
Proceedings of EPNACS 2011 within ECCS’11

Emergent Properties in Natural and Artificial Complex Systems

Vienna, Austria - September 15, 2011

NEW ALTERNATE LOZI FUNCTION FOR RANDOM NUMBER

GENERATION
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Abstract. An improved Lozi function with alternate coefficients

has been proposed. The modifications in the model allow to remove

the holes in the attractor which are not desirable, but appeared in

the previous Lozi function; in this way, an everywhere dense attrac-

tor can be obtained. Moreover, the strong sensitivity to the type of

binarisation (conversion of real values to 0 and 1) has been demon-

strated; this conversion to binary numbers is instrumental to apply

the NIST tests for randomness. The results have been validated

and compared via NIST tests, for the different methods of quan-

tization. Finally, is has been verified that the random properties

of the output signal have been improved thanks to the following

strategies : under-sampling of the output signal, and the system

order increasing.
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1 Introduction

The accelerated development of modern data transac-
tion applications such as telecommunications requires
encoding techniques with higher standards of security.
Classically, these encoding sequences are obtained using
Pseudo Random Number Generators (PRNG). As an ef-
ficient alternative, the chaotic-based generators are used
to achieve even higher demanding encryption standards.
Indeed, the chaotic systems exhibit a plethora of proper-
ties which make them suitable to meet the above require-
ments. The advantage to use chaotic systems lies in their
extreme sensitivity to small parameter and initial condi-
tions variations: in this way, as many different chaotic
carriers as wanted can be generated.

However, the appropriate selection of a chaotic map
that satisfies cryptographic applications requirements is
a huge problem. It has to be emphasized that all chaotic
maps are not applicable, because the chaotic generator -
which is deterministic - has to satisfy at the same time the
criteria for closeness to random signals. Therefore many
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practical problems arise, from the choice of the chaotic
generator and its parameters, to the chaotic properties
verification after the quantisation. Ideally, for crypto-
graphic applications and higher security, an everywhere
dense chaotic attractor is required, so all chaotic sig-
nal samples shall appear with the same probability (in-
deed, if there are holes in the chaotic attractor, the val-
ues of the state vector corresponding to the holes will
never take place). Lozi had demonstrated that highly ef-
ficient discrete-time chaotic generators can be obtained
from quite simple models such as the piece-wise linear
ones, under some conditions [3]. To evaluate the random
properties of these generators, a set of statistical based
test known as NIST test developed by the National Insti-
tute of Standards and Technology have been used. A first
coupled chaotic map confined to the 2D torus has already
been proposed as a PRNG in [1], which random charac-
teristics have been validated using the NIST tests. Never-
theless, since the state variables were not equidistributed,
it has been demonstrated that the chaotic attractor ex-
hibited holes delimited by the discontinuity lines and their
forward iterates [1]. Therefore, there have been regions
in the state space which the system orbits never visited,
thus deteriorating the randomness.

2 System Definition

To improve the latter results, in this paper we deal with
the new Lozi system with alternate coupled maps, con-
fined to the p-dimensional torus T p = [−1, 1]

p
by the map
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where the parameters ki = (−1)
i+1

. A previous model
with non alternate coefficients has been proposed in [1],
with ki = 1. The state variables are contained on the
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Figure 1: Map M2 (1) on the torus T 2 = [−1, 1]2

torus:
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where |xn| denotes the absolute value of xn. The alter-
nate sign modification proposed in this paper eliminates
the holes from the previous model (with only positive
signs), and therefore the resulting basin of attraction is
everywhere dense, which is very satisfactory for the RNG
applications, see Figure 1. (The transient of 10.000 points
has been cut off).

3 Results and Discussion

The random properties validation of a 4- dimensional sys-
tem has been carried out. Additionally, the chaotic car-
rier output needs to be quantized and binarised (0 and
1) in order to be validated as being random using NIST
tests [5]. First, the tests validate by default a sequence
as being random (called the null hypothesis H0), and the
idea is to show that there is no enough evidence to reject
this proposition. For our application, different methods of
binarisation(converting real signals to binary ones) have
been implemented and compared:

A first 1-bit binarisation has been applied to the system
(1) output:

if yn ≥ 0 b = 1

else b = 0 (3)

The results for the 4-dimentional system have shown to
be highly sensitive to the type of binarisation. Standart
single (32 bits) and double (64 bits) precision types of bi-
narisation as the IEEE754 form [6] have been compared.

Therefore, after testing different methods, a 32-bit bina-
risation has been chosen as being the most suitable solu-
tion: Since the system is confined to the p-dimensional
torus T p = [−1, 1]

p
, 31 bits are assigned to represent the

decimal part, and 1 bit to the sign.
To illustrate the results, the NIST test for the four di-

mensional Lozi system M4 (1) with parameters
[

k1, k3
]

=

1,
[

k2, k4
]

= −1 are shown in Table 1. For comparison,
the same conditions as in [1] have been chosen:

Length of the original sequence: 108 bits
Length of bit string : 1M
Quantity of bit strings: 100

The output of the system has been arbitrary chosen as
being: y = x4.

Table 1: NIST test for the 4th order Lozi function (1)

Furthermore, as the results show their independence
from the initial conditions, every bit string in this first
test is the resulting sequence of a different randomly cho-
sen initial condition. The criterion for a successful test
is that the p-value has to be superior to the significance
level (0.01 for this case). This quantifier evaluates the
uniformity of the zeros and the ones distribution in the
sequence. For the present model (1), all tests have been
successful thus the sequence can be accepted as being ran-
dom. Thus, the results demonstrate that the new system
has better statistical performances than the initial system
without alternate coefficients presented in [1].

Finally, to improve the random properties of the signal,
two possible strategies are suggested: undersampling of
the output signal, or increasing the system order.

Different under-samplings have been tested from which
the “1 out of 10” showed to be particularly successful.
The “1 out of 10” under-sampling strategy results are
shown in Table 2.

For the second method, the random properties vali-
dation of a 10-dimensional system has been carried out
and the results are shown in Table 3. The conditions
for the NIST test are identical to the NIST test for the
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4-dimentional Lozi system. In addition, the initial condi-
tion has been randomly chosen:

x0 =[−0.3365, 0.9501, 0.8913,−0.7764, 0.0185,

0.4447, 0.7919,−0.9218,−0.9355, 0.0579]

The output of the system has been arbitrary chosen as
being: y = x10 .

Table 2: NIST test for the 4th order system (1), “1 out of
10” under-sampling

Table 3: NIST test for the 10th order Lozi function (1)

The improvement of random properties of both strate-
gies has been corroborated by the experimental results.

4 Conclusion

A new new alternate Lozi function confined to the torus
has been proposed as a pseudo random number genera-
tor. Unlike the previous model, here the chaotic attractor
is everywhere dense and there are no holes inside, in this
way all output values are supposed to appear with the

same probalility. Therefore, the new alternate Lozi func-
tion proposed in this paper has proved to be more efficient
than the first one (without alternation of the coefficients).
Moreover, the fourth order system has been analyzed and
all the NIST tests for randomness have been successfull
for the representative test sequences. Finally, a higher
order system and an under-sampling of the output signal
has been added and the results have shown to be very
satisfactory.

By consequence, the proposed PRNG could be used
for encryption and many other applications wherever a
random number generator is required.
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