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A numerical determination of the proliferation cells
fraction for a tumour cord model

L. M. Abia, O. Angulo, J.C. López-Marcos
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ABSTRACT

The proliferative behaviour at the stationary state of a cell population within a tumour
cord has been described by a non-classical boundary value problem for a hyperbolic
first order integro-partial differential equation [2]. The model was theoretically ana-
lyzed in [5], where sufficient conditions are given on the fraction of cells which enter
proliferation to assure the existence of a unique steady state. Also, a more complex
model, where cells are distinguished by maturity, had been studied in [4]. In later
works, models with variable cell-cycle length [1] or with the effects of drugs and ra-
diation [3] has been developed. >From a numerical point of view, there is only an
algorithm proposed in [3] in order to make extensive simulations.

In this work, we are going to develop a numerical method for this kind of problem.
The numerical scheme we will introduce take into account that the straightforward
discretization of the integro-partial differential equation by a finite differences method
needs of additional data on the characteristic curve representing the wall of the blood
vessel and also that the coupling of the boundary conditions involves the solution of a
nonlinear system of equations.

The numerical simulations with the method are used to make a quantitative study of
the best functional form (within several classes of functions) for the radial dependency
of the function that describes the fraction of newborn cells which become quiescent in
the model [3], when compared with experimental field data. The goal of this study is
to validate the model under study.

Key Words: tumor cords, numerical methods, structured population
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Optimal control problems for Lotka-Volterra systems

Narcisa Apreutesei
Department of Mathematics

Technical University "Gh. Asachi" Iasi
11, Bd. Carol I, 700506 Iasi, Romania
e-mail: napreut@net89mail.dntis.ro

ABSTRACT

We present different optimal control problems for Lotka-Volterra systems, including
prey-predator systems and three- trophic chain systems. The ecosystem can consist of
a pest, a predator and a plant or a herbivorous population, a carnivorous one and a plant.
The optimal control can be interpreted as the separation rate between species. In other
situations, one supposes that a hunter population is introduced in the ecosystem and the
number of the hunted individuals is proportional to the existing number of individuals
in that population. In this case, the control function can be seen as a proportionality
factor. For reaction-diffusion systems, a semigroup approach is used to study the ex-
istence and regularity of solutions. Necessary optimality conditions are obtained and
the form of the optimal control is found. Time optimal control problems are also of
interest.

Key Words: Bang-bang control, prey-predator system, switching points, optimal time.
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The effect of switching incidence functions
Julien Arino

Department of Mathematics
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ABSTRACT

Incidence functions, which describe the rate of occurrence of new infections when
contacts take place between susceptible and infectious individuals, are at the centre
of mathematical epidemiology. Yet, in ordinary differential equations models, they
are generally taken to be simple functions. I will consider the effect of a switch in
incidence functions, as a function of the number of infectives in the population or of
the total population. Such a switch can describe for example the overcome of treatment
facilities. Several cases will be discussed. Simple cases have aC0 curve in the vector
field; more complex cases lead to discontinuities in the vector field, requiring the use
of so-called Filippov solutions.

Key Words: Epidemic model, Incidence functions, Filippov solutions.
AMS Classification: 92D30
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Discrete versus distributed delays in the stability of
functional differential equations

Fatihcan M. Atay

Max Planck Institute for Mathematics in the Sciences
Inselstr. 22, Leipzig 04103, Germany

atay@member.ams.org

ABSTRACT

Differential equations with delay terms, and in particular distributed delays, arise fre-
quently in the mathematical description of biological processes. A question of interest
for delay differential equations is how various distributions of delays about a given
mean value affects stability. In particular, one is interested in the difference between a
discrete delay at̄τ and distributed delays having the same mean delayτ̄ . For a class of
scalar systems it has been discussed that the stability tends to improve with increasing
variance of the delay distribution [1], and it has been conjectured that a discrete delay
at τ̄ is more destabilizing than distributed delays having meanτ̄ [2]. The present talk
is based on a recent paper [3] and shows that these observations are true in a certain
sense for Hopf instabilities of more general systems. More precisely, when the delays
act towards destabilizing the system, the discrete delay is locally the most destabilizing
one among delay distributions having the same mean value. On the other hand, when
delays have the effect of stabilizing an unstable equilibrium point, the discrete delay
is locally the most stabilizing delay distribution. The result also holds globally if one
considers delays that are symmetrically distributed about their mean.

Key Words: Stability, feedback, Hopf bifurcation, distributed delays
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Population dynamics: vector-borne diseases, HIV/AIDS,
tuberculosis, and history

Nicolas Bacaër
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ABSTRACT

All vector-borne diseases (e.g., malaria [1], leishmaniasis [2], chikungunya [3]) are
very much influenced by seasonality. This leads to the study of population models with
periodic coefficients: extension of the notion of basic reproduction numberR0 [2,3,4],
resonance [4,5], reproductive value and sensitivity analysis [5,6].
The study of HIV/AIDS (e.g. in Yunnan, China [7]) requires models including hetero-
geneity in sexual contact rates. ThenR0 is proportional tom + v/m − 1 if m andv
are the mean and variance in behavioral surveys over a fixed time interval [8].
Ref. [9] considers a simple tuberculosis-HIV model fitted to data from South Africa.
Ref. [10] and the book [11] discuss the history of mathematical population dynamics.
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Global stability in an epidemiological model of
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Jacques Bélair
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McGill University
Montréal Québec Canada
belair@crm.umontreal.ca

ABSTRACT

We present a deterministic epidemiological model in a constant population distinguish-
ing the infected individuals from the uninfected. The specificity of the model resides in
the further separation of the infected individuals depending on whether there occurred
a transformation in the behaviour of either the individual or the disease itself, affecting
the transmission of the disease. The objective of this formulation is to provide a tool for
the analysis and control of the impact such transformation has on the dynamics of the
disease. The general model will be applied to the case of bacterial resistance in com-
mensal bacteria, relating colonized individuals to the infected class, with antibiotics
modifying the incidence rate of resistant mutants. Global stability is obtained using
a Lyapunov function; the number of infected and their level of infection tends toward
an equilibrium. This equilibrium depends crucially on the value taken by a parameter
associated with a reproduction number.

Key Words: Antibiotic resistance; commensal bacteria; global stability; Lyapunov
functions; endemic equilibrium

AMS Classification: 92C60; 34D20
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Traveling Wave Solution of Spatial Distribution of
Pathogen in Pest Control

Samit Bhattacharyya
Mathematical Modelling and Computational Biology Group

Centre for Cellular and Molecular Biology
Hyderabad 500007, India

samit@ccmb.res.in

ABSTRACT

Spatial pattern of pathogen distribution in site of control in an agricultural ecosystem
has a major role to play in strategic planning of control the pest population. As the
spatial spread of disease depends on horizontal transmission of disease agents, there
are numerous factors like pathogen susceptibility, host movement, abiotic components
such as climate one, which influence the overall effectiveness of the control policy
[1,3,5]. Insects exhibit a variety of physiological, morphological and behavioral re-
sponses to infection, which can affect both pathogen and host fitness [2]. Behavioral
changes caused by Nucleo-Polyhedrosis Viruses (NPV), have received considerably
less attention, despite their potential influence on virus transmission and dispersal. Be-
havioral modifications might have some inevitable effect on the predation in the sys-
tem. Infection makes the insects more vulnerable to predators to some extents. On the
other hand predators do not take more deadly insects [4]. Thus there always exist some
tradeoff between infection strength (such as virulence, etc) and predation for successful
spread of infection in the site of control. This also contributes to the risk assessment
of biopesticides, particularly the genetically modified baculoviruses. This talk would
focus on behavioral effect of hosts on spatial pattern of viral infection in pest popu-
lation. As initiation of new infection cycle in the system depends on the number of
infected inoculums in the site, so spatial movement of infected host during the course
of infection (i.e., latency period) would influence the dynamics. Moreover, infection
develops some behavioral changes in the host, which makes them more vulnerable to
the natural enemies. Consequently, overall infection process in the system depends on
such interrelated factors. We derive a delayed reaction-diffusion system in one spa-
tial dimension using Von-Foerster equation and compute the minimum traveling speed
at which infection spreads for successful transmission. We also investigate how this
minimum speed depends on other parameters of the system.
Key Words: Traveling wave solution, Spatiotemporal Pattern, viral infection, pest con-
trol
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Evolution and exact growth rates of population in
habitats with heterogeneous distribution of the natural
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S. Cano-Casanova1 and J. López-Gómez2
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ABSTRACT

In this talk we are going to consider a single especies dispersing in an habitat with
an heterogeneous distribution of the natural resources, which follows a growth law of
logistic type with spatial diffusion. The heterogeneous distribution of the natural re-
sources, provokes an unequal population growth by regions, depending of the distance
to the region where the natural resources are more plentiful. We will analyze the evo-
lution of the especies depending of its intrinsic growth and we will obtain the exact
growth rate of population close to the region where the natural resources are more
plentiful. All the results are obtained thanks to the previous works [1],[2] and [3].

Key Words: Nonlinear boundary value problems, blow-up rate, metasolutions, hetero-
geneous distribution of natural resources, logistic problems
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Qualitative and quantitative properties of the
mathematical model of chemotaxis
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ABSTRACT

The biological process of chemotaxis, i.e. the direct movement of a biological popu-
lation towards a chemical signal, can be modeled by the so called Keller-Segel system
describing the evolution of the population density and of the chemical concentration.
In this talk we will present this model and its main mathematical properties.

Key Words: Chemotaxis, parabolic system, global weak solutions, blow-up, energy
method, Onofri inequality, Hardy-Littlewood-Sobolev inequality.
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ABSTRACT

We describe first the mathematical aspects of the potential-Hamiltonian decomposi-
tion in particular in n-switches and Liénard systems, both being powerful to model
biological dynamics. We show for example how to approach with an increasing pre-
cision the limit cycles of Liénard systems by contour lines of an Hamiltonian system
obtained from the potential-Hamiltonian decomposition of the Liénard flow: follow-
ing the Hodge decomposition of regular vector fields, we can decompose any Liénard
system into two polynomial terms, the first corresponding to a gradient dynamics and
the second to a Hamiltonian one. This polynomial Hodge decomposition is called
potential-Hamiltonian. The application to the Liénard systems allows us to obtain an
approximation of their limit cycles bifurcating from a stable stationary state.

Then we give some examples of biological regulatory systems and we show that
their metabolic dynamics can be modeled in terms of 2D ordinary differential equations
belonging to n-switches and Lienard systems families. Although simplified, these mod-
els are susceptible to be decomposed in a set of equations combining a potential and a
Hamiltonian part and we discuss about the advantage of such a potential-Hamiltonian
decomposition in the understanding of the mechanisms involved in the regulatory abil-
ities of the proposed biological systems.

Finally, we suggest a generalized algorithm to deal with differential systems having
a second part of rational fraction type (frequently used in metabolic systems modeling)
and we comment what we can interpret from both the potential and Hamiltonian parts
dynamical behavior, which have in general a precise signification in biological regula-
tory systems. We can meet such dynamics in the reaction part of some morphogenetic
processes, key steps in developmental biology. An important issue of this study is to un-
derstand the generation of shape organisation in tissues. Despite of their great diversity,
morphogenetic processes share common features, like reaction/diffusion/positional in-
formation characteristics. Two quite different applications of concrete morphogenetic
processes are presented: the first one concerns the axillary bud growth in plants and the
second is a model of cellular differentiation by local cell-cell signalling met in feathers
formation in birds.
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ABSTRACT

This work is devoted to the study of a singular reaction–diffusion system arising in
modelling the introduction of a pathogen within an invading host population. In ab-
sence of the pathogen the host population dynamics exhibits a bistable dynamics (or
Allee effect). Earlier numerical simulations of the singular SI model under consid-
eration have exhibited stable travelling waves and also, under some circumstances, a
reversal of the wave front speed due to the introduction of the pathogen. Here we
prove the existence of such travelling wave solutions, study their linear stability and
give analytical conditions yielding an actual reversal of the wave front speed.

Key Words: singular reaction-diffusion system, travelling waves, linear stability, front
reversal, invasion and persistence, SI epidemic model
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ABSTRACT

A model of chemotaxis is analyzed that prevents blow-up of solutions. The model
consists of a system of nonlinear partial differential equations for the spatial population
density of a species and the spatial concentration of a chemoattractant inn-dimensional
space. We prove that, if we use a nonlocal term to model the species induced production
of chemoattractant, then there is a unique global solution which isL∞-bounded on
finite time intervals.

Key Words: chemotaxis; global solution; boundedness; nonlocal conditions; diffu-
sion; analytic semigroup; fractional power

AMS Classification:Primary: 92C17, 92B05, 92D25, 47D03, 47H20; Secondary:
35M10
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ABSTRACT

This paper deals with the construction and mathematical analysis of a new model for
urban dynamics, which extends an initial one proposed by Y. Miyata and S. Yamaguchi
in the context of a region of Japan. This new model includes spatial continuous struc-
ture and distinguishes two different time scales for the different processes taken into
account: a slow one for the demography and a fast scale for the migration of individ-
uals. Asymptotic behavior of solutions and stability of equilibria are established as a
result of the combined action of demography and migration on population density and
employment.
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ABSTRACT

In the first part we investigate the inflammatory aspect of atherosclerosis. The onset of
a chronic inflammatory reaction in the intima of a vessel wall is described and is mod-
eled by a system of reaction-diffusion equations. The critical parameter of the model is
the concentration of oxidized low density lipoproteins (ox-LDL) in the intima. For low
ox-LDL concentrations no chronic inflammatory reaction can set up. For intermediate
ox-LDL concentrations the system is bistable and a traveling wave corresponding to
the chronic inflammatory reaction may set up and propagate but it has to overcome a
threshold for that. For high ox-LDL concentrations the system is monostable and even
a small perturbation of the non inflammatory case leads to the propagation of a travel-
ing wave corresponding to the chronic inflammatory reaction.
The development of atherosclerosis leads to the formation of an atheroma plaque in the
blood vessel. In the second part, we investigate the interaction between the blood flow
and the atheroma plaque. This plaque is composed of two parts: a lipid deposit and a
fibrous cap. This fibrous cap covers the lipid deposit and isolates it from the blood flow.
The blood flow which circulates in the artery, modifies the geometry of the atheroma
plaque and the behavior of the blood circulation which can cause dangerous effects as
the rupture of the plaque, the formation of some clots in the blood and the liberation of
solid parts which can block the blood circulation. We model the interaction between
the blood and the plaque as a fluid-structure interaction problem incorporating the new-
tonian and the non-newtonian aspects of the blood.

Key Words: atherosclerosis, reaction-diffusion, blood flow, non-newtonian flow.
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ABSTRACT

Several mathematical models of physiological rhythms (electrical potential of cardiac
cells, neuroendocrine secretions,...) rely on the analysis of forced excitable dynamics.
Bifurcation theory and analysis of slow-fast systems provide a clear understanding to
the genesis of ubiquitous rhythms of life like bursting oscillations, successive alter-
nance of pulsatile and surge,...We add to this viewpoint another approach based on the
recurrence theory of dynamical systems.
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ABSTRACT

Interferons are active biomolecules, which help to fight viral infections by spreading
from infected to uninfected cells and activate effector molecules, which confer resis-
tance from the virus on cells. We proposea new model of dynamics of viral infection,
including endocytosis, cell death, production of interferon anddevelopment of resis-
tance. The novel element is a specific biologically justified mechanism of interferon-
action, which results in dynamics different from other infection models. The model
reflects conditionsprevailing in liquid cultures (ideal mixing), and the absence of cells
or virus influx from outside. The basicmodel is a system of five nonlinear ordinary
differential equations. For this variant, it is possible tocharacteriseglobal behaviour,
using a conservation law. Analytic results are supplemented by computational stud-
ies. Thesecond variant of the model includes age-of-infection structure of infected
cells, which is described by atransport-type partial differential equation for infected
cells. The conclusions are: (i) If virus mortality isincluded, the virus becomes even-
tually extinct and subpopulations of uninfected and resistant cells areestablished. (ii)
If virus mortality is not included, the dynamics may lead to extinction of uninfected
cells. (iii)Switching off the interferon defense results in a decrease of the sum total of
uninfected and resistant cells.(iv) Infection-age structure of infected cells may result
in stabilisation or destabilisation of the system,depending on detailedassumptions. (v)
Limit behaviour of the system strongly depends on initial conditions. Our work seems
toconstitute the first comprehensive mathematical analysis of the cell-virus-interferon
system based onbiologically plausible hypotheses.

Key Words: Infection model; viral infection; interferon signalling; asymptotic analy-
sis; linearised stability; ordinary differential equations; structured population model;
transport equation; delay-differential equations; Mikhailov criterion
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ABSTRACT

Our focus are electro-reaction-diffusion systems consisting of continuity equations for
a finite number of species coupled with a Poisson equation. We take into account
reversible reactions of mass action type and discuss the situation for heterostructures
and anisotropic materials. A motivation of such model problems is given in [1]. We
start with a short summary on energy estimates for the continuous problem which we
have established in [1].

We introduce a discretization scheme (in space and fully implicit in time) using a
fixed grid but for each species different Voronoi boxes which are defined with respect
to the anisotropy matrix occurring in the flux term of this species. This scheme pos-
sesses the special property that it preserves the main features of the continuous systems,
namely positivity, dissipativity and flux conservation.

For the discretized electro-reaction-diffusion system we investigate thermodynamic
equilibria and obtain for solutions to the evolution system the monotone and exponen-
tial decay of the free energy to its equilibrium value. The essential idea is an estimate
of the free energy by the dissipation rate which is proved indirectly. For the full results
and detailed proofs we refer to [2].

Key Words: Reaction-diffusion systems, drift-diffusion processes, motion of charged
particles, energy estimates, thermodynamic equilibria, asymptotic behaviour, time and
space discretization
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ABSTRACT

Adhesion of cells to one another and their environment is an important regulator
of many biological processes, but has proved difficult to incorporate into continuum
mathematical models. An integro-partial differential equation model for cell behav-
iour will be presented, in which the integral represents sensing by cells of their local
environment. Aggregation patterns are investigated in a model incorporating cell-cell
adhesion, random cell movement, and cell proliferation. The model is also extended
to give a new representation of cancer growth, whose solutions reflect the balance be-
tween cell-cell and cell-matrix adhesion in regulating cancer invasion. The nonlocal
term in these models means that there is no standard theory from which one can de-
duce the boundedness required for biological realism: specifically, solutions for cell
density must lie between zero and a positive density corresponding to close cell pack-
ing. We present a number of conditions each of which is sufficient for the required
boundedness. It can be demonstrated numerically that cell density increases above the
upper bound for some parameter sets not satisfying these conditions.

This is joint work with N.J. Armstrong, K.J. Painter and J.A. Sherratt.
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ABSTRACT

Impulsive biological control is the control of a pest species through the repeated release
of its natural enemies. Such systems are modelled by ordinary differential equations
augmented by a discrete component to describe the impulsive effects of the releases.

In this contribution, a two-dimensional predator-prey system is considered, with
Beddington-DeAngelis-like (BDA) competition among the predators [1], all biolog-
ical functions except the predator death rate being qualitatively defined. The BDA
functional and numerical responses are decreasing functions of the predator popula-
tion. This dependence represents the mutual interference among the predators when
accessing the resource (here, the pest). The predator release is formulated explicitly in
terms of the number of predators to inject in the system per unit time (referred to as the
release rate) and the time between two releases (therelease period).

With respect to a biological control application, it is shown that a zero-pest solution
exists. This solution is globally asymptotically stable provided the predator release rate
is large enough and the release period is small enough. Since we are concerned with
the efficiency of the biological control that is closely linked to the transient dynamics,
we compute the mean rate of pest suppression and show its decrease with respect to the
release period. Then the most effective release period for crop protection is the smallest
one allowable. This result contrasts with [2] where in the absence of interference, the
suppression rate is independent of the release period.

Key Words: Impulsive biocontrol, Beddington-DeAngelis, global stability, conver-
gence rate
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ABSTRACT

I show that Volterra functional equations (delay equations) are very natural as mod-
els for physiologically structured populations. The qualitative behaviour of solutions
(linearized (in)stability, Hopf bifurcation, etc.) can conveniently be analysed using
perturbation theory for adjoint semigroups.

This talk is based on joint work with Odo Diekmann (Utrecht) and Philipp Getto
[1,2,3].

Key Words: Volterra functional equations, physiologically structured populations, lin-
earized stability and instability, Hopf Bifurcation.
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ABSTRACT

Pressure-driven combustion in a long tube can be described by a degenerate parabolic
system for temperature, pressure and concentration of the limiting reactant (model of
Brailovsky and Sivashinsky). For this system of partial differential equations some
conservation laws can be found and these can be used to reduce the problem of exis-
tence and uniqueness of traveling fronts to lower dimensions and also to determine the
exact speed of the deflagration front which turns out to be larger than previously known
approximations. The model is mathematically related to some epidemic models. (joint
work with F.Dkhil)
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ABSTRACT

In this paper, elements ofdifferential game theory [1] are used to analyze a spatially
explicit home range model for interacting wolf packs [2,3]. The model consists of a
system of partial differential equations whose parameters reflect the movement behav-
ior of individuals within each pack and whose solutions describe the patterns of space-
use associated to each pack. By controlling the behavioral parameters in a spatially-
dynamic fashion, packs adjust their patterns of movement so as to find a Nash-optimal
balance between spreading their territory and avoiding conflict with hostile neighbors.
On the mathematical side, the game let appear some of the few singularities never ob-
served innonzero-sumgames [4]. From the ecological standpoint, one recognizes in
the resulting evolutionarily stable equilibrium abuffer-zone, or a no-wolf’s land where
deers are known to find refuge [5,6]. Territories overlap arises as a singular solution.
Scent-marking is not yet incorporated into the model.

Key Words: Spatial Ecology, Behavioral Ecology, Territoriality, Mechanistic Home
Range Analysis, Differential Games, Evolutionarily Stable Equilibrium
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ABSTRACT

The aim of this work is to put in evidence the outset of the state dependent delays in
thresholds models for structured population dynamics. A unified approach to these
models is provided, based on solving the corresponding balance law (hyperbolic PDE)
along the characteristics lines and showing the common underling ideas. Size and age
structured models in different fields are presented: marine population, insects popula-
tion, cell proliferations and epidemics. Mathematical Analysis of a general and generic
class of state dependent delays equations will be derived and some related mathemati-
cal problems would be addressed.
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ABSTRACT

We consider a competition-diffusion system for two competing species; the density of
the first specie satisfies a parabolic equation whereas the second one either satisfies a
parabolic equation or an ordinary differential equation. We show that the two species
spatially segregate as the interspecific competition rate becomes large; the limit prob-
lem turns out to be a free boundary problem, which may have the form of a Stefan
problem. We first present a convergence result as well as error estimates. We then
focus on the singular limit of the interspecific reaction term, which involves a measure
located on the free boundary.

Key Words: Competition-diffusion systems, Fast reaction limit, Singular limit analy-
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ABSTRACT

Due to global warming, the prevalence of forest fires in Europe and around the world
has increased. Additionally, the world population is growing at a high rate, hence forest
fires will have an increasing effect on the civilization. It is important to gain a detailed
understanding of forest fire progression and of control strategies.

In particular, Canadian and Australian researchers have studied forest fire progres-
sion for a long time and some first mathematical models are discussed, including com-
putational fire-front progression models, cellular automata models, and partial differ-
ential equations for combustion. The Alberta government recently developed a fire
prediction tool called Prometheus, which is based on a fire-front tracking algorithm.

In this talk, I will review some of the existing models and contrast their advantages
and disadvantages. Thereby, I will focus on two models:
(i) First I will consider the "Richards"-model [2][3] which underlies the Prometheus
package. "Richards" model arises from a first order approximation of the normal prop-
agation of the fire front. I will consider the next order term (2nd order), which is a
diffusion term along the fire front and which depends on the local curvature. Inclusion
of this term should make the tool Prometheus more stable.
(ii) Secondly, I will present a continuum model for the temperature distribution over a
given spatial domain. In this context, I will discuss the effect of wind on the speed of
the invasion front (i.e. travelling wave of a PDE).

Key Words: Forest Fire, combustion, wind, fire invasion speed
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ABSTRACT

Focusing on signaling pathways in a macrophage-like cell line, mathematical models
provide insight into the structure and function of complex cellular interactions. Ac-
tivation of cell surface G-protein coupled receptors initiates diverse cellular signaling
responses including mobilization of internal calcium, cyclic adenosine monophosphate
modulation, and activation of lipid hydrolases and kinases. These signaling pathways
interact with one another, often in a nonlinear manner, and the final biological re-
sponse is shaped by the nature of these interactions. Recently, there has been signif-
icant progress in modeling individual components of such pathways and our goal has
been the construction of a comprehensive mathematical model for one particular sig-
naling pathway of significant interest to pharmacology. The development of the model
and its impact on the understanding of the underlying biology will be discussed.

Key Words: Cellular signaling, mathematical modeling, nonlinear differential equa-
tions
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ABSTRACT

CTL responses play an important role in the immune response to HIV. These cells are
activated and differentiated through some complex interactions among APCs. Several
studies found that some DC populations are susceptible to HIV. A modulation of DCs
by HIV infection, in particular interference of the antigen-presenting function of DCs,
is a key aspect in viral pathogenesis and contributes to viral evasion of immunity. In this
paper, we use a simple mathematical model to examine CTL dynamics over the course
of HIV infection. The main idea is that the disease progression can be considered as
an increase of immune impairment rate. This idea is naturally justified by a decrease
of DCs during the course of HIV infection. The disease progression dynamics of our
model can be classified into 4 processes by viral and immune properties. Interestingly,
in a typical disease progression, we have “Risky threshold" and “Immunodeficiency
threshold" between which infected individuals may develop into immunodeficiency
phase. The former and later correspond to a transcritical bifurcation point and a saddle-
node bifurcation point, respectively.

Key Words: HIV infection, Mathematical model, Immune impairment, Immunodefi-
ciency, Bistability, Saddle-node bifurcation, Transcritical bifurcation
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ABSTRACT

Recently bird (e.g. Bulbul, Corvus) comes and goes between urban and fragmented
grove to get the foods (e.g. fruit, insect and wasted dust etc.). By such a bird trans-
mission, the nutrient is also transported to the forest area by their feces from the urban.
Transported nutrient is useful for the plant species in forest area reproduction ability,
that is their feces imply the supply of nutrient (especially phosphorus, P [1]). However
an increasing of bird is not good for plant species since bird also eat plant fruits. In
this reserch, we consider the nutrient, plant and bird dynamics and we discuss the plant
species coexistence by the nutrient transportation through the bird transmission.

Key Words: bird transfer, nutrient transportation, plant species coexistence, popula-
tion dynamics
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ABSTRACT

In this talk, we discuss existence results of singular Gierer-Meinhardt elliptic systems
with zero Dirichlet boundary conditions. Gierer-Meinhardt systems are model prob-
lems for pattern formations of spatial tissue structures of morphogenesis. The math-
ematical difficulties are that the system becomes singular near the boundary and it
is non-quasimonotone. We show the existence of positive solutions for the activator-
inhibitor model with common sources. We also discuss boundary estimates for certain
singularities.
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ABSTRACT

In [1,2] it is shown that in some food chain models point-to-cycle connections are
related to complicated basins of attraction close to the unstable equilibrium and that
regions of chaotic behavior in the parameter space are bounded by bifurcations of
cycle-to-cycle connections. These results were obtained using a Poincaré map for-
mulation and numerically using multiple shooting. We proposed in [3,4] methods
for the numerical continuation of point-to-cycle and cycle-to-cycle connecting orbits
in 3-dimensional autonomous ODE’s using projection boundary conditions. In these
new method the projection boundary conditions near the cycle are formulated using
an eigenfunction of the associated adjoint variational equation, avoiding costly and
numerically unstable computations of the monodromy matrix. The equations for the
eigenfunction are included in the defining boundary-value problem, allowing a straight-
forward implementation inAUTO [5], in which only the standard features of the soft-
ware are employed. CompleteAUTO demos, which can be easily adapted
to any autonomous 3-dimensional ODE system, are available:
http://www.bio.vu.nl/thb/research/project/globif/ .
In the talk homotopy methods to find connecting orbits will be discussed and illus-
trated with the three-level food chain model based on the well-known Rosenzweig-
MacArthur system where the prey grows logistically when the predator is absent, and
the predator-prey trophic interactions are modeled using the Holling type II functional
response.
Key Words: boundary value problems, global bifurcations, homotopy, projection bound-
ary conditions, point-to-cycle and cycle-to-cycle connections
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ABSTRACT

Trophic food chains have been extensively modeled [2] and allow to describe complex dynamics
observed in a large number of experimental observations [1]. In our contribution, a new approach
is proposed since it focuses on the influence of the structuration of a population on trophic chain
dynamics: the model is composed of the classical three trophic levels with the primary consumers
level structured into two stages (immature and mature). The first trophic level represents the
inorganic substrate and the last level of the chain describes predators that consume both primary
consumers stages. The analysis shows the existence of bursting oscillations using mathematical
methods based on modern bifurcation theories [4] and provides a new description of the observed
complex dynamics. One of our most important point is that these dynamics can not appear if the
primary consumers population structuration is not considered [3].
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ABSTRACT

Epidemic systems are often subject to environment noise, and our aim is to show that the pres-
ence of the noise can change the stability of the system. In this paper two stochastic SIRS
models are proposed and the stability of disease-free equilibrium and endemic equilibrium are
studied respectively. The analysis of the stochastic SIRS models show that the introduction of
the noise modifies the threshold of system for an epidemic to occur and numerical simulations
are performed to illustrate the analytical results.

Key Words: SIRS model, Lyapunov function, Stochastic model, Stability.
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ABSTRACT

Degenerate diffusion appears in multi-species competition-diffusion systems to take into account
population pressure. In a joint work with R. Kersner, we consider a 2-species system with
degenerate diffusion and ”weak” competition (monostable, Fisher-type). For a restricted class
of parameter values, we obtain exact semi-compact travelling waves. In the singular limit of
small diffusion/large competition, we prove the convergence locally in time to a sharp interface
moving with constant normal velocity.
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ABSTRACT

Random dynamical systems arise in the modeling of many phenomena in physics, biology, cli-
matology, economics, etc. when uncertainties or random influences, called noise, are taken into
account. They may be generated, for example, by stochastic partial differential equations and
random partial differential equations. Lyapunov exponents play an important role in the study of
the behavior of dynamical systems. They measure the average rate of separation of orbits start-
ing from nearby initial points. They are used to describe the local stability of orbits and chaotic
behavior of systems. In this talk, I will present some recent results on the Lyapunov exponents
and their associated invariant subspaces for infinite dimensional random dynamical systems and
applications to stochastic partial differential equations.
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ABSTRACT

The focus of this talk is the impact of predation on the coexistence and competitive exclusion of
pathogen strains in the prey. Two types of predator are considered — a generalist and a special-
ist. For each type of predator it is assumed that the predator can discriminate among susceptible
and infected with each strain prey. The two strains will competitively exclude each other in the
absence of predation so that the strain with the larger reproduction number persists. If the gen-
eralist predator preys discriminantly and the disease is fatal, then, depending on the predation
level, a switch in the dominant pathogen may occur. Thus, for some predation levels the first
strain may persist while for other predation levels the second strain may persist. Furthermore,
a specialist predator preying discriminantly may mediate the coexistence of the two strains. Al-
though in most cases increasing predation reduces the disease load in the prey, when predation
leads to coexistence, it may also lead toincreasein the the disease load.

Key Words: predator-prey, disease in prey, evolution, strains, competitive exclusion, predator
mediated switch in dominant strain, predator mediated coexistence.
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ABSTRACT

Resource-based competition between microorganisms species in continuous culture has been
studied extensively both experimentally and theoretically, mostly with Monod and Droop mod-
els. The theoretical study of the Monod model with N species and of the Droop model with
2 species ([2]) has led to the Competitive Exclusion Principle (CEP) which predicts that in a
chemostat with constant controls and a unique limiting substrate, only one species will remain
and all the others will be excluded. The surviving species expected from theory is the one with
the smallest "subsistence concentration"s?

i , defined as the substrate concentration at equilibrium
such that the corresponding equilibirum growth rateµi(s

?
i ) (or µi(q

?
i )) of speciesi is equal to

the dilution rateD. The CEP has been validated experimentally for the first time with bacteria
species by [1].

In this paper we present a theoretical demonstration of the CEP in the Droop model with
N species. This demonstration is based mainly on the study of the substrate concentration’s
behavior during the competition. The result in the Droop model with N species is the same as in
the Monod model with N species : the species with lowest subsistence rates?

i outcompetes all
the others.

Key Words: competition, microorganisms, chemostat, droop, monod
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ABSTRACT

In some models for biological invasion, the invasion process can be described by front propaga-
tion in certain reaction-diffusion systems. Recently growing attention has been paid to propaga-
tion in spatially heterogenous environments

In this talk I will consider KPP-Fisher type diffusion equations in spatially stratified envi-
ronments:ut = uxx + uyy + b(x)f(u), and study how the spreading speed is influenced by the
spatial heterogeneity. Among other things I will discuss the following themes:

(1) The problem of finding the optimal periodic coefficientb(x) (under a certain constraint)
that maximizes the spreading speed in each direction;

(2) finding the asymptotic shape of the spreading front in a periodically stratified environ-
ment;

(3) to extend this result to non-periodic stratification.

Key Words: travelling waves, front propagation, diffusion, ecology
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ABSTRACT

We are dealing with a system of Lotka-Volterra competition-diffusion equations, which is a
Lotka-Volterra competing two species model with diffusion. It is known that the equations in
one space dimension have a monotone traveling wave solution ([1],[2],[3],
[4],[5]). This traveling wave propagates with a constant profile so that the superior species
sweeps the inferior one. We also observe the behavior such as the superior species invades from
both sides ofx-axis, and then the inferior one becomes extinction. Here we look for an entire
solution exhibiting this behavior, where the entire solution is meant by a solution defined for
all space and time values. We show the existence of the entire solution which behaves as two
monotone waves propagate from both sides ofx-axis and converge to the uniform state. For the
proof we use the comparison principle with a pair of subsolution and supersolution. We also give
an approximation of the entire solution in time globally for specific parameter values. The main
results are based on the recent work [6].

Key Words: Lotka-Volterra, competition-diffusion equations, entire solution, traveling wave.
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ABSTRACT

Metabolic cooperation among multiple bacteria plays a major role in the maintenance of mi-
crobial consortia. Two bacterial species degrading the pesticide fenitrothion,Sphingomonas
sp. TFEE andBurkholderiasp. MN1, are isolated from a fenitrothion-treated soil microcosm.
Neither species can completely degrade fenitrothion alone, but they can utilize the second in-
termediate of fenitrothion, methylhydroquinone (MHQ), from which together they are able to
obtain carbon and energy.

Based on an experimental study, we propose mathematical models that describe the syn-
trophic association involving the two species in order to investigate mechanisms underlying the
bacterial degradation of organic compunds, including xenobiotics. We found that the two species
are characterized by the mutualistic degradation of fenitrothion; The syntrophic association me-
diates the coexistence of the two species under the presence of resource competition.

Key Words: microbial consortia | syntrophic association | xenobiotics degradation | mathemati-
cal models
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ABSTRACT

We shall investigate an initial value problem for a reaction-diffusion equation of the form

ut = uxx + f(u), x ∈ R, t > 0, (1)

wheref(u) is a 1-periodic function.
It is known that, iff(u) has three zeros0 < α < 1 in the interval[0, 1] andf ′(0) =

f ′(1) < 0, f ′(α) > 0, there exists a travelling frontϕ(x− ct) for (1) satisfying

lim
y→−∞

ϕ(y) = 0, lim
y→∞

ϕ(y) = 1.

On the other hand, we can show that (1) cannot possess a travelling frontϕ(x−ct) satisfying

lim
y→−∞

ϕ(y) = 0, lim
y→∞

ϕ(y) = n

for any positive integern 6= 1. We can also show that (1) possesses a travelling frontϕ(x− ct)
with stairs-shaped profileϕ(y) satisfying

ϕ(y − l) = ϕ(y) + 1, y ∈ R (2)

for any arbitrarily fixedl > 0.
In this talk, we discuss the relation between the speedc and the lengthl of each step of

travelling frontϕ(x− ct) satisfying (2). Further, under suitable assumptions onf(u), we study
the interaction of fronts for solutions of (1) with bounded initial data.

This is a joint work with Ken-Ichi Nakamura.
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ABSTRACT

We shall first discuss the behavior of global positive solutions of the Fujita equationut =
∆u + up on RN . Depending on the relation of the exponentp to certain critical exponents,
different asymptotic behaviors of solutions can be observed raging from the decay to 0 to a rather
erratic approach to families of steady states. We shall then consider equations which share some
structure with the Fujita equation, but include other features (like explicit time-dependence). Our
main concern will be the behavior of solutions on the threshold between blow-up and decay to
0.

Key Words: Parabolic equations onRN , global solutions
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ABSTRACT

The cytoskeleton is a complex arrangement of structural proteins organized in networks: micro-
filaments, intermediate filaments and microtubules. Each network has specific properties and
organization as well as particular roles in the cell. The organization of a cytoskeletal network is
the main determinant of its cellular function.

Here, the organization of the intermediate filament network is studied. Models of the assem-
bly of an intermediate filament, and the distribution of the intermediate filament material in the
cell are developed. Different hypotheses are tested by mathematical and computational analyses.

Key Words: Cytoskeleton, assembly model
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ABSTRACT

In this talk several models in virus dynamics with and without immune response are discussed
concerning asymptotic behaviour. The case of immobile cells but diffusing viruses and T-cells
is included. It is shown that, depending on the value of the basic reproductive numberR0 of
the virus, the corresponding equilibrium is globally asymptotically stable. IfR0 < 1 then the
virus-free equilibrium has this property, and in caseR0 > 1 there is a unique disease equilibrium
which takes over this property.

Key Words: May-Nowak model, immune response, diffusion, reproduction number, global as-
ymptotic stability, Lyapunov function.

AMS Classification: 35B40, 92D30.

References

[1] M.A. Nowak and R.M. May,Virus Dynamics.Oxford University Press, 2000.
[2] J. Prüss, L. Pujo–Menjouet, G.F. Webb and R. Zacher,Analysis of a model for the dynamics
of prions.Discrete Contin. Dyn. Syst. Ser. B6 (2006), 225–235.
[3] J. Prüss, R. Schnaubelt and R. Zacher,Mathematische Modelle in der Biologie. Homogene
deterministische Systeme.Birkhäuser Kompakt, Basel 2008.

46



Differential Equations and Applications to Mathematical Biology

On the global dynamics of the Nicholson blowflies and
the Mackey-Glass equations

Gergely Röst

Analysis and Stochastics Research Group
Hungarian Academy of Sciences

Bolyai Institute, University of Szeged
H-6720 Szeged, Aradi vértanúk tere 1., Hungary

rost@math.u-szeged.hu

ABSTRACT

After many decades of intensive research, some seemingly simple nonlinear delay differential
equations still pose massive problems to their understanding, even in some situations where
the feedback is monotone and a comprehensive general theory is available. Furthermore, non-
monotone delayed feedback may generate chaotic behaviour. In the talk some recent results
will be presented for two celebrated model equations: the Nicholson blowflies equation arisen
in population dynamics, and the Mackey-Glass equation which was proposed to model blood
cell production and haematological diseases. In particular, we give sufficient conditions that en-
sure that all solutions eventually enter the domain where the feedback is monotone, thus chaotic
behaviour can be excluded. We give sharp bounds for the global attractor and constuct hetero-
clinic orbits from the trivial equilibrium to a slowly oscillating periodic orbit around the positive
equilibrium. The main results are illustrated by many numerical examples.

Joint work with Jianhong Wu (York University, Toronto) and Eduardo Liz (Vigo)

Key Words: delay differential equations, non-monotone feedback, Nicholson blowflies, Mackey-
Glass equation
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ABSTRACT

We generalize ton patches the Ross-Macdonald model which describes the dynamics of malaria.
We incorporate in our model the fact that some patches can be vector free. We assume that the
hosts can migrate between patches, but not the vectors. The susceptible and infectious individu-
als have the same dispersal rate. We compute the basic reproduction ratioR0. We prove that if
R0 ≤ 1 then the disease-free equilibrium is globally asymptotically stable. WhenR0 > 1, we
prove that there exists a unique endemic equilibrium, which is globally asymptotically stable on
the biological domain minus the disease-free equilibrium.

Key Words: Metapopulation models; dynamics of malaria; vector-borne diseases; Ross-Macdonald
model; Nonlinear dynamical systems; global stability; monotone systems.
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ABSTRACT

This talk is devoted to the study of the instantaneous ventilation process of the human lung. The
aim is to give a precise description of the pressure field at the alveolar level. For that purpose, the
choice was made to represent the bronchial tree (which in reality has 23 generations, and a finite
number of leafs or alveolae) as an infinite dyadic resitive tree which has{0, 1}N leafs (see [1],
[2]). Assuming that the fluxes (defined on the edges of the tree) and the pressure field (defined
on each vertex of the tree) satisfy the Kirchhoff and the Poiseuille laws, we find that the pressure
field with finite dissipation of energy is solution of a nonhomogenous Dirichlet equation on the
tree. We then describe the pressure field on the boundary of the tree (space of ends) by studying
the trace space associated to this nonhomogenous Dirichlet problem satisfied by the pressure.
The qualitative description of the pressure field at the alveolar level is hence given by embedding
the space of ends in a bounded domainΩ which models the parenchyma: we first give a sense to
the pressure field as a function defined onΩ and we establish some regularity properties of this
pressure field in terms of Sobolev space regularity.

Key Words: Dyadic tree, trace space, Sobolev space
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ABSTRACT

It was reported that a vaccination program against avian influenza executed in China eradicated
a vaccine sensitive avian flu virus but led to a prevalence of vaccine insensitive avian flu virus.
Interestingly, the change of the prevalence could occur in other countries where the vaccination
program was not executed. The mechanism for the emergence and replacement of vaccine in-
sensitive virus is still unknown. In this study, we construct a mathematical model to investigate
the mechanism. From our study, the change may be caused by a migration of poultry which is
not infected with the virus. Further we demonstrate that the complete eradication of avian flu
in vaccination area can lead to the complete eradication in other areas where the vaccination
program has not been executed.
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ABSTRACT

Spectral bounds of quasi-positive matrices are crucial mathematical threshold parameters in
population models that are formulated as systems of ordinary differential equations: the sign of
the spectral bound of the variational matrix taken at a particular population state decides about
whether, cum grano salis, the population size increases or decreases for at least a little while.
Another important threshold parameter is the reproduction numberRwhich is the spectral radius
of a positive matrix related to the original quasi-positive matrix. As it is well-known, the spectral
bound andR− 1 have the same sign provided that the matrices have a particular form.

The relation between spectral bound and reproduction number can be extended to models
with infinite dimensional state space: it will now hold between the spectral bound of a resolvent-
positive closed linear operator and the spectral radius of a related positive bounded linear opera-
tor [2, 3]. The infinite dimensional character of these systems creates a problem, however: it is
no longer the spectral bound of the variational operator that decides about population increase or
decrease, but the exponential growth bound (or type) of the operator semigroup it generates. So
conditions for the equality of the two become crucial [1].

We illustrate the general theory by applying it to time-heterogenous population models using
(Howland) evolution semigroups.
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ABSTRACT

Elliptic problems in bounded domains satisfy the Fredholm property under the ellipticity con-
dition, proper ellipticity and the Lopatinskii condition. The solvability conditions which follow
from this property are crucial for many methods of linear and nonlinear analysis.

In the case of unbounded domain we need to impose an additional condition formulated in
terms of limiting operators. We will formulate the main result about the Fredholm property for
general linear elliptic problems and will discuss some of its applications related to the computa-
tion of the index [1] and to analysis of nonlinear problems.
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ABSTRACT

In this talk, we will present an enhanced insulin therapy model for insulin administration in the
management of diabetes mellitus, in which the insulin degradation follows the Michaelis-Menten
kinetic. Mathematical analysis of the new model will be provided. Insulin lispro kinetics will
be investigated based on the new model. We will compare numerical simulations with clinical
studies to further validate the model.
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ABSTRACT

A model of transfer is analyzed in a population structured by a continuous quantity. The
transfer of the quantity occurs between individuals according to a specified transfer process.
The model consists of an integro-partial differential equation of Boltzmann type with kernel
corresponding to a transfer process. It is proved that the transfer process preserves total mass of
the transferred quantity and the solutions of the model converge weakly to Radon measures. The
model is applicable to proliferating cell populations in which individual cells exchange physical
quantities such as DNA plasmids or surface proteins.
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ABSTRACT

In this talk, we will consider mathematical models of population biology: predator prey system
with functional responses and competitive Lotka-Volterra system. We will show that the models
exhibit numerous kinds of bifurcation phenomena including multiple Hopf bifurcation, the cusp
bifurcation of codimension 2 and 3, homoclinic bifurcation which leads to chaos, etc.. These
results reveal rich dynamics in the models and provoke some interesting bifurcation questions.
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ABSTRACT

Hamiltonian networks form an important class of infinite dimensional Hamiltonian systems
arising in solid state physics, cell biology, and many other areas of science and technology.
They also arise naturally in the discretization of Hamiltonian PDEs but the physical interest in
Hamiltonian networks mainly lies in dynamics which are far away from those of Hamiltonian
PDEs. Among interesting dynamics of a Hamiltonian network, of physical importance is a robust
coherent structure known as breathers or quasi-periodic breathers which are self-localized, time
periodic or quasi-periodic solutions. In this lecture, several models of Hamiltonian networks of
long-range, weakly coupled an harmonic oscillators will be considered. It will be shown that
corresponding to any fixed number of sites in such a Hamiltonian network, there is a positive
Lebesgue measure set of linear stable, quasi-periodic breathers with the number of oscillating
frequencies equal to the number of excited sites.

This is a joint work with Jiansheng Geng and Jorge Viveros.
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