQQQQO
(26)

between the natural orders 0◁1◁5◁6 and 0◁1◁5◁6,
and the linking matrix

MB =
⎡⎢⎢⎢⎢⎢⎢⎢⎣

0 0 −1 −1
0 1 −1 −1−1 −1 −1 −1−1 −1 −1 0

MQQQQQQQO
(27)

between 0◁ 1◁ 5◁ 6 and 0◁ 1◁ 5◁ 6, respectively. It
can be checked that MA is the symmetric of MB using
the formula (18). As an example, the linking number

lk(1505515,01515)
= 1

2
(−5 +NA

joining +NB
joining)

= 1

2
(−5 + 5 + 0) = 0

(28)
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predicted by the template (determined by these two link-
ing matrices and drawn in Fig. 8) is equal to the linking
number counted in a regular plane projection. AttractorD is thus topologically equivalent to teared-and-folded
attractors observed in the Lorenz-like systems [41].

0 1 5 6

6 5 1 0

A

B

Figure 8: Template of attractor D.

5 Conclusion

The Chua circuit produces various types of attractors
including those produced by Rössler-like systems (spi-
ral and funnel attractors, here designated as genus-one
mono-folded and genus-one multi-folded attractors) and
by Lorenz-like systems with the difference that the sym-
metry involved is an inversion symmetry rather than a ro-
tation symmetry. Thus, genus-3 inversion cover of teared-
and-folded attractors are observed (the corresponding at-
tractors in Lorenz-like systems are genus-3 order-2 rota-
tion cover of teared-and-folded attractors). In addition
to these two classes of attractors, there are the double-
scroll attractors bounded by genus-5 tori. Double-scroll

attractors seem to require an inversion symmetry to be
produced. We left for future works two attractors whose
structures were, to the best of our knowledge, never ob-
served in other systems. The Chua circuit can therefore
produce a large set of topologically inequivalent chaotic
attractors but the number of different attractors is far less
than nine hundreds. . .
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Description	  
	  
Mathematical	  models	  in	  which	  processes	  occur	  on	  multiple	  (spatial	  or	  temporal)	  scales	  
are	   ubiquitous	   in	   the	   physical	   and	   biological	   sciences,	   and	   are	   known	   to	   give	   rise	   to	  
complex	   and	   frequently	   unexpected	   dynamics;	   examples	   include	   mixed-‐mode	  
oscillatory	   firing	   in	   the	  brain,	   protein	   synthesis	   in	  bursts	  during	   gene	   expression,	   and	  
spontaneous	   wave	   generation	   in	   the	   Earth's	   atmosphere,	   among	   many	   others.	   The	  
underlying	  models	  are	  oftentimes	  formulated	  in	  terms	  of	  nonlinear	  slow-‐fast	  differential	  
equations.	  While	  their	  study	  can	  hence	  rely	  on	  analytical,	  asymptotic,	  and	  computational	  
techniques	   from	   the	   well-‐developed	   theory	   of	   dynamical	   systems,	   many	   challenges	  
remain.	  In	  this	  session,	  we	  will	  report	  on	  recent	  progress	  in	  the	  theory	  and	  application	  
of	  slow-‐fast	  dynamics,	  and	  we	  will	  provide	  a	  forum	  for	  the	  discussion	  of	  current	  trends,	  
questions,	  and	  opinions	  in	  the	  field.	  
	  
List	  of	  papers/presentations	  
	  
B.	  Ambrosio	  (University	  of	  Le	  Havre,	  France)	  	  
Weakly	  coupled	  two	  slow-‐two	  fast	  systems,	  folded	  singularities	  and	  mixed	  mode	  
oscillations	  	  
Abstract:	   In	   this	   talk,	   we	   will	   focus	   on	   the	   emergence	   of	   Mixed	   Mode	   Oscillations	  
(MMOs)	   in	   systems	   of	   two	   weakly	   coupled	   slow/fast	   oscillators.	  We	   will	   particularly	  
study	   the	  existence	  and	  properties	  of	  a	   folded	  singularity	  called	  FSN	  II	   that	  allows	  the	  
emergence	   of	   MMOs	   in	   the	   presence	   of	   a	   suitable	   global	   return	   mechanism.	   After	   a	  
background	  on	  the	  3d	  case,	  we	  will	  present	  how	  the	  theory	  can	  be	  extented	  to	  some	  4d	  
systems.	   As	   FSN	   II	   corresponds	   to	   a	   transcritical	   bifurcation	   for	   a	   desingularized	  
reduced	   system,	   we	   prove	   that,	   under	   certain	   non-‐degeneracy	   conditions,	   such	   a	  
transcritical	   bifurcation	   exists.	   We	   then	   apply	   this	   result	   to	   the	   case	   of	   two	   coupled	  
systems	  of	  FitzHugh-‐Nagumo	  type.	  This	  leads	  to	  a	  non	  trivial	  condition	  on	  the	  coupling	  
that	  enables	  the	  existence	  of	  MMOs.	  	  
(Joint	  work	  with	  M.	  Krupa	  and	  M.A.	  Aziz-‐Alaoui.)	  
	  
E.	  Benoit	  (University	  of	  la	  Rochelle,	  France)	  	  
Slow	  fast	  vector	  fields	  of	  dimension	  2+2	  	  
Abstract:	  The	  slow	  fast	  vector	  fields	  are	  now	  well	  known	  in	  dimension	  1+1	  (van	  der	  Pol	  
equation	   is	   the	   typical	   example).	   The	   canards	   are	   generic	   in	   one-‐parameter	   family.	   In	  
dimension	  2+1	  the	  folded	  nodes	  are	  the	  most	  interesting	  points.	  In	  dimension	  2+1	  it	  is	  
the	   delayed	   Hopf	   bifurcation.	   I	   will	   present	   a	   complete	   classification	   of	   the	   generic	  
points	   in	   dimension	   2+2.	   Some	   points	   give	   canards	   as	   in	   pseudo-‐singular	   points	   of	  
dimension	   3,	   others	   give	   delayed	   Hopf	   bifurcation,	   and	   some	   problems	   appear	   when	  
these	   two	   problems	   occur	   simultaneously.	   I	   will	   present	   a	   method	   to	   visualize	   the	  
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trajectories	  of	  such	  systems	  in	  R4.	  The	  method	  gives	  a	  new	  point	  of	  view	  for	  the	  system	  
of	  two	  coupled	  van	  der	  Pol	  equations.	  
	  
S.	  Fernandez-‐Garcia	  (INRIA	  Paris-‐Rocquencourt,	  France)	  	  
Canards	  in	  planar	  piecewise	  linear	  systems	  	  
Abstract:	  Piecewise	  linear	  (PWL)	  systems	  are	  well-‐known	  to	  model	  faithfully,	  inter	  alia,	  
the	   behavior	   of	   electronic	   circuits.	   Also,	   they	   are	   proven	   to	   reproduce	   all	   aspects	   of	  
nonlinear	  dynamics	  and	  they	  can	  even	  show	  new	  behaviors,	  impossible	  to	  obtain	  under	  
differentiability	   hypothesis.	   The	   fact	   that	   one	   has	   access	   to	   explicit	   solutions	   in	   every	  
linearity	   zone	   offers,	   in	   principle,	   better	   mathematical	   tractability	   than	   their	   smooth	  
counterpart.	  However,	  the	  lack	  of	  differentiability	  of	  the	  system	  in	  separations	  between	  
linearity	   zones	   prevents	   us	   to	   obtain	   a	   general	   solution	   and	   the	   classical	   theory	   of	  
differential	  systems	  cannot	  be	  applied.	  This	   forces	  to	  tacklePWL	  systems	  in	  a	  different	  
way.PWL	  systems	  have	  also	  been	  used	  to	  model	  biological	  systems,	  given	  thatelectronic	  
circuits	  provide	  a	  first	  approach	  of	  the	  behavior	  of	  neurons.	  Moreover,	  the	  existence	  of	  
canards	   in	   smooth	   models	   of	   neurons	   has	   been	   largely	   investigated.In	   this	   talk,	   we	  
analyze	  the	  existence	  and	  stablity	  of	  canards	  in	  a	  class	  ofplanar	  PWL	  slow-‐fast	  systems	  
with	   three	   zones,	   using	   a	   singular	   perturbationtheory	   approach.	   Similarities	   and	  
differences	  between	  this	  non-‐smooth	  case	  and	  the	  smooth	  one	  are	  highlighted.	  	  
(Joint	  work	  with	  M.	  Desroches,	  M.	  Krupa	  and	  A.E.	  Teruel.)	  
	  
J.M.	  Ginoux	  (University	  of	  Toulon,	  France)	  	  
Canards	  Existence	  in	  R^2+2	  	  
Abstract:	  In	  a	  previous	  paper	  we	  have	  proposed	  a	  new	  method	  for	  proving	  the	  existence	  
of	  "canard	  solutions"	  for	  three	  and	  four-‐dimensional	  singularly	  perturbed	  systems	  with	  
only	  one	  fast	  variable.	  The	  aim	  of	  this	  work	  is	  to	  extend	  this	  method	  to	  the	  case	  of	  four-‐
dimensional	   singularly	   perturbed	   systems	   with	   two	   slow	   and	   two	   fast	   variables.	  
Contrary	  to	  previous	  works,	   this	  method	  does	  not	  require	  a	  center	  manifold	  reduction	  
nor	   a	   blow-‐up	   technique	   i.e.	   a	   desingularization	  procedure	   for	   pseudo	   singular	   points	  
but	   uses	   the	   normalized	   slow	   dynamics	   and	   not	   the	   projection	   of	   the	   desingularized	  
vector	  field.	  This	  method	  enables	  to	  state	  a	  unique	  generic	  condition	  for	  the	  existence	  of	  
"canard	   solutions"	   for	   such	   four-‐dimensional	   singularly	   perturbed	   systems	   which	   is	  
based	  on	   the	   stability	  of	  pseudo	  singular	  points	  of	   the	  normalized	   slow	  dynamics	  and	  
not	  of	   the	  projection	  of	   the	  desingularized	  vector	   field.	  Applications	  of	   this	  method	   to	  
the	  famous	  coupled	  FitzHugh-‐Nagumo	  equations	  and	  to	  the	  Hodgkin-‐Huxley	  model	  will	  
enable	   to	   prove	   as	   many	   previous	   works	   the	   existence	   of	   "canard	   solutions"	   in	   such	  
system.	  
	  
I.	  Kosiuk	  (Max	  Planck	  Institute	  for	  Mathematics	  in	  the	  Sciences,	  Leipzig,	  Germany)	  	  
Mathematical	  analysis	  of	  complex	  networks	  of	  protein	  interactions	  	  
Abstract:	  Understanding	  the	  process	  of	  cell	  division	   is	  a	  central	   issue	   in	  cell	  biology.	  A	  
molecular	  description	   and	   the	  basic	  mechanisms	  of	   the	   cell	   cycle	   oscillator	  have	  been	  
defined	  through	  experiments	  over	  the	  past	  three	  decades.	  Due	  to	  the	  complexity	  of	  the	  
process,	   mathematical	   modelling	   and	   simulation	   are	   commonly	   used	   to	   gain	   better	  
understanding	  of	  the	  functioning	  and	  dynamics	  of	  the	  cell	  cycle.In	  this	  talk	  I	  will	  present	  
a	   geometric	   analysis	   of	   a	   minimal	   model	   developed	   by	   A.	   Goldbeter	   describing	   the	  
embryonic	   cell	   division	   cycle.	   It	   is	   known	   from	  numerical	   simulations	   that	   for	   certain	  
parameter	   values	   and	   Michaelis	   constants	   small	   in	   the	   model	   interesting	   oscillatory	  
behaviour	   emerges.	   Our	   geometric	   analysis	   provides	   the	   explanation	   and	   full	  
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understanding	  of	  the	  mathematical	  mechanisms	  leading	  to	  the	  oscillatory	  behaviour	  of	  
proteins	  related	   to	  mitosis	  of	   the	  cell	  division	  cycle.	   I	  will	  demonstrate	   that	  geometric	  
singular	   perturbation	   theory	   and	   geometric	   desingularization	   based	   on	   the	   blow-‐up	  
method	  are	  well-‐suited	  for	  the	  analysis	  of	  this	  and	  related	  problems.	  
	  
E.	  Kutafina	  (Hasselt	  University,	  Belgium)	  	  
Complex	  periodic	  oscillation	  patterns	  in	  a	  prototypical	  three	  time	  scale	  model	  	  
Abstract:	   We	   consider	   a	   simple	   prototypical	   three-‐dimensional	   model	   with	   a	   folded	  
singularity	   of	   saddle-‐node	   type	   and	   return	  mechanism.	   Additionally	   this	  model	   has	   a	  
three	   different	   time	   scales.	   We	   extend	   the	   known	   case	   with	   the	   scales	  
(1,\epsilon,\epsilon^2)	   to	  more	   general	   (1,\epsilon,\epsilon^\alpha)	   and	   show	   that	   a	  
change	  of	  time	  scales	  rates	  may	  essentially	  influence	  the	  behavior	  of	  periodic	  solutions.	  
We	  will	  present	  some	  numerical	  results	  on	  the	  mixed	  mode	  oscillations	  with	  SAOs	  based	  
on	  two	  different	  mechanisms	  –	  sector	  and	  delayed	  Hopf	  bifurcation.	  	  
(Joint	  work	  with	  N.	  Popovic	  and	  P.	  De	  Maesschalck.)	  
	  
A.	  Kuznetsov	  (Indiana	  University	  Purdue	  University	  Indianapolis,	  U.S.A.)	  	  
Can	  a	  delay	  differential	  equation	  produce	  relaxation	  oscillations?	  	  
Abstract:	   One	   application	   of	   delay	   differential	   equations	   (DDEs)	   is	   modeling	   of	  
oscillations	   in	   genetic	   regulatory	   networks.	   The	   delay	   simplifies	   modeling	   because	   it	  
replaces	  many	  unknown	  reaction	   steps	   in	   the	   feedback	   loop	   that	   sustains	  oscillations.	  
However,	   mathematical	   analysis	   of	   DDEs	   is	   difficult	   because	   they	   are	   infinitely-‐
dimensional	   by	   construction	   and	   cannot	   be	   analyzed	   by	   methods	   common	   for	   finite	  
systems	   of	   ordinary	   differential	   equations	   (ODEs).	   We	   simulate	   dynamics	   in	   a	   single	  
delay	   differential	   equation	   and	   find	   that	   the	   oscillations	   remain	   periodic	   for	   growing	  
delay	   if	   the	   equation	   includes	   only	   monotonic	   functions	   of	   the	   variable.	   Under	   this	  
condition,	   we	   reduce	   the	   DDE	   to	   a	   three-‐dimensional	   system	   of	   ODEs.	   The	   resulting	  
system	  is	  equivalent	  to	  a	  standard	  relaxation	  oscillator.	  We	  discuss	   implications	  of	   the	  
similarity	  of	  the	  delay-‐induced	  oscillations	  and	  hysteresis-‐based	  relaxation	  oscillations.	  
	  
J.	  Starke	  (Technical	  University	  of	  Denmark,	  Copenhagen)	  	  
Analysis	  of	  particle	  models	  by	  implicit	  equation-‐free	  methods	  	  
Abstract:	  An	  implicit	  method	  for	  equation-‐free	  analysis	  of	  slow-‐fast	  systems	  is	  presented	  
and	   applied	   to	   analyze	   particle	   models.	   It	   can	   be	   shown,	   that	   the	   implicitly	   defined	  
coarse-‐level	   time	   stepper	   converges	   to	   the	   true	   dynamics	   on	   the	   slow	  manifold.	   The	  
method	   is	   applied	   to	   perform	   a	   coarse	   bifurcation	   analysis	   of	   a	   microscopic	   particle	  
model	  describing	  car	  traffic	  on	  single	  lane	  highways.	  The	  standard	  deviation	  is	  chosen	  as	  
a	  macroscopic	  measure	  to	  investigate	  traveling	  wave	  solutions	  (traffic	  jam	  waves)	  and	  is	  
continued	  on	  the	  macroscopic	  level	  in	  the	  equation-‐free	  setup.	  The	  collapse	  of	  the	  traffic	  
jam	   to	   the	   free	   flow	   solution	   corresponds	   in	   the	   relevant	   parameter	   region	   at	   the	  
macroscopic	   level	  to	  a	  saddle-‐node	  bifurcation	  of	  the	  traveling	  wave.	  We	  continue	  this	  
bifurcation	   point	   in	   two	   parameters	   using	   equation-‐free	   analysis.	   An	   extension	   to	  
particle	   models	   in	   two	   space	   dimensions	   leads	   to	   pedestrian	   models.	   We	   consider	  
situations	  where	  the	  pedestrian	  flow	  shows	  the	  emergence	  of	  an	  oscillatory	  pattern	  for	  
two	   crowds	   passing	   a	   narrow	   door	   in	   opposite	   directions.	   The	   oscillatory	   solutions	  
appear	   due	   to	   a	   Hopf	   bifurcation.	   This	   is	   detected	   numerically	   by	   an	   equation-‐free	  
continuation	   of	   a	   stationary	   state	   of	   the	   system.	   Furthermore,	   an	   equation-‐free	   two-‐
parameter	   continuation	   of	   the	   Hopf	   point	   has	   been	   performed	   to	   investigate	   the	  
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oscillatory	   behaviour	   in	   detail	   using	   the	   door	  width	   and	   ratio	   of	   velocities	   of	   the	   two	  
pedestrian	  crowds	  as	  parameters.	  	  
(Joint	  work	  with	  R.	  Berkemer,	  O.	  Corradi,	  P.	  Hjorth,	  A.	  Kawamoto,	  C.	  Marschler	  and	  J.	  
Sieber.)	  
	  
F.	  Veerman	  (University	  of	  Oxford,	  United	  Kingdom)	  	  
Pulse	  patterns	  in	  singularly	  perturbed	  reaction-‐diffusion	  systems	  	  
Abstract:	  Using	  geometric	  singular	  perturbation	  theory,	  we	  construct	  homoclinic	  pulse	  
solutions	  in	  a	  general	  class	  of	  singularly	  perturbed	  reaction-‐diffusion	  systems.	  Using	  the	  
same	  techniques,	  we	  extend	  the	  construction	  to	  incorporate	  periodic	  pulse	  patterns.	  The	  
stability	   of	   the	   both	   homoclinic	   pulses	   and	   pulse	   patterns	   is	   analysed	   using	   Evans	  
function	   techniques.	   Again,	   the	   slow-‐fast	   structure	   of	   the	   stationary	   patterns	   plays	   a	  
crucial	   role,	   and	   allows	   us	   to	   obtain	   explicit	   expressions	   for	   the	   Evans	   function.	   The	  
general	   context	   in	   which	   these	   techniques	   are	   applied	   leads	   to	   new,	   previously	  
unobserved	  phenomena.	  
	  
N.	  Popovic	  (University	  of	  Edinburgh,	  United	  Kingdom)	  	  
A	  geometric	  analysis	  of	  fast-‐slow	  models	  for	  stochastic	  gene	  expression	  	  
Abstract:	   Stochastic	   models	   for	   gene	   expression	   frequently	   exhibit	   dynamics	   on	  
different	   time-‐scales.	  One	  potential	   scale	  separation	   is	  due	   to	  significant	  differences	   in	  
the	  lifetimes	  of	  mRNA	  and	  the	  protein	  it	  synthesises,	  which	  allows	  for	  the	  application	  of	  
perturbation	   techniques.	   Here,	   we	   develop	   a	   dynamical	   systems	   framework	   for	   the	  
analysis	  of	  a	  family	  of	  "fast-‐slow"	  models	  for	  gene	  expression	  that	  is	  based	  on	  geometric	  
singular	   perturbation	   theory.	   We	   illustrate	   our	   approach	   by	   giving	   a	   complete	  
characterisation	   of	   a	   standard	   two-‐stage	   model	   which	   assumes	   transcription,	  
translation,	  and	  degradation	  to	  be	  birth-‐and-‐death	  processes	  of	  first	  order.	  In	  particular,	  
we	  develop	  a	  systematic	  expansion	  procedure	  for	  the	  resulting	  propagator	  probabilities	  
that	   can	   in	  principle	  be	   taken	   to	   any	  order	   in	   the	  perturbation	  parameter.	   Finally,	  we	  
verify	   our	   asymptotics	   by	   numerical	   simulation,	   and	   we	   explore	   its	   practical	  
applicability,	  as	  well	  as	  the	  effects	  of	  a	  variation	  in	  the	  system	  parameters	  and	  the	  scale	  
separation.	  	  
(Joint	  work	  with	  C.	  Marr	  and	  P.S.	  Swain.)	  
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LOGISTICS OPTIMIZATION USING ONTOLOGIES
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Abstract. Logistics processes involve complex physical flows and

integration of different elements. It is widely observed that the

uncontrolled processes can decline the state of logistics. The opti-

mization of logistic processes can support the desired growth and

consistent continuity of logistics. In this paper, we present a soft-

ware framework for logistic processes optimization. It primarily de-

fines logistic ontologies and then optimize them. It intends to assist

the design of a computational knowledge-base tool for better util-

isation of the logistic resources. The defined ontologies share the

knowledge domain of logistics and optimization. The knowledge-

base incorporates the standard optimization techniques, along with

the definition of ontologies to resolve logistic problems. It can help

to better understand the inherent complexities of logistic problems.

Keywords. Logistics, Ontologies, Classification of logistic prob-

lems, Optimization methods, Protégé

1 Introduction

The logistics connect vast amounts of events, activi-
ties, and actors. The involved complexity can gener-
ate difficult situations to be analyzed for process im-
provement [Rushton et al., 2014]. We believe ontolo-
gies can help in this matter. It potentially con-
tributed in solving integration problems in informa-
tion systems [Kayikci and Zsifkovits, 2013]. It can ex-
tend the research work for the harmonization of het-
erogeneous information and resources for knowledge dis-
covery [Fensel, 2001, Kalfoglou and Schorlemmer, 2003].
Many individual ontologies have been adapted for lo-
gistics [Anand et al., 2012, Moussas et al., 2013]. On-
tologies in logistics are mostly focused on supply chain
management, and often, these didn’t consider the com-
plex logistic problems, like the logistic optimization
[Leukel and Kirn, 2008]. However, the current logistic
ontologies have not yet achieved a consensual acceptance
and maturity.

In this paper, we define and specialize logistic ontolo-
gies for optimization purpose. These are further extended
to cope with the logistic problems, encountered due to
the heterogeneity of involved elements. It assists the end
users, in this case the developers, in exchanging semantic

∗Université Lille Nord de France, Laboratoire d’Informatique
Signal et Image de la Côte d’Opale, 50, rue Ferdinand Buisson BP
719 62228 Calais Cedex France. E-mails: {hendi, ahmad, bouneffa,
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†Manuscript received May 21, 2014; revised Month DD, YYYY.

information to share the domain knowledge and the in-
stance knowledge for optimization. It requires, formerly,
to investigate the optimization related knowledge and ar-
tifacts, while laterly, to establish common vocabularies,
nomenclatures, and taxonomies, among them. An arti-
fact, in our study, represents an activity, event, actor,
resource,or any document that can influence the other
related elements. A relation is a dependence transient
that signifies the strength of influence among involved el-
ements, although it evaluates the nature of dependence.
We further define the interoperability, integration, and
reuse of artifacts, and their optimization with the help
of ontologies. It may support the development of algo-
rithms, models, libraries, and simulation tools to mini-
mize the logistics problems.

The rest of the paper is organized as follows; In the
section 2, we discuss the context of our approach. The
section 3 provides a brief overview of the ontology based
approach. The section 4 presents a detailed analysis of
logistics ontologies. In section 5, we describe optimization
problems which basically exploits the concerned logistic
problem. We discuss in detail, the design of optimization
ontologies, in section 6. The section 7, provides a brief
note on application of defined ontologies, along with an
insight on their implementation. Later, in section 8, we
conclude the contents of this paper.

2 Related work

In the literature, we find numerous work regarding logis-
tic ontologies. The authors, in [Leukel and Kirn, 2008],
propose an approach, regarding the supply-chain man-
agement. They devise the core elements of logistic on-
tologies where the top level ontologies are process class
having the subclasses plan, source, make, deliver, return,
and the metrics. We also find the ontologies defined
in [Scheuermann and Hoxha, 2012, Hoxha et al., 2010],
where the authors presents an approach to achieve flexi-
bility and decentralization in supply chain configuration
and management. They define the top level ontologies
for process, service, resource, and service level parame-
ter. The logistics resource concept is further specialized
into more specific concepts. The transportation mean,
warehouse and human resources are derived as the sub-
classes. Logistics KPI are specialized, among others, into
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sub concepts of Delivery Flexibility and Delivery Relia-
bility. These are in general insufficient to address the
logistic issues.

The currently available optimization ontologies focus
on the problem field (e.g. design, simulation, and model-
ing) and they include an optimization part for the solution
[Miller et al., 2004]. SoPT [Han et al., 2011], ONTOP
[Witherell et al., 2006] and GOO [Moussas et al., 2013]
are the closest to our work. General Optimization On-
tology (GOO) is designed and structured with the main
focus on the optimization. The authors developed the
basic concepts common to all optimization problems that
are required by the core part of the ontology. The first
aim has been to support automatic selection of the appro-
priate optimization tool for a given optimization problem.
ONTOP (Ontology for Optimization) has been developed
to facilitate engineering problems. The preliminary work
began with the development of a Finite Element Model
(FEM) knowledge-capturing tool. ONTOP’s structure
provides the means to identify feasible optimization tech-
niques, for a given design optimization problem. Like-
wise, SoPT, the ontology for Simulation OPTimization
includes concepts from both conventional/mathematical
programming and simulation optimization. SoPT aims to
describe simulation optimization methods and help detect
the correct tool for each specific case. It facilitates com-
ponent reuse, especially in systems where simulators and
optimizers are loosely-coupled.

To create flexible optimization ontologies, it is neces-
sary to decompose it in two parts, the core or common
part of and the domain or application specific part of
the ontologies. The major goal of the optimization on-
tology remains to provide a formalization of a generic
design improvement cycle so that the iterative nature of
the product design process can be effectively captured
and described for both human and simulation workflows.

3 Architecture of logistics ontolo-

gies framework

Although, we restrain our focus on the conceptualization
of logistic ontologies but the main objective of this re-
search work remains to develop a software suite to better
exploit the logistic resources. It is therefore, we first de-
fine the logistic ontologies and later on, the optimization
ontologies, to simplify the task. The global architecture
of our framework is shown in the figure 1. It attempts
to develop an environment that receives the user queries
through an interface of query search engine. Which then
exploits our knowledge-base with the help of generalized
rules. The rules actually represents the generalized de-
pendencies among different related elements of the system
in consideration. The knowledge-base contains the facts
in form of logistic and optimization ontologies, which are
subsequently integrated with software suite ontologies, as
per user requirements.

Figure 1: Global architecture of logistics ontologies
framework

4 Logistics ontologies

The objective of the logistics ontologies is to capture the
essence of the logistic domain. Typically, it contains
the concepts, relations, axioms, individuals and asser-
tions. The proposed logistic ontologies define the top level
classes as “process, service, resource, performance, supply
chain, activity, and logistic problem”, as shown in figure
2. These are further extended into subsidiary classes e.g.
logistic process is a sub-class of process and supply-chain.
Likewise, the logistic service is a sub-class of service and
vice-versa.

Figure 2: Top level ontologies for logistics

5 Logistics optimization problems

The logistic systems have many resources that provide
services for customers and suppliers. It essentially re-
quires optimization methods for resource management
and services provision, in order to perform activities in
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an optimized way; respecting the minimum cost and time.
Among others, the major logistic problems can be cate-
gorized as transport problem and airline schedule prob-
lem. These further integrates the resource management
problems, such as supply-chain management and people
management, etc. Similarly, we classify the logistics opti-
mization problems into three major categories depending
on the type of problem, which are [Onsel, 2009] :

• Supply-chain management problems

• Airline optimizations problems

• People management problems

As summarised in figure 3, the supply-chain manage-
ment problems are, in general, the aggravations of issues
arising from transportation, location, and inventory man-
agement. Whereas the airline optimization problems are
mostly contributed from the issues arising from revenue,
schedule planning, and aircraft load planning.

Figure 3: Classification of logistic optimization problems

6 Conceptualization of optimiza-
tion ontologies

The core optimization ontologies must include the defi-
nitions for typical optimization problems along with the
descriptions of the methods applied to solve an optimiza-
tion task. The basic structure of these ontologies should
support optimization processes. It should also focus on
how to select and apply a suitable solution for the encoun-
tered optimization problem. It reflects that the ontology
classes must eventually cover all entities that concur in an
optimization task. Accordingly, we categorise optimiza-
tion as follows :

• optimization problem model

• optimization method model

• optimization component

The figure 4 explains dependencies among the top level
optimization ontologies. The Optimization class basically
extended by the optimization component, optimization
problem, and optimization method classes, whereas the lo-
gistic problem class is addressed by optimization method
class, in this regard.

Figure 4: The top level optimization ontologies

In the following sections, we briefly narrate the opti-
mization components, optimization problems, and opti-
mization methods.

6.1 Optimization components

The optimization problem is generally encompassed
around multiple components. These components actually
describe the nature of optimization problem, depending
on the component type. These components are notified as
artifacts in our knowledge-base whereas, specifically their
classification is as follows (also shown in figure 5) :

• Data

• Objective function

• Constraints

• Parameter

Figure 5: Optimization components

ICCSA 2014, Normandie University, Le Havre, France – June 23-26, 2014 495



Ahmad, Bouneffa, Fonlupt, Hayder

6.2 Optimization problems

The optimization problem basically depends on
the nature of involved components. These can
be addressed by one of the following problems
[Hillier and Lieberman, 2001] :

• Continuous optimization versus discrete optimiza-
tion

• Unconstrained versus constrained

• Non, one, or many objectives

• Deterministic optimization versus stochastic opti-
mization

Likewise, as shown in figure 6, the type of optimization
problem depends on the problematic component such as
objective function or constrained, etc. These are further
extended into subsequent classes for better understand-
ing, as given below :

• Linear object function

– integer problem

– parametric linear problem

• Nonlinear object function

– convex function problem

– fractional object function problem

– geometric object function problem

– linearly constrained problem

– multi-variable unconstrained problem

– non-convex problem

– quadratic problem

– separable problem

– unconstrained problem

• Stochastic

• Dynamic

• Network

– maximum flow problem

– minimum spanning tree problem

– shortest path problem

6.3 Optimization methods

The applied optimization method depends on the type of
problem and the component involved. Respective to the
problem, these can be as follows (figure 7) :

• Nonlinear programming method

– gradient search method

Figure 6: Optimization problems

– karush-kuhu-tucker

– key property of separable programming

– modified simplex method

– one dimensional search method

– sequential linear approximation

– sequential unconstrained minimum

• Linear programming method

– interior point method

– simplex method

– upper bound technique

• Network programming method

– network simplex method

• Approximate method

– Heuristic method

– Meta heuristic method

∗ Tabu search

∗ Genetic algorithms

∗ Ant colony algorithms

∗ Simulated annealing method

Figure 7: Optimization methods

Currently, we are focussing more on the Meta-heuristic
methods for experimentation purposes. The inherent
ontologies of meta-heuristic optimization methods are
shown in figure 8.
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Figure 8: Meta heuristic methods

7 Ontologies application design

We have been experimenting with the logistic ontolo-
gies and the consequent query analysis with the help of
Protégé framework1. It is one of the most widely used,
open-source ontological engineering tool developed, by a
group of researchers at Stanford university. We followed
protégé 4.2 as an implementation mechanism and com-
putational environment to conceptualize our logistic and
optimization ontologies. The top level classes of logistic
and optimization, along with their sub-classes are shown
in figure 9.

Figure 9: Top level classes of optimization ontologies in
protégé

The top level roles of ontologies, as shown in figure 10,
are the followings :

• hasComponent is a role, its domain is optimization
problem and range is optimization component

1http://protege.stanford.edu/

Figure 10: Roles of optimization ontologies in protégé

• hasSolvingBy is a role, its domain is optimization
problem and range is optimization method and its
inverse role isSolving

• istypeof is a role, its domain is logistics optimization
problem and range is optimization problem

For instance, lets consider a routing problem, which
can be a specialised class of transportation management
in supply-chain management of logistic, as explained in
section 5. In particular, this role can be used to retrieve
results of a query related to the vehicle routing. In our
ontologies Vehicle routing problem is a subset of Trans-
portation Management class, as shown in figure 11. It
has a role hasTypeOf with Travelling Sales Person is an
Integer Problem which is actually a subset of Linear Ob-
jective Function problem, as depending on the problem
component. The Travelling Sales Person problem has role
hasSolvingBy to Methods class.

8 Conclusion

We devise ontologies for logistic and further extends them
for optimization of logistic resources. These ontologies
are intended to design a knowledge-base system, capa-
ble to support users in a general purpose software suite
development. The conceptualization of optimization on-
tologies contributes in the identification of optimization
components, optimization problem and exploitation of a
significant optimization method for the logistic problem
resolution.

We extend the currently available ontologies to adapt
them specifically for logistics and optimization problems,
but the application problem are different. We classify the
problems and the corresponding optimization methods
along with the ontologies definition. GOO(for instance)
contains the top level of ontology problems, methods and
algorithms; its application remains limited. The opti-
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Figure 11: The ontologies for Vehicle Routing Problem

mization methods in GOO are similar to the optimiza-
tion algorithms. While considering the ONTOP ontolo-
gies, where the authors, classifies the optimization types
either as continuous problem or as discrete programming.
Moreover, the continuous programming is classified as
constrained and unconstrained, where the linear program-
ming is sub-class of constrained programming. It conflicts
the classification concept of integer programming, where
it is sub-class of linear progrmming which, in turn, is a
sub-class of discrete programming. Also the non-linear
programming is classified as two sub-classes of both un-
constrained and constrained programming, in ONTOP.
In the current work, we exploit the inherent relationship
between the optimization problem and the problematic
component (i.e components involved in the problem) to
classify the optimization problem. Furthermore, we clas-
sify the optimization methods into classical methods and
approximate methods.

In the future we intend to develop an exhaustive frame-
work to support users in the development of logistic soft-
ware applications.
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